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Abstract

In this paper, a degree theory for finite dimensional generalized variational inequalities is built and employed to prove some results on

solution existence and solution stability.
© 2007 Published by Elsevier B.V.
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1. Introduction

Many problems in analysis and in the application of
analysis can be reduced to a study of the solution set of
an equation ¢(x) = p in an appropriate space. Degree the-
ory has developed as means of examining the solution exis-
tence and their number of the solution.

Suppose that D is a open bounded set in R” with the clo-
sure D and the boundary 0D. Let ¢ : D — R" be an contin-
uous map and p € R" such that p € ¢(0D). The aim of
degree theory is to define an integer d(¢, D, p), the degree
of ¢ at p respect to D (see [7,10,20] for the definition) with
the properties that d(¢, D, p) is an estimate of the number
of solution of ¢(x) =p in D, d is continuous in ¢ and p
and d is additive in the domain D. The following list sum-
marizes some properties most frequently used (see, for
instance [7,10,18,26)).

Theorem 1.1. Suppose that p ¢ d)(@%hen the following
properties hold:
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(1) (Normalization) If p € D then d(I,D,p) = 1, where I is
the identity mapping.

(2) (Existence) If d(¢,D,p) # 0 then there is x € D such
that ¢(x) = p.

(3) (Additivity) Suppose that D, and D, are disjoint open
sets of D. If p & ¢(D\ (D, U D) then

d(va’p) = d(d),D],p) + d((/)vDZyp)'

(4) (Homotopy invariance) Suppose that H : [0,1] x D —
R" is continuous. If p & H(t,0D) for all t € [0,1] then
d(H(t,-),D,p) is independent of

(5) (Excision) If Dy is a closed set of
d(¢>Dvp) = d(d)aD\DOap)'

and p & ¢(Dy) then

Recently, in the two-volume book [9] dedicated entirely
to finite dimensional variational inequalities (VI, for brev-
ity), Facchinei and Pang have used degree theory to obtain
existence theorems for variational inequalities (see [9, Prop-
osition 2.2.3 and Theorem 2.3.4]). These results gave a nec-
essary and sufficient condition for a pseudomonotone VI
on a general closed convex set to have a solution. In partic-
ular, Pang [19] used degree theory to obtain interesting
results on sensitivity of a parametric nonsmooth equation
with multivalued perturbed solution sets. This paper has
been very influential for the optimization community. Also,
based on degree theory, Robinson [22] provided a strong
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conclusion on the solution stability of variational condi-
tions; Gowda [11] proved inverse and implicit function the-
orems for H-differentiable functions, thereby giving a
unified treatment of such theorem for C'-functions and
for locally Lipschitzian function. In order to obtain these
results, the authors have used degree theory as a bridge
to marry nonlinear analysis and variational inequality the-
ory under which we can study problems via nonlinear
equations.

Let us assume that R” is a finite dimensional space with
the Euclidian norm and K is a closed convex set in R". Let
f:K — R" be a continuous mapping. The variational
inequality defined by K and f denoted by VI(f,K), is the
problem of finding a vector x € K such that it satisfies the
inclusion

0 € f(x) + Ng(x), (1.1)

where N(x) is the normal cone of K at x defined by the
formula

Nk(x) _ {{x* eR": <x*,y—X> gOVyGK}

(), otherwise.

if x €K,

We denote by ITx(x) the metric projection of x onto K and
put

P(x) = x — Hglx — f(x)].

@ is called the natural map. It is clear that x is a solution of
(1.1) if and only if x is a solution of the equation ®(x) = 0.
Let Q be an open bounded set in R” such that Q N K # (.
We wish to investigate the number of solutions of (1.1) in
Q. Since (1.1) is equivalent to the equation ®(x) = 0, it sug-
gests us to compute the degree d(®, Q,0). By this way, as it
mentioned above, [9,22] obtained interesting results on
solution existence and solution stability of VIs.

It is natural to try to study generalized variational
inequalities (GVI, for short) which is also known in the lit-
erature as set-valued variational inequalities in this direc-
tion. Namely, we consider the problem of finding x € K
such that

0 € F(x) + N (x),

(1.2)

(1.3)

where F : K — 2% is a multifunction. We consider the so-
called generalized natural map which defined by

@r(x) =x — Hg(x — F(x)).

