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1 Introduction

Throughout this paper, C' is a closed convex cone in R™ such that IntC # )
and C # R", where IntC' denotes the interior of C'. Let X and Y be a
Hausdorff topological vector space, K C X and D C Y be nonempty sets.
LetTI': K — 2K & : K — 2P be two multifunctions and f : Kx Dx K — R"
be a single-valued mapping. The generalized vector quasi-equilibrium is the
problem of finding (#,7) € K x D such that

(#,9) € D(2) x ®(2), {f(3,9,2) : 2 € (@)} N (~IntC) = . (1)

The problem will denoted by P(K,I',®, f) ((P) for short). We denote by
Sol(P) the solution set of (P).

It is noted that P(K,T',®, f) covers several generalized quasivariational
inequalities and generalized vector equilibrium problems. Here are some of
them.

(A) If n = 1, C = Ry then (P) reduces to the implicit quasivariational
inequality problem: find Z € K and g € ®(&) such that

# € 0(#) and f(#,9,2) > 0Vz € [(2). 2)

(B) If I'(z) = K for all z € K then (P) reduces to the generalized vector
equilibrium problems: find & € K and y € ®(&) such that

{f(2,9,2) : z€ K} N (=IntC) = Q. (3)

(C)Ifn=1C=R, Y =X"=D and f(z,y,2) = (y,z — x) then (P)
reduces to the generalized quasivariational inequality problem: find z € K
and g € ®(z) such that

eI (z) and (9,2 — &) > 0 Vz € ['(2). (4)

The solution existence of (2), (3) and (4) has become a basic research topic
which continues to attract of researchers in applied mathematics. We refer
the readers to [3]-[13], [15]- [20], [26]- [34] and references given therein for
recent results on the solution existence of (2), (3) and (4) with discontinuous
multifunctions.

Since the generalized vector quasi-equilibrium problem covers many class
of variational inequalities and vector equilibrium problems, it can be seen as
an efficient model to study the solution existence of these class in a unitary
form.

The aim of this paper is to derive some solution existence theorems for (P)
with discontinuous multifunctions. Namely, we will establish some existence
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theorems in which ® may not be continuous and K may be unbounded.
Under certain conditions our results extend the results in [6], [7], [10]-[12]
and some preceding results. In order to obtain the results we first reduce
problem (P) to problem (1) by the scalarization method and we then use
solution existence theorems in [18] to establish our results.

The rest of the paper consists of two sections. In section 2 we recall some
auxiliary results and the scalariation method. Section 3 is devoted to main
results.

2 Auxiliary results

Let C be a closed convex cone in R". A single-valued mapping g : X — R" is
called C-upper semicontinuous (C'—u.s.c., for short) on X if for every z € Z
the set g~ (2 — IntC') is open in X (see [27]). In [27], Tanaka proved that g is
C—u.s.c. on X if and only if for each fixed x € X and for any y € IntC, there
exists a neighborhood U of x such that g(u) € g(x) +y — IntC for all u € U.
Also, g is said to be C' — lower semicontinuous (C—l.s.c., for short) on X if
for each fixed x € X and for any y € IntC, there exists a neighborhood V' of
x such that g(z) —y € g(v) —IntC for allv € V.

Let K be a nonempty convex subset in X. A single-valued mapping
h: K — Z is called C-convez if for every x, 2’ € K and t € [0, 1] one has

th(z) + (1 —t)h(2") — h(tz + (1 — t)2') € C.
If —h is C' — convex then h is said to be C' — concave on K.
For each cone C, the set
C*:={z"€eR": (z",z) >0 forall z € C}

is said to be the polar cone of C'. Note that C* has a compact base B*, that
is, C* = ;oo tB* where B* C C* is convex and compact with 0 ¢ B* (see
21]). When IntC # © and z € IntC', Z # 0 the the set

B*={z"eC":(z",z) =1}

is a compact convex base for C*. Put C7 = C* \ {0}. (From the bipolar
theorem (see, e.g., [15]), we have

z2€C <= [(z"2) >0V € C")| < [(z",2) > 0 V2" € B (5)
and

zeIntC = [(¢,2) >0V € O] <= [(¢",2) >0Vz" € B]. (6)
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The following lemma gives us an useful tool of the scalarization procedure.

