Ch2 Fundamental Concepts

Defn :

1. Time Series : Z_1, Z_2, · · · , Z_n, · · · (real value) 2. Stochastic process Z_t(ω) : t ∈ T = an index set, e.g. T = {0, ±1, ±2, · · ·}. Z_t(·) for fixed t, Z_t(·) is a r.v. defined on Ω. Z_·(ω) for fixed ω, Z_·(ω) is a realization of a time series.

3. n-dimensional distribution function of {Z_{t1}Z_{t2}, · · · , Z_{tn}} F (z_{t1}, · · · , z_{tn}) = P {ω : Z_{t1} ≤ z_{t1}, · · · , Z_{tn} ≤ z_{tn}} 4. If F (Z_{t1}, · · · , Z_{tn}) = F (Z_{t1+k}, · · · , Z_{tn+k}), ∀(t_1, · · · , t_n) and k ∈ N, then the process is called nth order stationary in distribution.

e.g. n = 1, F (Z_{t1}) = F (Z_{t1+k}) k = 2, · · ·

If {Z_t}^n_{t=1} is an nth order stationary process in distribution, ∀n, then {Z_t} is called strictly stationary (strong stationary, completely stationary).

Rmk: If {Z_t} is nth order stationary in distribution, then {Z_t} is also mth order stationary in distribution, ∀m ≤ n. e.g. Z_1, Z_2, · · · , Z_n i.i.d. : strictly stationary process.

5. Mean function : μ_t = E(Z_t).

Variance function : σ^2_t = E(Z_t − μ)^2.

Auto-Covariance function between Z_{t1} and Z_{t2},

r(t_1, t_2) = E(Z_{t1} − μ_1)(Z_{t2} − μ_2).

Auto-Correlation function between Z_{t1} and Z_{t2},

ρ(t_1, t_2) = r(t_1, t_2) √ σ^2_{t1} √ σ^2_{t2} .

6. For strictly stationary process, assuming E(|Z_t|) < ∞ and E(Z^2_t ) < ∞, then

r(t_1, t_2) = r(t_1 + h, t_2 + h) = r_{t1−t2} = r_k, (|t_1 − t_2| = k) and ρ(t_1, t_2) = ρ(t_1 + h, t_2 + h) = ρ_{t1−t2} = ρ_k.

i.e. r_k and ρ_k depends only on time lag k.

7. It is difficult to verify the joint distribution function of n random variables without stationarity assumption. e.g. X_1, · · · , X_n ∼ MN(⃗μ, Γ), ⃗μ = (μ_1, · · · , μ_n)^′

Γ = σ^2_{11} σ^2_{12} · · · σ^2_{1n} σ^2_1 ... . . ... . σ^2_{n1} · · · · · · σ^2_{nn} ćóÍó=n +^{n(n+1)}_2 > sample size n. QĆţÕÎ 3strictly stationaryČ’ì, uGČ’ multi-variate normal,ćóÍó=n + 1, ùøÄøÍÍó, ÆŒfflĆŐ,

&ÆGČ’‘«ŤŢìńÝŒËť3Ýstationary assumption.

8. Covariance stationary (or weak stationary), { Cov(Z_{t1}, Z_{t2}) = Cov(Z_{t1+k}, Z_{t2+k}), ∀(t_1, t_2) and k V ar(Z_{t1}) < ∞, ∀t_1

Rmk A strictly stationary process with finite 2nd moment is also a weakly stationary process, ňu2nd momentD3JÎÄ� e.g. Z_1, · · · , Z_n i.i.d. Cauchy. e.g. ódie 3gindependently, Ω = {1, 2, 3, 4, 5, 6} sample space, ÍıZ_i(ω) = 2ω ∵ i.i.d. ∴ strictly stationary.

e.g. Z_t = A sin(ωt+θ),

A : r.v., E(A) = 0, V ar(A) = 1 θ : r.v. ∼ U(−π, π] A and θ indep.

