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Normal structure prove that {x,} converges strongly to a common fixed point of {T;}¥_,, which solves some
variational inequality, provided ||x, — Tix,|| — O0asn — oofori = 1,2,...,N.As an
application, we prove that the iterative process defined by zy € K, z,41 = (1 — ﬁ)zn +

f(—';f(zn) + ,i—’;Tr’:lzn, converges strongly to the same common fixed point of {Ti}ﬁ.\’:l.
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1. Introduction

Throughout tl*1is paper, we assume that E is a real Banach space with dual E* and K a nonempty closed convex subset of
E.Let] : E — 2F be the normalized duality mapping defined by

J) = {x* € E*: (x,x*) = |Ix|I> = |Ix*||’}, x€E.

Amappingf : K — K is called a contraction if there exists a constant« € [0, 1) suchthat ||f (x)—f ()| < «¢|lx—y||Vx,y € K.
Amapping T : K — K is called nonexpansive if ||Tx — Ty|| < ||x —y||Vx, y € K, and is called asymptotically nonexpansive if
there exists a sequence {k,} C [1, co) withlim,_, o, k, = 1suchthat |[T"x—T"y| < k,||x—y|| foralln > 1andallx,y € K.It
is easy to see that every contraction is nonexpansive, and every nonexpansive mapping is asymptotically nonexpansive. The
converse is not valid. In 1972, Goebel and Kirk [ 1] proved that if the space E is assumed to be uniformly convex, then every
asymptotically nonexpansive self-mapping T on a bounded closed convex subset K C E has a fixed point. Subsequently, Lim
and Xu [2] also proved another existence result which is similar to the existence theorem in [1]. Moreover, Lim and Xu [2]
introduced an implicit iterative scheme as follows:

Suppose that K is a bounded closed convex subset of a Banach space E and T : K — K is an asymptotically nonexpansive
mapping. Fix a u in K and define for each n > 1 the contraction S, : K — K by

t, t,
Sp(x) = (1 ——)u+—T"x, (1)

kn kn
* Corresponding author.
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where {t,} C [0, 1) is any sequence such that t, — 1asn — oc. Then the Banach Contraction Principle yields a unique
point x,, fixed by S,,. Now the question gives rise to whether the sequence {x,} converges strongly to a fixed point of T. The
following is a partial answer.

Theorem 1.1 ([2]). Suppose E is uniformly smooth and {t,} is chosen so that

lim (k, — 1)/(k, — t;) = 0.
n—oo

(Such a sequence {t,} always exists, for example, take t, = min{1 — (k, — 1)'/?, 1 — n~'}.) Suppose in addition the condition
lim,_,  ||Xn — Tx,|| = O holds. Then the sequence {x,,} converges strongly to a fixed point of T.

On the other hand, Moudafi [3] proposed a viscosity approximation method of selecting a particular fixed point of a given
nonexpansive mapping in Hilbert spaces. If H is a Hilbert space, T : K — K is a nonexpansive self-mapping of a nonempty
closed convex subset K of H, and f : K — K is a contraction, he proved the strong convergence of both the implicit and
explicit methods:

&n
X, = Tx Xn), 2
"= e n+1+€nf(n) (2)
and
Xt = Tt~ f(x0), 3)
1+ &, 1+ ¢,

where lim,_, , &, = 0. Motivated by Moudafi [3], Xu [4] studied the viscosity approximation methods for a nonexpansive
mapping in a uniformly smooth Banach space. For a contraction f on K and t € (0, 1), let x; € K be the unique fixed
point of the contraction x — tf(x) + (1 — t)Tx. Consider also the iteration process {x,}, where xo € K is arbitrary and
Xn+1 = onf (%) + (1 — )T, for n > 1, where {«;} C (0, 1). Xu [4] proved that {x;} and, under certain appropriate
conditions on {«,}, {x,} converge strongly to a fixed point of T which solves some variational inequality.

Very recently, the viscosity approximation methods are extended by Shahzad and Udomene [5] to develop new iterative
schemes for an asymptotically nonexpansive mapping. They proved the following theorems.

Theorem 1.2 ([5, Theorem 3.1]). Let E be a real Banach space with a uniformly Gateaux differentiable norm possessing uniform

normal structure, K a nonempty closed convex and bounded subset of E, T : K — K an asymptotically nonexpansive mapping
with sequence {k,}, C [1,00) and f : K — K a contraction with constant o € [0, 1). Let {t,}, C (O, m) be such that

kn—a
limy_ o0 t; = 1 and lim,_, o X2=1 = 0. Then,

kn—tn —

(i) for each n > 0, there is a unique x, € K such that

t, t
Xn=1—2)fx) + —T"xn; (4)
kn kn

and, if in addition, lim,,_, », ||X, — Tx,|| = O, then,
(ii) the sequence {x,} converges strongly to the unique solution of the variational inequality:

p € F(T) such that {(I — f)p,j(p — x*)) <0 Vx* € F(T).