In this case we will meet some difficulties for applications
of degree theory to our problem. Namely, we can not apply
degree theory to @5 directly because @ has no convex val-
ues and so the degree of @ is undefined generally.

The aim of the present paper is to build a degree theory
for GVIs via the natural map and employ the results
obtained to prove some facts on the solution existence
and solution stability of GVIs in finite dimensional spaces.

It notices that there have been many papers on degree
theory for multifunctions in the infinite dimensional setting
so far (see [3-5,12,13]). We emphasize that degree theory
for GVIs in the present paper is somewhat different from

degree theory for upper semicontinuous multifunctions
with convex and compact values. It is built via the map
@ which does not necessarily have convex values.

The rest of the paper contains two sections. In Section 2
we build a degree theory for GVIs. Section 3 is devote to
applications of obtained results. In this section we shall
prove some facts on the solution existence and solution sta-
bility of GVIs.

2. Degree theory for GVIs

Throughout the paper, K is a closed convex set in R", Q
is an open bounded set in R” such that QN K # . Let
F : K — 2" be a multifunction which is upper semicontin-
uous with compact convex values.

Recall that a map F : K — 2% is upper semicontinuous
(u.s.c., for brevity) if for all x € K and for any open set
W C R" satisfying F'(x) C W there exists an open neighbor-
hood U of x such that F(y) C W for all ye UNK. If
F(x) #  for all x € K and for any open set W C R” satisfy-
ing F(x) N W # 0, there exists an open neighborhood U of
x such that F(y) N W # ( forall y € U NK then Fis said to
be lower semicontinuous (L.s.c., for brevity).

The following lemma plays an essential role for building
a degree theory of GVlIs.

Lemma 2.1. Suppose that F : K — 2% is u.s.c. with closed
convex values. Then for any € > 0 there exists a continuous
map f. : R" — R" such that for every x € K it holds

Sfe(x) € F((x +eB) NK) + €B,
where B is the unit ball in R".

(2.1)

Proof. By our assumptions and the approximate selection
theorem due to Cellina (see [1, p. 84]), for every ¢ > 0 there
exists a continuous map g, : K — R” such that

g.(x) € F(((x+eB)NK)+eB VxeK.

By Tietze-Urysohn’s theorem (see [8, Theorem 5.1, p. 149]),
for each € >0, there exists a continuous extension
foiR"— R" of g.. As f, and g, agree on K, f; satisfies the
conclusion of the theorem. The proof is complete. [

We now consider GVI(F, K). For each € > 0 we define a
map &, : R" — R" by the formula

& (x) =x — Hx(x — fi(x)), (2.2)

where f; is a approximate continuous selection of F which

satisfies (2.1). By the continuity of the metric projection

and Lemma 2.1, &, is continuous on R" and hence on Q.
We have the following lemma on properties of @,.

Lemma 2.2. Suppose that F is u.s.c. with compact convex
values and 0 ¢ (F 4+ Nk )(0Q). Then the following assertions
hold:

(a) there exists € >0 such that 0 ¢ ®.(0Q) for all
€€ (0,¢]
(b) there exists e, > 0 such that
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d(®.,Q2,0) =d(®s,Q2,0) forall €, € (0,¢]. (2.3)

Proof. (a) Suppose the assertion is false. Then there exists a
sequence ¢ — 07 and a sequence x; € 02 such that
&, (x;) = 0. This means that

xp = Mg (xx — fo, (i)

By compactness of 0Q2 we can assume that x; — xo € 0Q.
Since x; € KNoLY, by Lemma 2.1, there exist
Ve € K and z; € F(x;) such that

llzx — fo, () || < e

Hence, y, — xo. As F(x,) is a compact set and F is upper
semicontinuous at x,, by taking a subsequence (if neces-
sary) we can suppose furthermore that z; — zg € F(x).
Hence, f;, (x;) — z. Letting & — oo, from (2.4) we obtain
xo = Hx(xo — z9) with zy € F(x). By the property of the
metric projection we have

0 €z —|—NK()C()) (@ F(X()) +N1(()C()),

(2.4)

[ve —xll < e&;

which contradicts our assumptions. We obtain the proof

part (a).
(b) On the contrary, suppose there exist sequences
0 < & < €, — 0 such that

d(®,,,2,0) #d(P,,Q2,0).