E(Z_t) = 0 E(Z_tZ_{t+θ}) = E(A^2)E{^1_2[cos(ωk) − cos(ω(2t + k) + 2θ)]} =^1_2cos(ωk) −^1_{4π} ∫_π −π cos(ω(2t + k) + 2θ)dθ =^1_2cos(ωk) −^1_{8π} [sin(ω(2t + k) + 2θ)]|^π_{−π} =^1_2cos(ωk). Covariance stationary.

e.g. Z_t = { X_t ∼ N(0, 1), t : odd Y_t ∼ P (Y_t = 1) = P (Y_t = −1) =^1_2, t : even , X_t⊥Y_t E(Z_t) = 0, E(Z^2_t ) = 1, ∀t

E(Z_tZ_s) = { 0, t ≠ s 1, t = s ρ(t, s) =^{E(Zt,Zs)} √_{E(Z2t )}√_{E(Z2s )} = { 0, t ≠ s 1, t = s . Covariance stationary, not strictly stationary.

Rmk Gaussian (or normal process) : the joint distribution of any finite dimensional is multivariate normal. For Gaussian process, strictly stationary = covariance stationary.

§ ACVF and ACF

1. {Z_t} a stationary process, E(Z_t) = μ, V ar(Z_t) = E(Z_t − μ)^2 = σ^2. ACVF (autocovariance function): r_k = Cov(Z_t, Z_{t+k}) = E(Z_t − μ)(Z_{t+k} − μ). ACF (autocorrelation function) : ρ_k =^{Cov(Zt,Zt+k)} √_{V ar(Zt)}√_{V ar(Zt+k)} =^{rk}_{r0} .

(a) γ_0 = V ar(Z_t); ρ_0 = 1.

(b) |r_k| ≤ r_0; |ρ_k| ≤ 1,

(Cauchy-Schwarz inequality: |E(Z_t−μ)(Z_{t+k}−μ)| ≤ √ E(Z_t − μ)^2 √ E(Z_{t+k} − μ)^2 = γ_0.)

(c) r_k = r_{−k}, ρ_k = ρ_{−k}, ∀k, r_k is an even function.

(d) ∑_n i=1 ∑_n j=1 α_iα_jγ_{|ti−tj |} ≥ 0, for any set of (t_1, t_2, · · · , t_n), any α_i ∈ ℜ, i = 1, 2, · · · , n. γ_k : a positive semidefinite (non-negative definite) function. Similarly, we can prove that ρ_k is a positive semidefinite function. pf: Define X = ∑_n i=1 α_iZ_{ti}, where Z_{ti} = X_{ti} − E(X_{ti}) then

0 ≤ V ar(X) = ∑_n i=1 ∑_n j=1 α_iα_jCov(Z_{ti}, Z_{tj} ) = ∑_n i=1 ∑_n j=1 α_iα_jγ_{|ti−tj |}

§ PACF

1. {Z_t} : stationary process, E(Z_t) = 0.

2. Let Ẑ_{t+k} be the best linear predictor of Z_{t+k} based on {Z_{t+1}, Z_{t+2}, · · · , Z_{t+k−1}}, then Ẑ_{t+k} = α_1Z_{t+k−1} + α_2Z_{t+k−2} + · · · + α_{k−1}Z_{t+1} where α^′_is are obtained by minimizing E(Z_{t+k} −Ẑ_{t+k})^2 = E(Z_{t+k} −α_1Z_{t+k−1} −· · ·−α_{k−1}Z_{t+1})^2 by differentiation we have γ_i = α_1γ_{i−1} + α_2γ_{i−2} + · · · + α_{k−1}γ_{i−k+1}, (1 ≤ i ≤ k − 1) ⇒ ρ_i = α_1ρ_{i−1} + α_2ρ_{i−2} + · · · + α_{k−1}ρ_{i−k+1},

⇒ ρ_1 ρ_2 . ρ_{k−1} = 1 ρ_1 ρ_2 · · · ρ_{k−2} ρ_1 1 ρ_1 · · · ρ_{k−3} . . . ... . ρ_{k−2} ρ_{k−3} ρ_{k−4} · · · 1 α_1 α_2 . α_{k−1} 3. !ğ, Č Ẑ_t be the best linear predictor of Z_t based on {Z_{t+1}, Z_{t+2}, · · · , Z_{t+k−1}}, and Ẑ_t = β_1Z_{t+1} + β_2Z_{t+2} + · · · + β_{t−1}Z_{t+k−1} Íıβ^′_is minimize