Lemma 2.1 Let g be a single-valued mapping from K into Z and u* € C7.
Let ¢ : K — R be a mapping defined by ¢(x) = (u*, g(x)) for all x € K.

Then the following assertions are valid:
(a) If g is C'—convex then ¢ is conver ;
(b) If g is C—concave then ¢ is concave;
(c) If g is C—u.s.c. then ¢ u.s.c;

(d) If g is C—l.s.c. then ¢ is l.s.c.

Proof. Since g is C'—convex, then for all z,2’ € K and ¢ € [0, 1] one has
tg(x) + (1 —t)g(a") — g(te + (1 —t)z') € C.
By (5) we have (u*,tg(x) + (1 —t)g(z") — g(tx 4+ (1 — t)z’)) > 0. Hence
t(u®, g(x)) + (1 = t)(u", g(a")) = (wg(tz + (1 —1)a')).
This implies that
to(x) + (1 = t)p(z') = @t + (1 - t)’).
Hence we obtain (a). The proof of (b) is similar to the proof of (a).

For the assertion (c¢) we assume that z, — x. We shall prove that
limsup,, . ¢(z,) < ¢(x). Choose y; € IntC such that y; — 0. Then
for each j > 0 there exists a neighborhood U; of x such that

g(u) € g(x) +y; — IntC Yu € U;.
Therefore for each j there exists n; > 0 such that
9(xy,) € g(z) +y; — IntC Vn > n;.
By (6) it follows that (u*, g(x,) — g(x) —y;) < 0. Hence
O(xn) = (u", (9(xn) — 9(x) = y; + g(x) +y;)

= (u"g(zn) — g(x) —y;) + (u*, (9(x) + yj)
< (u*, g(x)) + (u",y;)

for all n > n;. This implies that lim sup,,_, .. (¢(x,) < (u*, g(x)) + (u*y;). By
letting j — oo and noting that (u*,y;) — 0 we obtain

limsup é(x,) < (u*, g(x)) = $(x).
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The proof of assertion (d) is similar to (c). O

Recall that a multifunction I' : X — 2% from a normed space X into
a normed space E is said to be lower semicontinuous (L.s.c., for short ) at
T € X if for any open set V in E satisfying V' NT'(Z) # O, there exists a
neighborhood U of T such that V NI'(z) # O for all € U. I' is said to be
Hausdorff l.s.c., at T € K if for any € > 0, there exists a neighborhood W of
T such that
['(Z) cT'(z) +eB forall x € W.

Here B is the unit open ball in F.

We now return to problem (2). By using the Michael continuous selection
theorem, in [18] we obtained the following result.

Lemma 2.2 (C.f. [18, Theorem 3.1]) Let X = R™, K be a convex compact
set in X and D be a nonempty set inY. Let T : K — 2K & : K — 2P
be two multifunctions and f : K x D x K — R be a single-valued mapping.
Assume the following conditions are fulfilled:

(i) T is L.s.c. with nonempty convezr values on K and the set M = {z € K :
x € (x)} is closed;

(ii) the set ®(z) is nonempty, compact for each v € K and convex for each
x € M;

(iii) for each z € K, the set {x € M | sup,cq(,) f(7,y,2) > 0} is closed;

(iv) for each x € M, the set {z € K | sup,eq(y) f(7,y,2) > 0} is closed;

(v) for each x € M there exists y € ®(x) such that f(x,y,x) = 0;

(vi) for each x € M andy € ®(x), the function f(x,y,.) is conver and l.s.c.;

(vii) for each x € M and z € I'(x), the function f(x,.,z) is concave and
u.s.c.

Then there ezists (Z,y) € K x D such that
(@,9) € I'(&) x ®(2), f(Z,y,2) 2 0 Vz € I'(2). (7)

3 Existence results

In this section we keep all notations in preceding sections and assume that
f: K xDx K — R" defined by

f(l’,y,Z) = (fl(xayvz)7f2(xvy7 Z)7 R fn(x,y,z)),

5



where f; : K x D x K — R, 1 = 1,2,...,n are scalar functions. For each
¢ € (7 we consider the following problem.