Theorem 1.3 ([5, Theorem 3.3]). Let E be a real Banach space with a uniformly Gdateaux differentiable norm possessing uniform
normal structure, K be a nonempty closed convex and bounded subset of E, T : K — K be an asymptotically nonexpansive
mapping with sequence {k,}, C [1, 00) and f : K — K be a contraction with constant o € [0, 1). Let {t,}» C (0, &,) be such
that limy 0oty = 1, Y oo ta(1 — ;) = 00 and limy, lf:%gn = 0, where &, = min{“k;ilf", %}. For an arbitrary zy € K let
the sequence {z,}, be iteratively defined by

Znyt = (1 - t—n)f(zn) +

tn

T"z,, n>1. 5
PR > (5)

kn

Then,
(i) for each n > 0, there is a unique x, € K such that

t, t
X =|1- = f(xn) + _nTan;
kn kn

and, if in addition, lim,,_, », ||X;, — Tx,|| = 0 and lim,,_, , ||z, — Tz,|| = O, then
(ii) the sequence {z,}, converges strongly to the unique solution of the variational inequality:

p € F(T) such that {(I — f)p,j(p —x*)) <0 Vx* € F(T).
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Furthermore, Chang et al. [6] studied the weak and strong convergence of implicit iteration process
Xn = OpXp—1 + (1 - an)Trlg_HXna n= 1, (6)

for a finite family {Ti}?’: , of asymptotically nonexpansive self-mappings on a nonempty closed convex subset K of a uniformly
convex Banach space satisfying Opial condition, where n = I;N + r,, for some unique integers [, > 0and 1 < r, < N.In the
proof of the main results of Chang et al. [6], the following proposition is crucial.

Proposition 1.1 ([6, Proposition 1]). Let K be a nonempty subset of E, and {Ti}?’: 1 be N asymptotically nonexpansive self-
mappings on K. Then,
(i) there exists a sequence {k,} C [1, oo) with k, — 1 such that

IT"% — Tyl < kallx —yll Vn=1.xyeK,i=1,2,....N; (7)
(i) {1} fV: 1 is uniformly Lipschitzian with a Lipschitzian constant L > 1, i.e., there exists a constant L > 1 such that

IT'x =Tyl <Llx =yl ¥n>1,x,yeK,i=1,2,...,N. (8)

We call the sequence {k,}, a common sequence of a finite family {T; f\’: , of asymptotically nonexpansive self-mappings.
Meantime, the authors [7] introduced and studied the implicit iteration scheme with perturbed mappings for common fixed
points of a finite family of nonexpansive mappings, as a special case of asymptotically nonexpansive mappings, in a Hilbert
space.

The main aim of this paper is to obtain fixed point solutions of variational inequalities for a finite family of asymptotically
nonexpansive mappings defined on a real Banach space with uniformly Gateaux differentiable norm possessing uniform
normal structure. We prove, under appropriate conditions on K, T and {s,}, {t,} C (0, 1), that the sequence {z,} defined
iteratively by: zy € K,

1 Sn ty
Zn41 = (1 - _) Zn + —f(zp) + _Trnzna (9)
kn kn kp, ™

where s, +t, = 1,and n = [,N + r, for some unique integers [, > 0and 1 < r, < N, converges strongly to the unique
solution of the above variational inequality. We remark that Shahzad and Udomene’s theorems [5] extend Theorems 4.1 and
4.2 of [4] to the more general class of asymptotically nonexpansive self-mappings and to the much more general class of
Banach spaces (see Theorems 1.1 and 1.2) and the corresponding results of [8] (hence of [9]) follow as immediate corollaries
of their theorems. Now, our results extend Theorems 3.1 and 3.3 of [5] to new viscosity iterative schemes and to the case of
a finite family of asymptotically nonexpansive self-mappings. Therefore our results are the improvements and extension of
the corresponding ones in [3-10].