Put

H(t,x) = x — Hx(x — tfe,(x) = (1 = 1) /¢ (x)),
€[0,1] x Q.

We have H(0,x)=®¢(x) and H(l,x)= . (x). If
0 ¢ H(t,0Q) for all ¢ € [0, 1] then

d(H(0,),Q,0) =d(H(1,-),2,0),

(2.5)

(t,x)

because of (4) in Theorem 1.1. But the latter contradicts
(2.5). Hence, for each k, there exists # € [0,1] such that
0 € H(t;,0Q). This implies that, for each k there exists
x; € 0Q such that

X = g (xi — tife (i) — (1 — 1) fo (xi).

Since x, € KN0Q, by Lemma 2.1, there exist y,,y; € K;
zx € F(y,) and z, € F(y,) such that

(2.6)

e =xell <€ llze = fa o)l < s

and

Ve = xell <€ Nz — S o)l < €

By compactness of [0,1] x 02 we can assume that
(te,xr) — (£,X) € ]0,1] x 0Q. Hence, y, — ¥ and y, — x.
By standard arguments as in the proof of (a) we get
fo () — z1 and fu (xi) — 2, for some zy,z, € F(x). By let-
ting k — oo, from (2.6) we get x = Hx(x — tz; — (1 — f)z,).
Put z=17z 4+ (1 —%)z, then z € F(x) and X = IIx(x —z).
By the property of the metric projection we have

0 €z+4+ Ni(X) C F(x) + Ng(%).

Since x € 0Q, we get a contradiction. The proof of the lem-
ma is complete. [

From Lemma 2.2 it follows that there exists € > 0 such
that 0¢ @.(0Q) and d(®.,Q,0) =d(P.,2,0) for all
e,€ € (0,€]. It is a basis for the following definition.

Definition 2.1. Let F : K — 2% be an u.s.c. multifunction
with compact convex values and 0 & (F + Nk)(0Q). The
degree of generalized variational inequality defined by F
and K respect to Q at 0 is the common value d(®,, Q,0) for
e > 0 sufficiently small and denoted by d(F + Nk, 2,0).

Example 2.1. Let

{1} if x>0,
F(x)y=< [-1,1] ifx=0,
{-1} ifx<0,

K =[-1,1] and = (—1/2,2). Then d(F + N, Q,0) = 1.
Indeed, for each € >0 we consider the following
function

1 if x > ¢,
filx) =< x/e if x € (—¢,€),

-1 ifx< —e
If x € K\ (—¢,¢€) then (x,f.(x)) = (x,1) € GraphF and so
dist((x, 1), GraphF) = 0.

If xeKnN(—ee)
(0,x/€) € GraphF,

dist((x,x/€), Graph F)) < dist((x,x/€), (0,x/€)) = |x| < e.

then Sine

(%, fe(x)) = (x,x/¢).

Thus, f. are approximate selections of F. We will compute
&, =x— Hx(x— fc(x)). Choose é=1 and take any
e € (0,€]. We have the following cases:

If x € (—¢,€) then |x — f.(x)| < 1. So Hx(x — f.(x)) = 0.
If e <x <2 then Hi(x — fi(x)) =
If x > 2 then Hg(x — f.(x)) =x
If =2 < x < —e then Ik (x — fi(x)
If x < =2 then IIg(x — fi(x)) = —

From the above we obtain

0 if x € [-2,2],
x—2 if x>2,
—x—2 if x<-=2.

Iy (x - fo(x)) =

Hence,

x if x € [-2,2],
if x> 2,

2x+2 if x < =2

Note that 0Q ={-1/2;2}; F(—=1/2)+ Ng(-1/2) ={1}
and F(2) + Nk(2) =0. Hence, 0¢ (F+ Ng)(0Q2). We
now compute d(P., 2,0). As &, is differentiable in 2 we get
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d(®,,Q,0)

Z sign®! (x) = 1.

xed;1(0)

Since the latter equality is true for all € € (0, €], we obtain
d(F + Ng,2,0) = 1.
We have the following theorem on existence.

