Ch.3 Homework Solution

3-5

(Buffon’s Neddle Problem) A needle of length L is dropped randomly on a plane ruled with parallel lines that are a distance D apart , where D
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L. Show that the probability that the needle comes to rest crossing a line is 2L/πD.Explain how this gives a mechanical means of estimating the value of π.

Sol:

   Y :針中心點到底線之高  Y ~Uniform(0,D)

   Θ:針與X軸正向之夾角  θ ~Uniform(0,2π)
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3-6 

A point is chosen randomly in the interior of an ellipse:
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densities of the x and y coordinates of the point .

Sol:
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3-8 

Let X and Y have the joint density 
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(a) By integrating over the appropriate regions , find (i)P(X>Y),(ii)P(X+Y
[image: image10.wmf]£
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Sol:
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3-9 

Suppose that (X,Y) is uniformly distributed over the region defined by 0
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(a) Find the marginal densities of X and Y .

(b) Find the two conditional density

Sol:

0
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(b)
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3-11 

Let 
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probability that the roots of the quadratic 
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Sol:
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3-12【Question】
Let 
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(a)Find 
[image: image39.wmf]c

.  (b)Find the marginal densities.

【Solution】
(a)
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3-15【Question】
Suppose that 
[image: image41.wmf]X

 and 
[image: image42.wmf]Y

 have the joint density function
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(d)Find the marginal densities of 
[image: image44.wmf]X

 and 
[image: image45.wmf]Y

. Are 
[image: image46.wmf]X

 and 
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 independent random variables?

【Solution】
(d)
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X

Y

X

a

a

x

x

X

f

f

y

x

f

y

y

y

f

Similarly

x

x

x

f

x

a

a

a

y

a

y

a

y

dy

y

a

a

x

let

dy

y

x

x

f

×

¹

£

£

-

-

=

£

£

-

-

=

\

-

=

-

+

-

=

-

=

=

-

-

-

=

ò

ò

-

-

-

-

)

,

(

1

1

),

1

(

4

3

)

(

,

1

1

),

1

(

4

3

)

(

)

1

(

4

3

)

sin

2

2

(

2

3

2

3

)

1

(

1

2

3

)

(

2

2

2

2

2

2

2

2

2

2

2

1

1

2

2

2

2

Q

p

p

p



[image: image50.wmf]\



 EMBED Equation.3  [image: image51.wmf]X

 and 
[image: image52.wmf]Y

 are not independent.

3-17【Question】
Let 
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(b)Find the marginal densities 
[image: image55.wmf]X

 and 
[image: image56.wmf]Y

 using your sketch. Be careful of the range of integration.

【Solution】
(b)
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3-18【Question】
Let
[image: image58.wmf]X

and
[image: image59.wmf]Y

have the joint densities function
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 and 0 elsewhere.

(b)Find 
[image: image61.wmf]k

.  (c)Find the marginal densities of 
[image: image62.wmf]X

 and 
[image: image63.wmf]Y

.

【Solution】
(b)
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3-19【Question】
Suppose that two components have independent exponentially distributed lifetimes, 
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【Solution】
(a)
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(b)
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3-23【Question】
Suppose that, conditional on 
[image: image73.wmf]N

, 
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 has a binomial distribution with 
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 trials and probability 
[image: image76.wmf]p

 of success, and that 
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 is a binomial random variable with m trials and probability 
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 of success, Find the unconditional distribution of 
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.

【Solution】
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3-26【Question】
Spherical particles whose radii have density function 
[image: image85.wmf])
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 are dropped on a mesh as in Problem 4. Find an expression for the density function of the particles that pass through.

【Solution】
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3-29【Question】
Let 
[image: image87.wmf].
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(a) Describe an algorithm to generate random variables form this density using the rejection method. In what proportion of the trials with the acceptance step be taken?