2. Preliminaries

Let E be a Banach space. Let Sg := {x € E : ||x|| = 1} denote the unit sphere of E. Recall that E is said to have a Gateaux
differentiable norm if for each x € Sg the limit

lim(jlx + eyl — fIx[)/¢ (10)

exists for all y € Sg, and we call E smooth. In this case, it is known [11] that the normalized duality mapping J on E is single-
valued. E is said to have a uniform Gateaux differentiable norm if for each y € S the limit (10) is attained uniformly for
x € Sg.Further, E is said to be uniformly smooth if the limit (10) exists uniformly for (x, y) € Sg x Sg.Itis known [11] thatif E
has a uniform Gateaux differentiable norm then the normalized duality mapping J on E is single-valued and norm-to-weak*
uniformly continuous on any bounded subset of E.

Let K be a nonempty closed convex and bounded subset of E and let the diameter of K be defined by d(K) := sup{||x—y]|| :
X,y € K}.Foreachx € K, letr(x,K) := sup{|lx — y|| : y € K} and let r(K) := inf{r(x, K) : x € K} denote the Chebyshev
radius of K relative to itself. The normal structure coefficient N(E) of E (cf. [12]) is defined by

N(E) := inf { @
r(K)

: K is a closed convex and bounded subset of E with d(K) > O} .
A space E such that N(E) > 1 is said to have uniform normal structure. It is known that every space with a uniform normal
structure is reflexive, and that all uniformly convex and uniformly smooth Banach spaces have uniformly normal structure
(seee.g., [2,13]).

Let LIM be a Banach limit. Recall that LIM € (€°°)* such that ||LIM| = 1, liminf,_ o a, < LIMua, < limsup,,_, o, ay, and
LIM,a, = LIM,a,, for all {a,}, € £°°.

The following lemmas will be needed in what follows. Lemma 2.1 is well known.
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Lemma 2.1. Let E be an arbitrary real Banach space. Then

Ix+yI? < IxI* + 2. j(x +y)) (11)
forallx,y e Eandallj(x +y) € J(x + y).

Lemma 2.2 (Kim and Xu [4]). Let E be a Banach space with uniform normal structure, K a nonempty closed convex and bounded
subset of E, and T : K — K an asymptotically nonexpansive mapping. Then T has a fixed point.

Lemma 2.3 (Chidume et al. [8], Xu [4,9]). Let {a,}, be a sequence of nonnegative real numbers such that
an+l f(l_kn)an"i‘)\nyn’ n=071723"'7

where {A,}, is a sequence in (0, 1) and {y,}, is a sequence in R such that
() Yopzy An = 00;
(i) im sup,_, oo ¥a < 007 Y02 | [ Anynl < 00

Then lim,_, o a, = 0.

Lemma 2.4 (See Lim and Xu [2, Theorem 1]). Suppose that E is a Banach space with uniform normal structure, C is a nonempty
bounded subset of E, and T : C — C is an asymptotically nonexpansive mapping with {k,} C [1, oco) such that lim,_, o k, = 1
and sup,»1 kn < «/N(E). Suppose also that there exists a nonempty bounded closed convex subset D of C with the following

property (P):

xeD= w,(x) CD, (P)
where w,, (x) is the weak w-limit set of T at x, i.e., the set

{y € E :y = weak _jl—i>r£10 T"x for some n; 1 0o}.

Then T has a fixed point in D.
3. Main results

Theorem 3.1. Let E be a real Banach space with a uniformly Gdteaux differentiable norm possessing uniform normal structure,
K be a nonempty closed convex and bounded subset of E, {Ty, Tz, ..., Ty} : K — K be N asymptotically nonexpansive mappings
with common sequence {kn}, C [1, 00) such that sup,-,k, < «/N(E), and let f : K — K be a contraction with constant

o € [0, 1). Let {s,}, {t,} be two sequences in (0, 1) such that (a) s, +t, = 1foralln > 1, and (b) {t,}, C (O, %),

limy o0 tn = 1and limy o0 51 = 0. Then

(i) for each n > 1, there is a unique x, € K such that
1 Sn th
Xo=1——)xp+ —f(x —T"x 12
n ( kn) n+knf(n)+kn men ( )

where n = I,N + r, for some unique integers I, > 0 and 1 < r, < N; and if in addition, lim,_, o ||X, — Tix,|| = 0, T,T; = T;T;
and F(T;) is convex for 1 <i,j < N, then
(ii) the sequence {x,}, converges strongly to the unique solution of the variational inequality:

p € Fsuchthat ((I —f)p,j(p —x*)) <0 Vx* €F, (13)
where F = N, F(Ty).