(P¢) Find (2,9) € K x D such that
(#,9) € T'(2) x ©(2), (€, f(#,7, 2)) > 0 Vz € I'(2). (8)

We denote by Sol(F) the solution set of problem P.
The following result gives a relation between Sol(P) and Sol(F%).

Lemma 3.1 (a)

L Sol(Pe) c Sol(P). (9)

¢ecr

(b) If T has convez values and f(x,y,-) is C—strongly convez for each (x,y) €
M x ®(z), i.e.,

tf(xayazl) + (1 - t)f(l’,y, Z2> S f('r7y7t21 + (1 - t)’ZQ) + IntC' U {O}

for all 21,25 € K and t € [0, 1], then

L Sol(Pe) = Sol(P).

gecr

Proof. (a) Suppose that (Z,7) belongs to the left hand side of (9). Then
there exists £ € C7 such that (8) holds. By (6) we have

f(z,9,2) ¢ —IntC Vz € T'(z).
This means that
{f(2,9,2) : z€'(2)} N (—IntC) = O.
Hence(z,y) € Sol(P) and so UﬁGCi Sol(Pe) C Sol(P).
(b) Taking any (z,9) € Sol(P), we have (z,y) € I'(z) x ®(z) and
{f(Z,9,2) : z€T'(2)} N (~IntC) = O.
This implies that
{f(Z,9,2) +c:(z,¢) e T(2) x IntC} N (—=IntC) = .
We want to check that the set

Q:={f(2,9,2) +c:(z,¢) e '(z) x IntC}
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is convex. Indeed, taking any w,v € @, we have u = f(Z,9,21) + ¢; and
v = f(Z,9, 22) + c2 for some (z1,¢1), (22,¢2) € I'(2) x IntC. Hence for each
te 0,1, tut+(1—=t)o =tf(2,9,21)+ (1 —t)f(Z, 7, 22) +tcy + (1 —t)cq. Since
f(z,y,-) is C—strongly convex, tf(z,7y,z1) + (1 —t)f(Z,9, 20) = f(Z, 79,21 +
(1 —1t)z2) 4 ¢ for some c3 € IntC'U {0}. Consequently,

tu+ (1 —t)v = f(Z,9,tz1 + (1 — t)29) + ¢,

where ¢ := te; + (1 — t)cg + ¢ € IntC. This implies that tu + (1 — t)v € Q.
Thus @ is a convex set. According to the separation theorem of convex sets
(see [14, Theorem 1, p. 163]), there exists a nonzero functional ¢ such that

(& f(2,9,2) +¢) = (§,u)

for all (2,¢) € I'(Z) x IntC and u € —IntC. This implies that £ € C% and
(& f(2,9,2)) = 0Vz € I(2).

Hence (z,7) € Sol(F) and so Sol(P) C Ugeci Sol(Pe). Combining this with
(9), we obtain the desired conclusion. The proof is complete. [J

Lemma 3.1 suggests us that in order to prove the solution existence of
problem (P) it is necessary to prove the solution existence of (F) for some
§ € 7. By this way we obtain the following existence result for the case of
finite dimensional spaces.

Theorem 3.1 Let X = R™, K be a closed convex set in X, Ky be a non-
empty bounded set in K and D be a nonempty set in Y. Let ' : K — 2K,
d : K — 2P be two multifunctions and f : K x D x K — R" be a single-
valued mapping. Assume that there exists { € C75 such that the following
conditions are fulfilled:

(i) T is Ls.c. with nonempty convezr values on K and the set M = {z € K :
x € (x)} is closed;

(i) the set ®(x) is nonempty, compact for each v € K and convex for each
reM;

iii) for each z € K, the set {x € M | sup,cqe(§, f(x,y,2)) > 0} is closed;

iv) for each x € M, the set {z € K | supyeq (&, f(2,9y,2)) > 0} is closed;

vi) for each x € M andy € ®(x), the function f(x,y,.) is C—conver and

(
(
(v) for each x € M and for each y € ®(x) such that f(x,y,x) = 0;
(
l.s.c.;



(vii) for each v € M and z € I'(x), the function f(x,., z) is C—concave and
u.s.c.;

(viii) T'(z) N Ko # O for all x € K, for each x € M\K, there exists z €
['(x) N Ky such that f(x,y,2) € —IntC for all y € O(z).