Theorem 2.1. Suppose that 0 & (F + Nk )(0Q). Then the fol-
lowing assertions hold:

(a) (Existence) if d(F + Ng,Q,0) #0 then there exists
x € QN K such that

0 € F(x) + Ng(x).

(b) if f:R"—R" is a continuous map such that
f(x) e F(x) for all x € K then d(F+ Ng,Q,0) =
d(P,Q,0), where ®(x) =x — Ig(x — f(x)).

Proof. (a) By definition, there exists € >0 such that
d(F + Nk, Q,0) =d(®.,2,0) for all € € (0,€]. Let {¢} be
a sequence such that ¢, — 07. Then d(®,,,Q,0) # 0 for k
sufficiently large. By (2) in Theorem 1.1, there exists

x; € Q such that @, (x;) = 0. This is equivalent to
X = HK(xk —_ffk (xk)).

Since x, € KN Q, by Lemma 2.1, there exists y, € K and
zx € F(y,) such that

(2.7)

—Ja ()|l < e

By compactness of KNQ we can assume that x; —
xo € KN Q. Hence, y, — xo. By standard arguments we
get z; — zo and f (x;) — zo for some zy € F(xo). Letting
k — oo, from (2.7) we obtain xy = IIx(xo — z). The prop-
erty of the metric projection yields

e = xill < &z

0 € zp + Ng(xo) C F(xo) + Ni(xo)-

Since 0 € (F + Ng)(0Q) we have xo € KN Q.
(b) By putting f, = f for all ¢ >0 we get the desired
property. The proof of the theorem is complete. [

Example 2.2. Consider Example 2.1 we have d(F+
Nk, ,0) = 1. By the above theorem, GVI(F,K) has a solu-
tion x € QN K. In this case, x = 0 is a solution.

The following theorem contains most usual properties of
degree theory.

Theorem 2.2. Assume that 0 ¢ (F + Ng)(0Q). The following
assertions hold:

(@) (Homotopy invariance) If F|,F,: K — 28 are w.s.c.
multifunctions with compact convex values and
0¢& (tFy+ (1 —t)F, + Ng)(0Q) for all t € [0, 1] then

d(Fl +NK1970) :d(FZ +NK7Q7O)'

(b) (Additivity) If @y, Q, are disjoint open subsets of Q
such that 0 & (F + Ng)(Q\ (1 U Q,)) then

d(F+Ng,Q,0) =d(F + Ng,Q,,0) + d(F + Nk, £,,0).
(¢) (Excision) If D C ;; s a closed set such that
0 & (F+ Ng)(D) then

d(F + Ng,Q,0) = d(F + Ng, 2\ D,0).

Proof. (a) Let f.,g.: R x R" — R" be approximate selec-
tions of F| and F,, respectively satisfying the conclusion
of Lemma 2.1. Put

P, (x) = x = Hx(x — tfc(x) — (1 = 1)g.(x)).

We claim that there is € > 0 such that 0 ¢ @/ (0Q) for all
e €10,¢] and 7 € [0,1]. In fact, if the claim is false, then
there exist a sequence # € [0,1] and a sequence ¢ — 0"

such that 0 € @ (0Q). Hence, for each k, there exists
x; € 0Q such that

= HK(xk < tkfg,( (xk) - (1 - tk)g6k<xk))'

By compactness of [0,1] x 02 we can assume that
(te,xr) — (t0,%0) € [0,1] x 0Q. By standard arguments we
can show that f, (x;) —z for some z; € Fi(xp) and
g, () — z for some z; € Fy(xo). Letting k — oo from
the above we obtain

— (1 — tQ)Zz).
By the property of the metric projection we get

= HK(.X() — toz1

0e toz1 + (1 — lo)Zz +NK(X0)
(I —)F2(x0) + Nk(xo).