E(Z_t − Ẑ_t)^2 = E(Z_t − β_1Z_{t+1} − · · · − β_{k−1}Z_{t+k−1})^2

⇒ ρ_1 ρ_2 . ρ_{k−1} = 1 ρ_1 ρ_2 · · · ρ_{k−2} ρ_1 1 ρ_1 · · · ρ_{k−3} . . . ... . ρ_{k−2} ρ_{k−3} ρ_{k−4} · · · 1 β_1 β_2 . β_{k−1}

Æα_i = β_i, 1 ≤ i ≤ k − 1.

4. Partial autocorrelation between Z_t and Z_{t+k}:

the correlation between Z_t and Z_{t+k} after their mutual linear dependency on the interventing variables Z_{t+1}, Z_{t+2}, · · · and Z_{t+k−1} has been removed:

P_1 = Corr(Z_1, Z_2) and P_k = Corr(Z_t − Ẑ_t, Z_{t+k} − Ẑ_{t+k}), k ≥ 2, i.e.

P_k = Cov[(Z_t − Ẑ_t), (Z_{t+k} − Ẑ_{t+k})] √ V ar(Z_t − Ẑ_t) √ V ar(Z_{t+k} − Ẑ_{t+k}) V ar(Z_{t+k} − Ẑ_{t+k}) = E[(Z_{t+k} − α_1Z_{t+k−1} − · · · − α_{k−1}Z_{t+1})^2] = E[Z_{t+k}(Z_{t+k} − α_1Z_{t+k−1} − · · · − α_{k−1}Z_{t+1})] Hence V ar(Z_{t+k} − Ẑ_{t+k}) = V ar(Z_t − Ẑ_t) = γ_0 − α_1γ_1 − · · · − α_{k−1}γ_{k−1} Cov[(Z_t − Ẑ_t), (Z_{t+k} − Ẑ_{t+k})] = E[(Z_t − α_1Z_{t+1} − · · · − α_{k−1}Z_{t+k−1}) (Z_{t+k} − α_1Z_{t+k−1} − · · · − α_{k−1}Z_{t+1})] = E[(Z_t − α_1Z_{t+1} − · · · − α_{k−1}Z_{t+k−1})Z_{t+k}] = γ_k − α_1γ_{k−1} − · · · − α_{k−1}γ_1

⇒ P_k = γ_k − α_1γ_{k−1} − · · · − α_{k−1}γ_1 γ_0 − α_1γ_1 − · · · − α_{k−1}γ_{k−1} = ρ_k − α_1ρ_{k−1} − · · · − α_{k−1}ρ_1 1 − α_1ρ_1 − · · · − α_{k−1}ρ_{k−1} ã3, &Æá

α_i =

| | | | |

1 ρ_1 · · · ρ_1 · · · ρ_{k−2} ρ_1 1 . . . . . . ρ_{k−2} · · · · · · ρ_{k−1} · · · 1

| | | | | | | | | | |

1 ρ_1 · · · ρ_{i−1} · · · ρ_{k−2} ρ_1 1 . . . . . . ρ_{k−2} · · · · · · ρ_{k−i−1} · · · 1

| | | | | | Recall

P_k = ρ_k − α_1ρ_{k−1} − · · · − α_{k−1}ρ_1 1 − α_1ρ_1 − · · · − α_{k−1}ρ_{k−1}

⇒ P_k =

| | | | | |

1 ρ_1 · · · ρ_{k−2} ρ_1 ρ_1 1 · · · ρ_{k−1} ρ_2 . . . . ρ_{k−1} ρ_{k−2} · · · ρ_1 ρ_k

| | | | | | | | | | |

1 ρ_1 · · · ρ_{k−2} ρ_{k−1} ρ_1 1 · · · ρ_{k−1} ρ_{k−2} . . . .