Then there ezists & € I'(&) such that

max (£, f(2,y,2)) > 0Vz e I'(2) (10).

yed(2)

Moreover there ezists y € ®(Z) such that (&,7) is a solution of P(K,T, f, ®).

Proof. Take r > 0 such that Ky C intB, where B, is the closed ball in
R™ with radius r and center at 0. We put 0, = K N B, and define the
multifunction T, : Q, — 2% by I'(x) =T(x) N B, and ¢ : K x D x K — R
by ¢(z,y,2) = (£, f(x,y, 2)). According to Lemma 3.1 in [34], I, is L.s.c. on
Q,. Put

Q. =@ o, 0r = ¢ |a,.xDx0, -

By (vi) and Lemma 2.1, ¢(z, y, -) is convex and l.s.c. Also, ¢(z, -, z) is concave
and u.s.c. Hence the components €., I',., ®, and ¢, meet all conditions of
Lemma 2.2. By this lemma, there exists (z,9) € I'.(2) x ®,(Z) such that

(#,9) € T(&) x B(2), (2,7, 2) > 0 Vz € T,(#). (11)

We now claim that
o(z,79,2) > 0Vz € I'(2). (12)

In fact, from (viii) we get & € Ky. Take any z € I'(z) then (1 — )z + tz €
I'(z) N B, for a sufficiently small ¢ € (0,1). Hence (11) implies

o(z,9, (1 —t)z+tz) > 0.
By (vi) and Lemma 2.1 we have

0 <oz, 9tz + (1 —t)z) <tp(d,9,2) + (1 — t)o(%,7, 2)

This implies (12). It is obvious that (12) implies (10). ;From (12) and
Lemma 3.1, we have

{f(&,9,2): z€ T(2)} N (-IntC) = .
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Consequently, (Z,7) is a solution of the problem. The proof is complete. [

When C = R} = {(z1,22,...,2,) € R" : x; > 0,4 = 1,2,...,n} then
C* = C and IntC' = {(z1,29,...,2,) € R" : 2; > 0,4 = 1,2,...,n}. In this
case we have

Corollary 3.1 Let X = R™, K be a closed convex set in X, Ky be a non-
empty bounded set in K and D be a nonempty set in Y. Let T : K — 2K,
d : K — 2P be two multifunctions and f : K x D x K — R" be a single-
valued mapping. Assume that there exists an index i, 1 < i < n such that
the following conditions are fulfilled:

(i) T is L.s.c. with nonempty convezr values on K and the set M = {z € K :
x € (x)} is closed;

(i) the set ®(x) is nonempty, compact for each v € K and convex for each
reM;

(iii) for each z € K, the set {x € M | sup,cq(,) fi(r,y,2) > 0} is closed;
(iv) for each x € M, the set {z € K | sup,eq(y) fi(z,y,2) > 0} is closed;
(v) for each x € M and for each y € ®(x) such that f(z,y,z) = 0;
(
[

vi) for each v € M and y € ®(x), the function f(x,y,.) is C—convexr and
.8.C.;

(vil) for each x € M and z € I'(z), the function f(x,., z) is C—concave and
u.s.c.

(viii) I'(z) N Ko # O for all x € K, for each x € M\Ky there exists z €
['(x) N Ky such that f(x,y,2) € —IntC' for all y € ®(z).

Then problem P(K, T, f,®) has a solution (&,7) € Ko x D.
Proof. For the proof we put & = (0,0,...,&...,0,0), where & is the ith
component of { and § = 1. It easy to see that £ € (7 and conditions of

Theorem 3.1 are satisfied. The conclusion follows directly from Theorem 3.1.
O

Let us give an illustrative example for Theorem 3.1.

Example 3.1 Let X = R, K =1[0,1] C X, Y =R, D =[1,4] and
C= B2 ={(,5) |22 0,y > 0},
Let I', @ and f be defined by:

{0} ifz=0
F(x):{ (0,1] if0<z <1,
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[2,4] ifz=0
(I)(x):{ {1} fo<z<l,

f<$7yvz) = (fl(xvyvz)vf2($7y7z))7 where fl(xayaz) = y(ZZ - $2)7
folw,y,2) = y(z* — ). Then the set {0} x [2,4] is a solution set of
P(K,T, ®, f). Moreover ® is not upper semicontinuous on [0, 1].