Proof. First, using Lemma 2.2 we know that each F (T;) is nonempty, bounded, and closed for 1 < i < N. By the condition on
{t,}, for each n > 1 the mapping S, : K — K defined for eachx € K by S,;,x := (1 — %)x + ,S(—Zf(x) + ,ﬁ—"nT;x is a contraction.
Indeed, observe that forall x,y € K

1 Sn th o n "
[Snx =Syl < (1= JlIx=yl+ —If &) —fOI + —IT, x =Tyl
kn kn kn
1 Spd tnkn
<|(1-——)lx=yl+——lx—=yl+ Ix =yl
kn kn kn
1 Sp
=1 )+ =+t llx—yl
kn kn
= Oullx =y,
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where 6, = (1 — é) + % + t,. Observe that

ki

1 Spo
bh<le(1—-—)4+—+t,<1

kn kn
ot 1—«o
< .
"k —

It follows that there exists a unique x,, € K such that S;x, = x,,. Now we define ¢ : K — [0, c0) by
¢(2) = LMy ||x, — z||%.
Since ¢ is continuous and convex, ¢(z) — o0 as ||z|| = oo, and E is reflexive, ¢ attains its infimum over K. Hence, the set

D={xeK:¢pkx = l‘l‘liél(b(l)}

is nonempty, closed and convex.

We claim that forany [ > 1, ﬂ;zl F(T)) ND # @iflim,_ o X, — Tixy |l = O, T;T; = T;T; and F(T;) is convex for 1 <i,j < L
Indeed, whenever [ = 1, we set T; = T for convenience. Then in terms of Lemma 2.2 we have F(T) # #. We follow the
line of argument in Lim and Xu [2, Theorem 2]. Though D is not necessarily invariant under T, it does have the property (P).
In fact, if xis in D and y = w-lim;_, o, T™x belongs to the weak w-limit set w,,(x) of T at x, then from the w-Ls.c. of ¢ and
limy,_ o0 ||Xn — TX,|| = O, we deduce that

d(y) < liminf@(T"x) < lim sup ¢(T™x)
j—o0o

m—o00

= lim sup(LIM, ||x, — T™x||?)

m— 00

= lim sup(LIM, || T™x, — T™x||?)

m— o0

< lim sup k2, LIM, [|x, — x||* = LIMy ||x, — x|

m—o0
= R4
This shows that y belongs to D and hence D satisfies the property (P). It follows from Lemma 2.4 that T has a fixed point in
D,ie.,F(TYND # .
For | > 1, assume that ﬂle F(T;)) N D # ¥ whenever lim,_,« [[X, — Tixa|| = 0, T;T; = T;T; and F(T;) is convex for
1 <i,j <l Letusshow that ﬂf: F(T))ND # @iflimy_, o ||Xn — Tixp|| = 0, T;T; = T;T; and F(T;) is convexfor 1 <i,j <[4 1.
In this case, it is clear that ﬂf»:l F(T;) N D is nonempty, bounded, closed and convex. Then define a subset W of C as

1
W= xeﬂF(Ti)ﬂD:qﬁ(x): min  $(2)

i=1 ze () F(T)HND
i=1

Since ¢ is continuous and convex, ¢(z) — o0 as ||z|| — oo and E is reflexive, ¢ attains its infimum over ﬂL] F(T;) N D.
Hence the subset W is nonempty, bounded, closed and convex. Now we prove that W has the property (P),i.e,x € W =
Wy (X) C W where

{yeX:y=weak — lim T[Lx for some n; 1 o0o}.
Jj—oo

Observe that Tz+1(ﬂ£=1 F(Ty)) C ﬂf.:] F(T;) since T;T;y1 = Ty Tiforeachi =1, 2, ..., implies that foreachu € ﬂﬁzl F(Ty)
Thiu =T Tu =TT, 1=<i<l],

thatis, Tj;qu € ﬂle F(T;). Suppose thatxisin W and y = w-limj_, » T,rij]x belongs to the weak w-limit set w,, (x) of Tj; 1 at

x.Thenx € ﬂf-:] F(T;) N D and ¢(x) = minzerﬁ:] F(rynp @(2). Fromx € ﬂL] F(T;) and Tjyq : ﬂi.:l F(T)) — ﬂﬁzl F(T;), we

have {T7,x} C ﬂﬁzl F(T;). Again from the closedness and convexity of ﬂ;zl F(T;),we havey € ﬂﬁzl F(T;). Note that from
the w-Ls.c. of ¢ and lim,,_, o, || X, — Ti11Xs|| = 0, we derive

$() < lim inf ¢ (T} %) < limsup ¢(T}7,x)
— 00 m— o0

= lim sup(LIM, 1%, — T/7,x]|*)
m— o0
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= lim sup(LIM, || T/ %0 — T}},x[1%)

m— 00

< lim sup k2 LIM, [|x, — x||* = LIMy ||x, — x|
m— o0

- Tip 4@

due to x € D. This shows that y belongs to D and hence y € ﬂ,l-zl F(T;) N D.Sincex € W,ie,x € m£:1 F(T;) N D and
¢(x) = min, enL, FTnD ¢(2), from the last inequality it follows that