ρ_{k−1} ρ_{k−2} · · · ρ_1 1

| | | | | (EtąŒŢ"Ţ»P)

Z_{t+k}EZ_{t+k−1}, Z_{t+k−2}, · · · , Z_{t+1}, Z_tĘregression i.e. Z_{t+k} = ϕ_{k1}Z_{t+k−1} + ϕ_{k2}Z_{t+k−2} + · · · + ϕ_{kk}Z_t + ε_{t+k} Íıϕ_{kk}ÝÂ(=ÏkÍ]h;ó), Ç‚Z_{t+k}^Z_tÝPACF � e.g.{a_t}: W N(0, σ^2_a)

⇒ ρ_k = { 1, k = 0 0, k ≠ 0 ⇒ ϕ_{kk} = { 1, k = 0 0, k ≠ 0

§ Estimation of mean, ACVF and ACF, Zt stationary time series

1. Sample mean Z̄ =^1_n ∑_n t=1 Z_t E(Z̄) = 1 n · nμ = μ unbiased V ar(Z̄) = 1 n^2 n∑ t=1 n∑ s=1 Cov(Z_t, Z_s)

= γ_0 n^2 n∑ t=1 n∑ s=1 ρ_{t,s}

= γ_0 n^2 n−1∑ k=−(n−1) (n − |k|)ρ_k

= γ_0 n n−1∑ k=−(n−1) (1 − |k| n )ρ_k uρ_k → 0, J 1 n n−1∑ k=−(n−1) ρ_k −→_{n→∞} 0 (Cesaro summable) ÆV ar(Z̄) → 0 as n → ∞ ⇒ Z̄_n → μ in mean square in probability (by Chachy’s inequality P (|Z̄_n − μ| > ε),^{σ2n}_{ε2} → 0) hùÌ{Z_t}Îergodic for the mean.

§ Sample ACVF

γ̂_k =^1_n ∑_{n−k} t=1 (Z_t − Z̄)(Z_{t+k} − Z̄) γ̂ =^1_{n−k} ∑^{n−k}_{t=1} (Z_t − Z̄)(Z_{t+k} − Z̄) ∑_{n−k} t=1 (Z_t − Z̄)(Z_{t+k} − Z̄) = ∑_{n−k} t=1 [(Z_t − μ) − (Z̄ − μ)][(Z_{t+k} − μ) − (Z̄ − μ)] = ∑_{n−k} t=1 (Z_t − μ)(Z_{t+k} − μ) − (Z̄ − μ) ∑_{n−k} t=1 (Z_t − μ) −(Z̄ − μ) ∑_{n−k} t=1 (Z_{t+k} − μ) + (n − k)(Z̄ − μ)^2 ≈ ∑_{n−k} t=1 (Z_t − μ)(Z_{t+k} − μ) − (n − k)(Z̄ − μ)^2 ⇒ E(γ̂_k) ≈ γ_k −^k_nγ_k −^{n−k}_n V ar(Z̄) = γ_k − V ar(Z̄) +^k_n(V ar(Z̄) − γ_k) E(γ̂_k) ≈ γ_k − V ar(Z̄) ⇒ γ̂_k has a larger bias than γ̂ especially when k is large w.r.t. n. (Û. Æ3ŒfflŇÕı, &ÆŇÕγ̂_k, ľOÕk ≤^n_4 ) uρ_k → 0 as k → ∞ ⇒ the process is ergodic for the mean and V ar(Z̄) −→ 0 as n → ∞ γ̂ and γ̂ are asymptotically unbiased (∵ Ëïí‚biased) (İfťMSE(γ̂)^MSE(γ̂)) • γ̂ is always positive semidefine but γ̂_k is not necessary so ∵ Γ̂_k = n^{−1}T T^′

=^1_n 0 · · · 0 0 Z_1 − Z̄ · · · · · · Z_k − Z̄ 0 · · · 0 Z_1 − Z̄ Z_2 − Z̄ · · · Z_k − Z̄ 0 . . . 0 Z_1 − Z̄ k×2k

·

0 0 · · · 0 . . Z_1 − Z̄ 0 0 . 0 Z_1 − Z̄ Z_k − Z̄ Z1 − Z̄ . 0

. . . . Z_k − Z̄ . Z_k − Z̄ 0 · · · 0 2k×k ∴ ⃗a^′Γ̂_k⃗a = n^{−1}(⃗aT )(T^′⃗a) = n^{−1} ‖ T^′⃗a ‖≥ 0.