【Solution】
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(a)

Step1:Generate T~Uniform(-1,1)
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3-34【Question】
Let
[image: image90.wmf]1

N

and
[image: image91.wmf]2

N

be independent random variables following Poisson distribution with parameters
[image: image92.wmf]1

l

and
[image: image93.wmf]2

l

. Show that the distribution of
[image: image94.wmf]2
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is Poisson with parameter
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【Solution】
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3-35【Question】
For a Poisson distribution, suppose that events are independently labeled A and B with probabilities
[image: image97.wmf]1

=

+

B

A

p

p

. If the parameter of the Poisson distribution is 
[image: image98.wmf]l

, show that the number of events labeled A follows a Poisson distribution with parameter 
[image: image99.wmf]l

A

p

.

【Solution】
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3-37【Question】
Let X and Y be independent standard normal random variables. Find the density of Z=X+Y, and show that Z is normally distributed as well. (Hint: Use the technique of completing the square to help in evaluating the integral.)

【Solution】
X～N(0,1)

Y～N(0,1)

X, Y independent


[image: image101.wmf])

(

)

(

2

2

t

M

e

t

M

Y

t

X

=

=



[image: image102.wmf]2

)

2

(

2

2

2

2

2

2

)

(

t

t

t

Y

X

e

e

e

t

M

=

×

=

+


∴ X+Y～N(0,2)

3-41【Question】
Let 
[image: image103.wmf]X

 and 
[image: image104.wmf]Y

 have the joint density function 
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. Show that the density function of 
[image: image107.wmf]Z

 is 
[image: image108.wmf]ò

¥

¥

-

=

dy

y

y

z

x

f

z

f

Z

1

)

,

(

)

(

.

【Solution】

[image: image109.wmf]ò

ò

¥

¥

-

¥

¥

-

=

=

\

-

=

-

=

¶

¶

¶

¶

¶

¶

¶

¶

=

ï

î

ï

í

ì

=

=

Þ

î

í

ì

=

=

dy

y

y

y

z

f

dw

w

z

f

z

f

w

w

w

z

z

y

w

y

z

x

w

x

J

W

Y

W

Z

X

Y

W

XY

Z

XY

ZW

Z

1

)

,

(

)

,

(

)

(

1

0

1

1

2


3-43【Question】
Consider forming a random rectangle in two ways. Let 
[image: image110.wmf]1

U

, 
[image: image111.wmf]2
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, and 
[image: image112.wmf]3

U

 be independent random variables uniform on [0,1]. One rectangle has sides 
[image: image113.wmf]1
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 and 
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U

, and the other is a square with sides 
[image: image115.wmf]3

U

. Find the probability that the area of the square is greater than the area of the other rectangle.

【Solution】
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3-45【Question】
A point is generated on a unit disk in the following way: The radius, 
[image: image126.wmf]R

, is uniform on 
[image: image127.wmf]]
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, and the angle 
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 is uniform on 
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 and is independent of 
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.

(a) Find the joint density of 
[image: image131.wmf]X

=
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 and 
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.

(b) Find the marginal densities of 
[image: image135.wmf]X

 and 
[image: image136.wmf]Y

.

【Solution】
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(b)
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3-53【Question】
Let 
[image: image146.wmf]X

 and 
[image: image147.wmf]Y

 be jointly continuous random variables.

(b) Develop an expression for the joint density of 
[image: image148.wmf]XY

 and 
[image: image149.wmf]X

Y

.

【Solution】
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3-54【Question】
Find the joint density of 
[image: image153.wmf]Y
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+

 and 
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X

, where 
[image: image155.wmf]X

 and 
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 are independent exponential random variables with parameter λ. Show that 
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 are independent.

【Solution】
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 are independent.

3-56【Question】
Each component of the following system (Figure 3.17) has an independent exponentially distributed lifetime with parameter λ. Find the cdf and the density of the system’s lifetime.
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【Solution】
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3-62【Question】

Let 
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 be independent continuous random variables each with cumulative distribution function 
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3-63【Question】
If 
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 are independent random variables, each with the density function 
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【Solution】
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The n! naturally comes into this formula because, for any set of values, 
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3-67【Question】
Find the density of 
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 are independent uniform random variables. This is the density of the spacing between adjacent points chosen uniformly in the interval [0,1].

【Solution】
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Note: X～Beta
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3-69【Question】
If 
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