$O) < LMyllx —xI” = min  $(2).

ze () F(T)ND
i=1

Thus y € W. This implies that W has the property (P) for T.,. Consequently, all conditions in Lemma 2.4 are fulfilled.
According to Lemma 2.4, Ti;1 has a fixed pointin W, i.e., F(T;+1) "W # @. This shows that ﬂf: F(T))ND # #.SoDNF # ¢

where F := ﬂf'zl F(T;) # 0.
According to DNF # ), wetakep € DNFandt € (0, 1). Then (1—t)p+tx € K foranyx € K.Thus, ¢ (p) < ¢((1—t)p+tx),
and using Lemma 2.1 we have that

¢ —0p+ ) =) _ LUMnflxy —p+t(p— X)||? — LIM,||x, — p||?

0=<
t t
_ LIMa[lxn — plI? +2t(p — x, j(xy — p + t(p — x)))] — LIM,||x, — p||?
- t
= —2LIM;(x — p,j(X, —p — t(x — p))).
This implies that

LM (X — p, j(xn —p — t(x —p))) < 0.

Since K is bounded and j is norm-to-weak* uniformly continuous on any bounded subset of E, letting t — 0 we have that
LIM;(x — p,j(x, —p)) <0 VxeK.

In particular,
LIM; (f(p) — p, j(xn — p)) < 0. (14)

Now, since {Tq, T, ..., Ty} : K — K be N asymptotically nonexpansive mappings with common sequence {k,}, C [1, 0c0),
we conclude that for all x* € F := (L, F(T})

(Xn = T{"Xn, j(Xn — X)) = (X — X" — (T, — T'X"), j(X, — X¥))
—(kn — D[I%, — x*|1%. (15)

By the definition of the sequence {x,},, we have that

v

1 Sn th
X=1——|)x, + —f(x —T™x,,
n ( kn) n+knf( n)+kn rpn

which implies that
1—t,

(Xn _f(xn))-

n Sn
Xn — Trnxn = _t_(xn —f(xn)) = — [
n n

Hence from (15) we obtain for all x* € F
tn
11—,
< oD
1—t,
Since K is bounded, it follows that

lim sup(x, — f(xn),j(xn —x*)) <0 Vx" €F. (16)

n—oo

Observe that

(] - (X)HX,—, - p”2 = (Xn _p’j(xn - P)) - U(Xn) _f(p)d'(xn _p))
= (Xn — f(xn), j(xn — D)) + (F®) — D, j(xn — D).

(Xn _f(xn)J(Xn - X*)> =

(xn - T;:ixnaj(xn - X*)>
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Thus using (14) and (16) we derive LIM,||x, — p|| = 0. Consequently, there exists a subsequence {x,,} of {x,} such that
Xn, — pask — oo. To fulfil the proof, suppose that there is another subsequence {x,} of {x,} which converges strongly
to (say) q € K. Then q is a common fixed point of {T;, T>, ..., Ty} by the hypothesis that lim,_, , ||X, — Tixn|| = O for each
i=1,2,...,N. Noticing x,, — p and setting x* = g, we infer from (16) that

p—f,jb—q) =0. (17)
Also, noticing x,, — q and setting x* = p, we infer from (16) that

(a—f(@,j(@—p) =0. (18)

Combining (17) with (18) yields that

Ip—all® < (F) — F(@, j(p — @) < ealp—ql?

which implies that p = q due to o € [0, 1). Therefore, x, — pasn — oo and p € F is unique. Again, using (16), we can
readily see that

(p—f(P).jlp—x9)) <0 Vx*€F. (19)

Thus p is the unique solution of the variational inequality (13). This completes the proof. O

Corollary 3.2. Let E be a real Banach space with a uniformly Gateaux differentiable norm possessing uniform normal structure,
K be a nonempty closed convex and bounded subset of E, and {T1,To, ..., Ty} : K — K be N asymptotically nonexpansive
mappings with common sequence {k,}, C [1, oo) such that sup,- k; < «/N(E). Let u € K be fixed, {s,}, {t,} be two sequences
in (0, 1) such that (a) s, +t, = 1foralln > 1, and (b) {t,}, C (O, %), lim,_ o0ty = 1 and lim,_, o ’;’:j = 0. Then

(i) for each n > 1, there is a unique x, € K such that

1 Sn ty
Xp=(1——|xn+—u+ —T'x
" ( kn> ke kg T

where n = I,N + r, for some unique integers I, > 0 and 1 < r, < N; and if in addition, lim,_, « ||X, — Tixy|| = 0, TiT; = T;T;
and F(T;) is convex for 1 <i,j < N, then
(ii) the sequence {x,}, converges strongly to a common fixed point of {Ty, T>, ..., Ty}.