This contradicts the assumption and so our claim is
proved. We now can apply (4) of Theorem 1.1 to @' to
get d(®°,Q,0) =d(®!,Q,0) for all ec (0,¢]. Hence,
d(F1 + Nk, Q,0) = d(F, + Nk, Q,0).

(b) We will show that there exists € > 0 such that
0¢ & (Q\ (2 UQ)) for all €€ (0,¢. Indeed, if the
assertion is false then there exists a sequence ¢, — 0" and
x € Q\ (2 UQy) such that x; = Hg(x; — fi,(xx)). By
compactness of Q we can assume that x; — xo € Q. If
X0 € Q1 U Q, then x; € Q1 U Q, for k sufficiently large. This
contradicts the fact that x; € Q\ (2; UQ,). Hence,
X0 € Q\ (21 U). By standard arguments we have

C loFl (X()) +

Se, (xx) — zo for some zy € F(xg). Letting k — oo from the

above we obtain xo = IIg(xo —z9). This implies that
0 € F(xo) + Nk(xo) for some xg € Q\ (Q U,), which is
a contradiction.

Thus, we have 0 € @.(Q \ (2, U 2y)) forall e € (0
(3) of Theorem 1.1, we get

d(®.,Q,0)

€. By

=d(P.,9Q,0)+d(P.,2,,0).
It follows that

d(F+NK7970):d(F+NK7QIaO)+d(F+NK;927O)

(c) By standard arguments we show that 0 ¢ @.(D) for all

€ (0,€). Applying (5) of Theorem 1.1 to @, we obtain
the desired conclusion. The proof of the theorem is
complete. [
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Definition 2.2. A vector x, € K is called an isolated solu-
tion of GVI(F,K) if there exists a neighborhood ¥V of x,
such that x, is the unique solution of GVI(F,K) in V.

Theorem 2.3. Suppose that xo is an isolated solution of
GVI(F,K) and U is the collection of all open bounded neigh-
borhoods V of xy such that V does not contain another solu-
tion of GVI(F,K). Then

d(F + Ng,V,0) =d(F + Nk, V>,0)

for all V{,V, € U. The common value d(F + Ng,V,0) for
Ve is called the index of F+ Ny and denoted by
i(F+NK,X0,0).

Proof. We will use the same arguments as in [10] for the
proof below.

Taking any V € % we have 0 & (F + Ng)(dV). There-
fore d(F + Nk, V,0) is well defined. We now assume that
Vi,2Vo€U.PutV =V UV, €% and D=V, NV, where
VS =R"\ V>. We have that D is a compact set in ¥ and
0 & (F + Ng)(D). By (c) in Theorem 2.2, we get

d(F+ Nk, V,0) =d(F + Ng,V\D,0) =d(F + N, V,,0).

Using a similar argument for D = 7, N V5, we get

d(F + Nk, V,0) = d(F + Nk, V \ D,0) = d(F + Ng, V1,0).

Thus, d(F + N, V1,0) = d(F + Ng, V»,0). O

3. Applications

In this section we shall employ the obtained results in
Section 2 to prove som s on solution existence and
solution stability of GVI

The following theorem is an extensions of a result in [9]
(see [9, Pr. 2.2.3)).

Theorem 3.1. Let K C R" be a nonempty closed convex set
and F : K — 2% be an w.s.c. multifunction with nonempty
compact convex values. Assume that there exists a vector
X € K such that the set

L (%) ={x€K: 1&{ (x",x —x) < 0}
x*eF(x

x)
is bounded (possibly empty).
Then GVI(F,K) has a solution.

Proof. Let Q be an open ball containing L<(X) U {x}. We
must have L (%) N 92 = () and hence,
inf (x,x—% >0 VxecKNoQ.

xX*eF(x)

(3.1)

If 0 € (F+ Ng)(0Q), then GVI(F,K) has a solution.
Otherwise, the degree d(F + N,Q,0) is well defined.
Hence, there exists ¢ > 0 such that 0 ¢ ¢.(0Q) for all
€ € (0,¢]. Recall that @ (x) =x — Hg(x — f.(x)), where f,
is approximate selection of F which is continuous on R".