• If {Z_t} stationary Gaussian (Bartlett) Cov(γ̂_k, γ̂_{k+j}) ≈^1_n ∑_∞ i=−∞(γiγi+j + γi+k+jγi−k) V ar(γ̂_k) ≈^1_n ∑_∞ i=−∞(γ 2 i + γ_{i+k}γ_{i−k})

Cov(γ̂_k, γ̂_{k+j}) ≈^1_{n−k} ∑_∞ i=−∞(γiγi+j + γi+k+jγi−k) V ar(γ̂_k) ≈^1_{n−k} ∑_∞ i=−∞(γ 2 i + γ_{i+k}γ_{i−k}) > V ar(γ̂_k) especially when k is large.

• If ∑_∞ i=−∞ |γi| < ∞, then γ̂k → γk in mean square.

(E(γ̂_k − γ_k)^2 −→_{n→∞} 0) ⇒ γ̂_k → γ_k in probability.

⇒ {Z_t} is ergodic for ACVF.

§ Sample ACF

• ρ̂_k =^{r̂k}_{γ̂0} = ∑n−k t=1 (Zt−Z̄)(Zt+k−Z̄) ∑n t=1(Zt−Z̄)2 , k = 0, 1, 2, · · ·

• Plot of ρ̂_k v.s. k is called sample correlogram.

• {Z_t} stationary Gaussian (Bartlett).

• Cov(ρ̂_k, ρ̂_{k+j}) ≈^1_n ∑ (ρ_iρ_{i+j} + ρ_{i+k+j}ρ_{i−k} − 2ρ_kρ_iρ_{i−k−j} − 2ρ_{k+j}ρ_iρ_{i−k} + 2ρ_kρ_{k+j}ρ^2_i ), k > 0, k + j > 0

• for large n, ρ̂_k^D−→ N(ρ_k, V ar(ρ̂_k)) V ar(ρ̂_k) ≈ 1 n ∑ (ρ^2_i + ρ_{i+k}ρ_{i−k} − 4ρ_kρ_iρ_{i−k} + 2ρ^2_kρ^2_i )

• If ρ_k = 0, for k > m, then V ar(ρ̂_k) ≈ 1 n (1 + 2ρ^2_1 + · · · + 2ρ^2_m)

• In practice, |ê_iãĆρ_i, İßρ̂_kÝ´øÍstdev.

S_{ρ̂k} = √ 1 n (1 + 2ρ̂^2_1 + · · · + 2ρ̂^2_m).

• uρ_k = 0, for k ≥ 1, i.e. white noise process S_k =

√_1 n .

§ Sample PACF

Recall

ϕ_{kk} =

| | | | | 1 ρ_1 · · · ρ_{k−2} ρ_1 . . . ρ_{k−1} · · · · · · ρ_1 ρ_k

| | | | | | | | | | 1 ρ_1 · · · ρ_{k−2} ρ_{k−1} . . . ρ_{k−1} · · · · · · ρ_1 1

| | | | |

,

k ´‘, ŇÕÄyÃś�

Durbin derive ϕ̂_{k+1,k+1} =^{ρ̂k+1−∑k}i=1^{ϕ̂k,jρ̂k+1−j} 1− ∑k j=1 ϕ̂k,jρ̂j ϕ̂_{k+1,j} = ϕ̂_{k,j} − ϕ̂_{k+1,k+1}ϕ̂_{k,k+1−j} j = 1, 2, · · · , k Íıϕ̂_{ij}‚best regression coefficient of Z_{t+k} = ϕ_{k1}Z_{t+k−1} + · · · + ϕ_{kk}Z_t + ε. (Û:hrecersive methodEtheoretical PACFùWñ�)

• u{Z_t}‚W N, JV ar(ϕ̂_{kk}) ≈^1_n, Æ±^{2√}_nİĘ‚ϕ̂_k Ý0.95 critical limits.