Proof. In this case the map f : K — K defined by f (x) = uVx € K is a strict contraction with constant « = 0. The proof
follows immediately from Theorem 3.1. O

Remark 3.1. For the case of N = 1, in the proof of Theorem 3.1 we have proven F(T;) N D # {§ where F(T;) is not necessarily
convex. Hence by the careful analysis of the proof of Theorem 3.1 we can see that the following consequence is valid.

Corollary 3.3. Let E be a real Banach space with a uniformly Gateaux differentiable norm possessing uniform normal structure,
K be a nonempty closed convex and bounded subset of E, T : K — K be an asymptotically nonexpansive mapping with sequence
{kn}n C [1, 00) such that sup,-q k, < +/N(E), and let f : K — K be a contraction with constant o € [0, 1). Let {s;}, {t,} be
two sequences in (0, 1) such that (a) s, +t, = 1foralln > 1, and (b) {t,}, C (0, k]n%‘z), lim,_ o0 tn = 1 and lim,,_, o ’;’ft; =0
Then

(i) foreach n > 1, there is a unique x,, € K such that

11 43 fn
Xn=[(1-—— —f(x —T"xy;
n kn n kn n kn n
and if in addition, lim,_, o ||X, — TX,|| = O, then
(ii) the sequence {x,}, converges strongly to the unique solution of the variational inequality:

p € F(T) such that {(I — f)p,j(p — x*)) <0 Vx* € F(T).

Theorem 3.4. Let E be a real Banach space with a uniformly Gateaux differentiable norm possessing uniform normal structure,
K be a nonempty closed convex and bounded subset of E, {T1, T, ..., Tn} : K — K be N asymptotically nonexpansive mappings
with common sequence {k,}, C [1, oo) such that sup,- k, < /N(E), and let f : K — K be a contraction with constant
a € [0, 1). Let {s,}, {ta} be two sequences in (0,1) such that (a) s, +t, = 1foralln > 1,and (b) {t,}n C (0, &), liMy_ 00 tn = 1,
Yo (1 —ty) =00, Y02 (ky — 1) < 00 and lim,_, ’;"__t; = 0, where &, = min{ kl:;, %}. For an arbitrary zo € K let the
sequence {z,}, be iteratively defined by (9). Then

(i) for each n > 1, there is a unique x,, € K such that

1 Sn th
Xn=1——)x,+ —f(x —T'x
n < kn> n+knf(n)+kn raXn
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where n = [N + r, for some unique integers [, > 0and 1 < r, < N; and if in addition, lim,_, o ||X, — Tixy]| = O,
lim_,  |Zn — Tizo|l = O, TiT; = T;T; and F(T;) is convex for 1 < i,j < N, then
(ii) the sequence {z,}, converges strongly to the unique solution of the variational inequality:

p € Fsuchthat {((I —f)p,j(p —x*)) <0 Vx* €F,
where F = N, F(Ty).

Proof. Part (i) has already been proved in Theorem 3.1. Assume that lim,_, »c ||X, — TiXn|| = 0 and lim,,_,  ||zx — Tizy|| = 0
foreachi=1,2,...,N,and F # . We proceed to prove part (ii). Let n > m. Then, from (12) we get

1 m
Xm —Zn = (] - E) (Xm Zn) + k (f(xm) - Zn) + (T Xm - n)-

We follow the line of the argument in [8]. Applying inequality (11), we estimate as follows:

1 2 S .
”xm - Zn||2 =< ‘(1 - k_> (Xm Zn) + ( - Zn) + Zk_m(f(xm) - Zm](xm _Zn)>
m m
1 . 2 sm .
= 1-— k_ (Xm — zn) + (T mXm Zn) + ( —zy)| + 2k_ f Xm) — zn, j(Xm — za))
m m
- 1 2
=< <] - k_ + tm) “Xm - Zn” + ” Zn”:| + Zl_(f(xm) Znaj(xm - Zn))
L m
1 2 5 1 tm m
= 1_l_+tm ”xm_zn” +2{1— — +1ty _”Xm_zn””TrmZn_Zn”
Kim ki km
_131 m, 2 oom i 2
+ 5 ||Trmzn Znll* + 2—[{f Km) — Xm, J(Xm — Z0)) + |1 Xm — zn 7]
kZ km
=<