We claim that there exists e; > 0 such that for every
€ € (0,¢€] it holds

(fe(x),x—x) =20 VxeKNoQ. (3.2)

Indeed, if the assertion is false then there exist sequences
e — 01 and x;, € K N 0Q such that

(fo (v0), 5 — %) <0 Vk € N. (3.3)

By Lemma 2.1, there exists (y;,z) € GraphF such that
e = xell < & and ||f;, (xx) — z¢|| < &. By compactness of
K N0 we may suppose that there exists x € K N 02 such
that x, — x. Then y, — x. As F(X) is a compact set and F
is upper semicontinuous at X, by taking a subsequence (if
necessary) we can suppose furthermore that z, —
zZ € F(X). Then f, (x;) — z. Letting k — oo, from (3.3) we
obtain (z,Xx — x) < 0, hence

inf (x*,x—x) <0.
X*EF(X)
This contradicts (3.1) and our claim is obtained.

Put € = min{¢, ,}. We now show that d(&,,Q,0) =1
for all € € (0,€] and so d(F + Nk, @,0) = 1. For this we
build a homotopy as in [9].

Fix any € € (0,¢] and put

H(t,x) = x — Hg(t(x — fu(x) + (1 = 8)%), (¢t,x) €[0,1] x Q.

We have H(0,x) =x —% and H(l,x) = @.(x). Note that
d(H(0,-),Q,0) =1. We now claim that 0 & H(z,0Q) for
all £ €[0,1]. In fact, it is obvious that 0 ¢ H(0,0Q2) and
0¢ H(1,0Q). Assume that there exist 7€ (0,1) and
x € 0Q such that 0 = H(¢,x). By the property of the metric
projection we have

(x—tlx—fulx) = (1l =0)x,y —x) = 0 Vy €K.
In particular, for y = x we get

(tf(x)+ (1 —t)(x—x),x—x) = 0.

This implies

1—1¢
(fe(x), 2 —x) = Tllx—fCH2 >0,

where the last inequality holds because ¢ € (0, 1) and x # X.
But then it follows that (f;(x),x — %) < 0 which contradicts
(3.2). Thus, 0 ¢ H(¢,0Q) for all ¢ € [0, 1]. By the homotopy
invariance ((4) in Theorem 1.1) we obtain d(H(0,-),
Q,0)=d(H(1,-),2,0)=1.

In summary, we have proved that d(®., Q,0) =1 for all
e € (0,¢]. By the degree definition of GVIs we have
d(F+ Nk,2,0) = 1. According to Theorem 2.1, there
exists xo € QN K such that 0 € F(xp) + Ng(xo). The proof
of the theorem is complete. [

In the rest of the paper we will present a result on solu-
tion stability of GVIs. Let us assume that M and A are sub-
sets of R* and R, respectively; F: M x R" — 2% and

K : A — 2% be multifunctions. Consider the parametric
generalized variational inequality

0 € F(u,x) + Ny (x), (3.4)
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where N, (x) is the value at x of the normal cone operator
associated with the set K(4) and (u,A) e M x A are
parameters. We denote by S(u, 1) the solution set of the
problem (3.4) corresponding to (i, 2) and suppose that
X0 € S(uy, 20) for a given (py, o) € M x A.

Our main concern is now to investigate the behaviour of
S(p, 2) when (u, 1) vary around (g, 49). This problem has
been addressed by many authors in the last two decades.
For the relevant literature of the problem we refer the
reader to [14-17,22-25] and several references given therein.

The following result gives a sufficient condition for the
lowercontinuity of the solution map of (3.4). It is an exten-
sion of results in [14,22] for the case of GVIs.

Theorem 3.2. Assume that X, Ay and M are neighborhoods
of xo, 2o and ,, respectively and the following conditions are
satisfied:

(i) F(-,-) is Ls.c. on Mo x Xy with closed convex values
and F(p, +) is u.s.c. with compact convex values;,

(ii) K : Ay — 2% is closed convex valued and pseudo-Lips-
chitz continuous around (1,xo), Le., there exist neigh-
borhoods V of 4y, W of xo and a constant k > 0 such
that
KA)NWwW CcK)+k|4—2||B(0,1) Vi, A €VnA4,

(1ii) xo is an isolated solution and there exists & > 0 such

that

i(6F (1, -) + Nk(ig)nx,:X0,0) #0 V o € (0, a].