Indeed, by putting £ = (1,0) (i = 1), we see that all conditions of Theo-
rem 3.1. are fulfilled. Taking # = 0 and § € ®(0) = [2,4] we have 0 € T'(0)
and

f(0,79,2) = (0,0) ¢ —IntC Vz € T'(0).
Hence the set {0} x [2, 4] is a solution set of the problem. Since z,, = 1/n — 0
and y, = 1 € ®(x,) but 1 ¢ ®(0), ¢ is not u.s.c. at x =0.

In the rest of this section we shall derive some existence results for the
case of infinite dimensional spaces.

Theorem 3.2 Let X be a Banach space, K be a closed conver set of X
and D be a nonempty set inY. Let : K — 2K ® : K — 2P be two
multifunctions and f : K x D x K — R" be a single-valued mapping. Let
Ky, Ky be two nonempty compact sets of K such that K1 C Ky, K is finite
dimensional and & € C7. Assume that:

(i) T is Hausdorff l.s.c. with nonempty closed graph and convex values;

(ii) the set ®(x) is nonempty, compact for each x € K and convex for each
xzel(x);

(iii) for each z € K, the set {x € K | supycq (&, f(7,y,2)) > 0} is com-
pactly closed;

(iv) for each x € K, the set {z € K | supyeq)(§; f(2,y,2)) > 0} is finitely
closed;

(v) for each x € K and for each y € ®(z) such that f(x,y,x) =0;

(vi) for each x € K and y € ®(z), the function f(x,y,.) is C—convex and
l.s.c.;

(vil) for each v € K and z € I'(x), the function f(z,.,z) is C—concave and
u.s.c.

(viil) IntagI(z) # O

(iv) I'(z)NK;y # O for allx € K. Moreover for each x € K\ Ky with x € I'(x)
there exists z € I'(x) N Ky such that f(x,y,z) € —IntC' for all y € O(z).

Then there ezists a pair (&,7) € Ko X D which solves P(K,T',®, f).
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Proof. The proof is based on the scheme given by [10].

Let L = aff(K) and Ly be the linear subspace corresponding to L. For
each x € C0K, there exists z, € Int I'(z), the interior of I'(x) in L which is
nonempty by (viii).

The following lemma plays an important role in our arguments.

Lemma 3.2 ([9], Proposition 2.5) Let T be a topological space, X be a
nomerd space, L be an affine manifold of X, T' : T — 2% a Hausdorff
lower semicontinuous multifunction with nonempty closed conver values, and
T e X,y € Int(I'(T)). Then there exists a neighborhood U of T such that
y € Intp,(I'(x)) for allz € U.

By Lemma 3.2, there exists a neighborhood U, of x in X such that z, €
Int,'(u) for all uw € U, N K. Since 6K is a compact set and

wkK,C | J (U,NnL),
rECoKo
then there exists x1, xo, ..., x,, € C0K> such that
m
@K, C | U, N L.
i=1

Putting

m

Py = U(sz ﬂL)

i=1

then Py C L. Since L\ Py # @ and closed in L, then
¢ = inf{d(a, L\FR) : a € coK,} > 0.

Putting
P =coK, + (B(0,£/2) N L)

we have that P is a closed convex set in L and P C F.

Let F be the family of all finite-dimensional linear subspaces of X con-
taining K1 U {zu, Zagy -y 22, |- Fix S € F and put

O=KNPNS, Ky=K,NAN.
Note that K1 C KNPNSCQCKnNS.
We next define the multifunction I'y : Q — 2% by setting
s(z) =T(x)NQ=G@x)NKNPNS.
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Put
Ps =P o, fs= [ laxpxa, Ms={z€Q:2€Ts(x)}.

The task is now to check that Theorem 3.1 can be applied to the problem
P(,Ts, ®g, fs) where Q plays a role as K in Theorem 3.1. To do this we
need

Lemma 3.3 ([8], Lemma 3.3) The multifunction T's : Q@ — 2% is lower
semicontinuous on € in the relative topology of S.