S 1 2 1 t
2 4 (1= — +tw ) | xm = zal? + 1T 20 = zall {2 (1= — + b ) 1 — 2a
K K km ki

—’;II Zn”} +21—<f(xm) Xims J(Xm — Zn)).

m

Since K is bounded, for some constant M > 0, it follows that

2
, (“ﬁ“m) - (=25 Mz, — Tzl
(fRm) — Xm, j(Zn — X)) < M +

23m ,‘(—;”1
Observe that
1 2 S 1 2 S 2
L L U (LS e (e
lim = lim + —
m— 00 2 5m m— 00 2 5m 2k
km km m
) ki 1 Sm 1 Sm Sm
=Ilm{—|(2——— — 4+t —— +t — —
m—o0 | 28, ( km  km + m) < ki Fin + km + 2k,
tm(km — 1 2—t 1—t
— llm m( m ) 2 _ m _"_ tm + m
m—oo | 2(1 — ty) K 2k
=0,
and hence
(1-2+m) - (1-2) Milz, — Tzl

lim sup(f (Xn) — Xm,j(zn — Xm)) < o M + lim sup

n—00 2 n— 00 2 sm
km km

2
1 m
(1—m+tm) —(1—2;—m)
= E M

=

=

m
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since lim,_,  ||z; — Tizy|| = Oforeachi =1, 2, ..., N, implies that

: m : 2 m—1 m
nlggo lz, — Trmzn” = nlgglo{”zn - Trmzn” + ”Trmzn - Trmzn” +---+ ”Trm Zy — Trmzn”} =0.

In terms of Theorem 3.1, x,, — p € F, which solves the variational inequality (13). Since j is norm-to-weak* uniformly
continuous on any bounded subset of E, in the limit as m — o0, we obtain that

limsup(f(p) — p,j(z, —p)) <0.

n—oo

Now from the iterative process (9) and Lemma 2.1, we estimate as follows:

5 1 tn .
zn1 — pII” < 1—k— (zn—p)+k—(Trnzn—p)
n n
t,
<
- kn k

+2%U@)—RK%H—P»

2
N .
+ zk—”<f(zn) — P, j(@Zn+1 — D))
n

1 non 2 Sn
1——)llza —pll+ ,—IITrnzn =l +2k—llf(zn) = f®INzn+1 = pll
n n

1 2 5 Spo Sn .
<(1- o +ty) lza —pI" +2—1lzy — PIlIZas1 — Il + ZF(f(p) — D, J(Zay1 — D))
n

kn

n

1 2 5 S ) 2 Sn .
<|\1—=—+t) llza —plI* + —Ulzn — pII* + lzag1 — PII°) +2—F(P) — P, j(Zny1 — D)),
kn kn kn
so that
2
(1- & +6) +3e Z—”
Iznt1 — pII* < o lzn — plI* +2 s (f(®) — p,i(zn+1 — D))
e =%
2
1—2117“—(1—%““) s
=|1- a lzn — plI* + 2 i F(0) — P, j(zZns1 — D))
1— ¢ 1— o
kn kn
Observe that
Snat 1 2 sper \ 2 1 2 242
o (are) (o) —(mdre) %
1— T—: 1— 5,’{'—:‘
_sne 4 1 _ _ose 1 sao?
( kn + kn tn) 2 kn kn + tn k%
- 1 _ s T
kn kn

S tn(kn—1) Spo 1 sto
(RO —o —ol) 29— g va)

1—

and by (21) for some constant M > 0

Sne T
kn 1 kn

— 2.2
(,i—”(1—a)——f"(’jf ”)(2—5,3—“—%“”) e
2 n n n n 2 2 5
Znt1 —plI° < [ 1— P—T Iz, — pll© + 1_5,1_a||zn—P||
kn o
Sn
kn .
T2 e (f(P) — p,i(Zn+1 — P))
kn
(li_;(‘l - O() — tn(klgnfl)) (2 — 5[r(1_n(x - % + tn> 5 S%Olz
<|1- zyp—pll*+ ——M
= — lan =PI + oo

S .
+ 2,—" (f(®) — p,j(@nt1 — P))
kn — St

(20)

(21)
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since K is bounded. Now putting

(20— - o) (2-32 - L4y,)

— Sn
1 o

Sn ta(kn — 1)\ " spae 1 [ s2a? Sp )
S ToS A B T N

we rewrite (22) as follows:

Ap =

and

IZng1 =PI < (1 = A) 2o = PI* + An¥a.