Then there exist a neighborhood Uy of w,, a neighborhood V
of Ao and an open bounded neighborhood Q, of xo such that
the solution map S: Uy x Vo — 28 of (3.4) defined by
S(u,2) = S(u, 1) N Q, is nonempty valued and lower semi-
continuous at (g, Ao).

Proof. By (i) and the continuous selection theorem due to
Michael (see [26, Theorem 9G, p. 466]), there exists a con-
tinuous mapping f : My X Xo — R" such that f(u,x) €
F(u,x) for all (u,x) € My x Xo. By Tietze-Urysohn’s theo-
rem (see [8, Theorem 5.1, p. 149]) we can assume that f'is
continuous on R¥ x R".

According to Lemma 1.1 in [24], it follows from (ii) that
there exist a neighborhood Aj, € Ao NV of Ao, a neighbor-
hood X, C Xy N W of xp and a constant ko > 0 such that

) — /1’”1/2

M k(2 (2) = Mgy, (2)| < K

for all 4,2 € Aj and z € Xj. Hence, for any z,z/ € X| and
2 € Ajy we have

|7(4,2) — n(X,2)|| = [ Hk@yx, (2) — g, (@)l
< g ynx,y (2) — iy, (2]
+ 1k, (27) = gy, (2) ]

<z =2 + kol = A1

Consequently, 7 : Ay x Xy, — X, is uniformly continuous
on Ay x Xj.

Choose gy € (0,5] such that xo — aof (1, x0) € X|,. By
the continuity of £, there exist a neighborhood X C X|, of
xo, a neighborhood M1y C My of p, such that

x—oof (1,x) € X1V (x, 1) € Xy x Mj,.
Consider the function
gDG(} (.u7 )»,X) =X - HK(i)ﬂXo (X ¥y 00f(.”7x))

with (u, 4,x) € My x A x X,. By the above, @, is contin-
uous on My x Ay x X;.

From (iii) and Theorem 2.3, there exists an open
bounded neighborhood Q, C X of xy such that xj is the
unique solution in Oy of the generalized equation
0¢ F(,uo,x) +NK(;L0)(X).

This is equivalent to x, is the unique solution in Q, of the
generalized equation

0 € 00F (kgs X) + Ni(s) (%)

Since xy belongs to the interior of X, it is also the unique
solution in Q, of the generalized equation

0 € aoF (19, x) + Ni(3)nx, (X)-
Moreover, we have
d(6oF (ty, ) + Nk (g)nxy, O, 0)

= i(00F (Ko, ) + Nk (29)nxo> %0, 0) # 0.

As aof (g, x) € 6oF (1, x) for all x € K(49) N Xy, Theorem
2.1 implies

d(¢00 (#07 /107 ) QOa ) (GOF(#Oa ) +NK(io)I"LXo7 QOa O) 7& 0.

(3.5)

Note that any solution of equation ®,,(u, 4,x) = 0is also a
solution of GVI(F(u,-),K(1) NX,). Hence, xo is a unique
solution of the equation ®,,(uy, 4o,x) =0 in Q,. Taking
any w € 0Q,, we have @, (1, Ao, w) # 0. This implies that
there exist a J,, > 0 such that 0 & B(®,, (1, 40, W), 0y) :=
B,,. By the continuity of @, , there exist a neighborhood
U, C M}, of p,, a neighborhood A, C A} of J and a
neighborhood Q,, of w such that &, (u,4,z) € B, for all
(u,4,2z) € U, x 4,, x Q,. Since 0Q, is a compact set, there
are some wy, wy, ..., w, such that 809, C U.,Q,, . Put Us =
Uy, Vo = N, Ay,

We now use similar arguments to roof of Theorem
2.1 in [14] (see also [22, Theorem 3.2 show that Uy, ¥y
and Q, satisfy the conclusion of the theorem. The proof is
complete. [

4. Uncited reference
[2,6,21].
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