§ MA(∞) and AR(∞) representation

• Linear process

Z_t = μ + a_t + ψ_1a_{t−1} + ψ_2a_{t−2} + · · · = μ + ∞∑ j=0 ψ_ja_{t−j} (infinite MA representation). Íıψ_0 = 1, {a_t} ∼ W N(0, σ^2_a) and ∑ ψ^2_j < ∞ (or ∑ |ψ| < ∞) ã ∑ ψ^2_j < ∞Ýf˝İ.ß E[(Z_t − μ − n∑ j=0 ψ_ja_{t−j})^2] → 0 as n → ∞.

i.e. μ + ∑_∞ j=0 ψ_ja_{t−j} → Z_t in m.s.

• Define backshift operator B^jX_t = X_{t−j}, ùİÞ{Z_t}ű ‚ Z_t − μ = ψ(B)a_t, Íıψ(B) = ∑_∞ j=0 ψ_jB^j.

• E(Z_t) = μ, V ar(Z_t) = σ^2_a ∑_∞ j=0 ψ^2_j ,

E(a_tZ_{t−j}) = { σ^2_a, for j = 0

0, for j > 0 , ⇒ γ_k = E(Z_t − μ)(Z_{t+k} − μ) = E( ∑_∞ i=0 ∑_∞ j=0 ψ_iψ_ja_{t−i}a_{t+k−j}) = σ^2_a ∑_∞ i=0 ψ_iψ_{i+k} ⇒ ρ_k = ∑_∞ i=0 ψ_iψ_{i+k} ∑_∞ i=0 ψ^2_j

Note that |γ_k| ≤ γ_0 = σ^2_a ∑ ψ^2_j < ∞ Æγ_k < ∞ ∀k.

• Wold : A nondeterministic stationary process can always

be expressed in the form of MA(∞)+deterministic term.

(Û) A deterministic term is a process that can be pre-

dicted or forecast exactly from to past.

• ACF generating function γ(B) = ∞∑ k=−∞ γ_kB^k

• {Z_t} linear process, ÍACV generating function‚ γ(B) = ∑_∞ k=−∞ ∑_∞ i=0 ψ_iψ_{i+k}B^kσ^2_a (j = i + k and = ∑_∞ j=0 ∑_∞ i=0 ψ_iψ_jB^{j−i}σ^2_a ψ_j = 0, for j < 0)

= σ^2_aψ(B)ψ(B^{−1}), ⇒ ρ(B) = ∑ ρ_kBk = γ(B) γ_0 .

• AR(∞) representation : useful in understanding the mechanism of forecasting ⇒ the process is invertible.

Ż_t = π_1Ż_{t−1} + π_2Ż_{t−2} + · · · + a_t ÍıŻ_t = Z_t − μ ⇒ π(B)Z_t = a_t, π(B) = 1 − ∞∑ j=1 π_jB^j (Û) 1. An invertible process is stationary ⇐⇒ Z_t = 1 π(B) a_t = ψ(B)a_t s.t. ∞∑ j=0 ψ^2_j < ∞ ⇐⇒ π(B) = 0Ýqa3ŐŻiš� 2. A linear process is invertible ⇐⇒ a_t = ψ^{−1}(B)Z_t = ϕ(B)Z_t s.t. ∑ ϕ^2_j < ∞ ⇐⇒ ψ(B) = 0Ýqa3ŐŻiš� • AR(∞) or MA(∞) contain an infinite number of parameters£yŸßl� • AR(p) Z_t − ϕ_1Z_{t−1} − · · · − ϕ_pZ_{t−p} = a_t MA(q) Z_t = a_t − θ_1a_{t−1} − · · · − θ_qa_{t−q} or ARMA(p, q) Z_t − ϕ_1Z_{t−1} − · · · − ϕ_pZ_{t−p} = a_t − θ_1a_{t−1} − · · · − θ_qa_{t−q}

§ Linear Difference Equations

nth order linear difference equation

Z_t + C_1Z_{t−1} + C_2Z_{t−2} + · · · + C_nZ_{t−n} = e_t The function e_t is called forecasting function. 1. ue_t = 0, JÌ‚homogeneous equation. 2. ue_t ≠ 0, JÌ‚nonhomogeneous equation. ČC(B) : 1 + C_1B + C_2B^2 + · · · + C_nB^n ⇒ C(B)Z_t = e_t C(B) = 0 is called the auxiliary equation.