Since liMpoo ty = 1, Y e (1 — t) = 00, Y oo (ky — 1) < o0 and limy_, « ';[—_t: = 0, we deduce that Z;’;(i—’;(l —a) —

t"(k” 1)) = oo and hence Z 1 An = oo. Furthermore, it is easy to see that

tn(kn — 1\ 1 -1 1
lims, (21— ok =Dy s 1 AT
n— o0 kn kn kn kn 2(1 —w)

and hence limsup,_,,, ¥» < 0. Consequently, it follows from Lemma 2.3 that z, — p as n — oo. This completes the
proof. O

Corollary 3.5. Let E be a real Banach space with a uniformly Gateaux differentiable norm possessing uniform normal structure,
K be a nonempty closed convex and bounded subset of E, and {T1, To, ..., Ty} : K — K be N asymptotically nonexpansive
mappings with common sequence {k,}, C [1, 00) such that sup,- k; < +/N(E). Let u € K be fixed, {s,}, {t,} be two sequences
in (0, 1) such that (a) s,+t, = 1foralln > 1, and (b) limy_, o t; = 1, {tn}n C (O, %), Yoo (I—ty) =00,y 2 (kn—1) < 00

and limy_, oo ’;n = 0. Define the sequence {z,}, iteratively by zy € K,

1 1 + Sn o T”

Znt1 = —— )z, + 2u Zn,

n+1 kn n kn k n

where n = I,N + r, for some unique integersl, > 0and 1 < r,, < N. Then
(i) for each n > 1, there is a unique x, € K such that

X = (1 — —)xn+—u—|— T”xn,

and, if in addition, lim_, » |X, — Tixy|| = 0, lim,— o (12 — Tizall = O, T;T; = T;T; and F(T;) is convex for 1 <i,j < N, then
(ii) {z,,}, converges strongly to a common fixed point of {Ty, T, ..., Ty}.

If N = 1 then the following corollary follows immediately from Remark 3.1 and Theorem 3.4.

Corollary 3.6. Let E be a real Banach space with a uniformly Gateaux differentiable norm possessing uniform normal structure,
K be a nonempty closed convex and bounded subset of E, T : K — K be an asymptotically nonexpansive mapping with sequence
{kn}n C [1, 00) such that sup,.; k, < +/N(E), and let f : K — K be a contraction with constant a € [0, 1). Let {s;}, {tn} be

two sequences in (0, 1) such that (a) s, + t, = 1foralln > 1, and (b) {tn}n 0, &), limp o t, = 1, Z;’Ol(l th) =
Z;’il(kn — 1) < oo and lim,_, o ’;”:t: = 0, where &, = min{ 1=« "1} For an arbitrary zy € K let the sequence {z,}, be
iteratively defined by

kn—a’ k

Znwr = (1 ! z+s”f(z)+t"T”z
n+1 — kn n kn n kn n

Then
(i) for each n > 1, there is a unique x, € K such that

1 Sn ty
=|1——)xa+ —f(xp) + —T"xn;
( kn) n knf( n) k,., n
and, if in addition, lim,,_, o, ||X, — TX,|| = 0 and lim,,_, o |1z, — Tz,|| = O, then
(ii) the sequence {z,}, converges strongly to the unique solution of the variational inequality:

p € F(T) such that {(I —f)p,j(p — x*)) <0 Vx* € F(T).
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Remark 3.2. (i) Since every nonexpansive mapping is asymptotically nonexpansive, our Corollaries 3.3 and 3.6 hold for
the case when T is simply nonexpansive. In this case, k, = 1Vn > 1, our viscosity iterative schemes coincide essentially
with Shahzad and Udomene’s viscosity iterative schemes in [5]. As pointed out in [5, p. 566, Remarks (B)], the boundedness
requirement on K can be removed from the above Corollaries 3.3 and 3.6 (see [4]); k, = 1Vn > 1 and the conditions:

limy,_ o0 [|Xn — TX,|| = 0 and lim,,_, o, ||z, — Tz,|| = 0 are satisfied. The choice of t, is as follows: t;, = 1 — %

(ii) Since every uniformly smooth Banach space has a uniformly Gateaux differentiable norm and possesses uniform
normal structure (see e.g., [2,10,11,14,15]), our Theorems 3.1 and 3.4, proved for the more general class of asymptotically
nonexpansive mappings and in the more general real Banach spaces considered here are significant improvements on the
results of [4], and hence of [3]. Meantime, our Theorems 3.1 and 3.4 extend Theorem 3.1 and 3.3 of [5] to new viscosity
iterative schemes and to the case of a finite family of asymptotically nonexpansive mappings.
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