Lemma 1. If C(Z^{(1)}_t ) = 0 and C(Z^{(2)}_t ) = 0, then

C(b_1Z^{(1)}_t + b_2Z^{(2)}_t ) = 0, ∀b_1, b_2constants.

2. If C(Z^{(H)}_t ) = 0 and C(Z^{(P )}_t ) = e_t, then Z^{(H)}_t + Z^{(P )}_t is the general solution of the complete equation.

• The eventual behavior of a time series model is often governed by a homogeneous difference equation.

Lemma Z_t = bt^j, j < m (integers), b : constant, ‚(1 − B)^mZ_t = 0ÝŁ� pf: m = 1, Z_t = bt^0 = b ⇒ (1 − B)Z_t = b − b = 0,

Č’(1 − B)^{m−1}Z_t = 0, for Z_t = bt^j, j < m − 1,

JEZ_t = bt^j, j < m

(1 − B)^mZ_t = (1 − B)^{m−1}(1 − B)bt^j = (1 − B)^{m−1}b(t^j − (t − 1)^j) = (1 − B)^{m−1}[−b ∑_{j−1} i=0 (−1)^{j−i}t^i] = 0,

Æãó.hûřßJ�

(Û) ãîńLemma(1)ùİá

(1 − B)^m( m−1∑ j=0 b_jt^j) = 0, ∀b_0, b_1, · · · , b_{m−1}.

Lemma Z_t = R^tt^j, j < mÎ(1 − RB)^mZ_t = 0ÝŁ� pf: (1 − RB)Z_t = (1 − RB)R^tt^j = R^tt^j − RR^{t−1}(t − 1)^j = R^t(1 − B)t^j ⇒ (1−RB)^mR^tt^j = R^t(1−B)^mt^j = 0 (ãîńÝLemma)�

Thm C(B)Z_t = 0, C(B) = 1 + C_1B + C_2B^2 + · · · + C_nB^n If C(B) = ∏_N i=1(1 − R_iB)^{mi}, where ∑_N i=1 m_i = n, then

Z_t = N∑ i=1 R^t_i mi−1∑

j=0 b_{ij}t^j In particular, if m_i = 1, ∀i, and R^{−1}_i are distinct, then

Z_t = n∑ i=1 b_iR^t_i

(Û) complex rootsÄWEsSS c ± d_i = α(cosϕ + isinϕ). α = √ c^2 + d^2, ϕ = tan^{−1}(^d_c ). ⇒ (c + d_i)^t = α^t(cosϕt + isinϕt) ⇒ solution of the homogeneous difference equationÞŚâ α^tcosϕt, α^tsinϕt, tα^tcosϕt, tα^tsinϕt, · · · · · · · · · , t^{m−1}α^tcosϕt, t^{m−1}α^tsinϕt. E.g.

Z_t − 2Z_{t−1} + Z_{t−2} = 0

∵ (1 − 2B + B^2) = (1 − B)^2 = 0

∴ Z_t = 1^t(b_1 + b_2t) = b_1 + b_2t

E.g.

Z_t − 2Z_{t−1} + 1.5Z_{t−2} − 0.5Z_{t−3} = 0

∵ (1 − 2B + 1.5B^2 − 0.5B^3) = (1 − B + 0.5B^2)(1 − B)

B_1 = R^{−1}_1 = 1

B_2 = R^{−1}_2 =^{1+}

√_{1−4(0.5)}

2(0.5) = 1 + i

B_3 = 1 − i

∴ Z_t = b_1 + b_2(

√_1 2)^tcos(^π_4 t) + b_3(

√_1

2)^tsin(^π_4 t)

E.g.

(1 − ϕB)(1 − B)^2Z_t = 0

∵ R_1 = ϕ, R_2 = 1(q)

∴ Z_t = b_1ϕ^t + b_2 + b_3t