(ay) It is easy to see that I's has a closed graph. Since
Mg={zeQ:zels(x)}=0n{zre K :zecIl(x)},

Mg is closed in S. Therefore condition (i) of Theorem 3.1 is satisfied.
(ag) Condition (ii) is automatically satisfied.

(a3) For each z € Q we get

{z € My | Sup )(f, fs(z,y,2)) = 0} =

{r e K| sup (£, f(x,y,2)) >0} N Mg
yed(x)

which is closed by (iii)(taking into account Mg is closed, Mg C S, S is
finite-dimensional). Hence condition (iii) of Theorem 3.1 is satisfied.

(ay4) For each z € Mg, we have

{zeQ| sup (¢ fs(r,y,2)) >0} =
yEPs(x)

{r e K| sup (¢ f(z,y,2)) >0} NQ
yeP(z)

This implies that condition (iv) of Theorem 3.1 is also satisfied.
(as) The conditions (v), (vi), (vii) of Theorem 3.2 are automatically fulfilled.

(ag) Finally for each x € Mg\ Ky, then z € K\ K5 and x € I'(z). By condition
(iv) there exists z € I'(z) N K7 C I'g(z) such that f(x,y,z) = fs(z,y,2) €
—IntC for all y € ®g(x). Therefore condition (viii) of Theorem 3.1 is valid.

Thus all conditions of Theorem 3.1 are fulfilled. By Theorem 3.1, there
exists Tg € I's(Zg) such that

max (&, fs(2s,y,2)) > 0 Vz € Ts(@s).
yeds(is)
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Since fs(Zs,y,2) = f(Zs,9,2), Ps(is) = ®(Ts) we get

max (&, f(Zg,y,2)) > 0Vze'tg) NS (13)

yeP(ds)

We now show that

max (£, f(Zs,y,2)) >0Vze'(zg)NS. (14)

yed(ds)
In fact, we fix any z € I'(Zg) N'S. Since

Tg € Ky CcoKy C K C L,
zel'(zg) C K C L,
L —L C Ly,

we have
fs+t(z—g) € KN[coKy+ B(0,£/2) N Ly] = KNP
for a sufficiently small ¢ € (0,1). By the convexity of I'(Zg) N S we get
tg+t(z—as) e KNPNSN[(zs) C QNT(zg).
Hence (13) implies

max (&, f(Zs,y,Ts + t(z — &g)) > 0. (15)
yed(&g)

By (iv) and using the similar argument as in the proof of Theorem 3.1, (15)
implies

max <§7 f(‘%Sa Y, Z>> > 0.
ye®(2s)

Hence we obtained (14). We now consider the net {Zg}ser, where F is
ordered by the ordinary set inclusion O. By the compactness of Ky we can
assume that &g — & € K,. Since I has a closed graph, & € I'(2).

The following lemma will complete the proof of Theorem 3.2.

Lemma 3.4
max (£, f(2,y,2)) >0V z € Int,['(2). (16)

yeP(Z)

Proof. On the contrary, suppose that that there exists z € Int,['(z) such
that

max (¢, f(z,y,2)) <O0. (17)

yeD(2)
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By Lemma 3.2 there exists 6 > 0 such that
z € Int I'(x) Vo € B(z,6) N K. (18)
It also follows from (17) that
te{reK| ygl&g(&f(%% 2)) <0}

which is open set by (iii). Therefore there exists o € (0,6) such that
max (£, f(z,y, 2)) <0 Ve € B(z,a) N K. (19)

ye®(x)

Since g — Z, there exists Sy € F such that g € B(z#,a) for all S O 5.
So we can choose S € F satisfying 2 € S and &5 € B(#,«). Combining this
with (18), we obtain Z € I'(Zg) N S. Hence it follows from (14) that

j:S € F(:tS)’ ma;c <§7 f(ilSW Y, 2)) Z 0. (2())
yed(ss)
On the other hand, (19) implies that

‘%S - F(i"s) ygg(i:i{s <§ f(xSa% >> <0

which contradicts to (20). The lemma is proved.

We now take any z € I'(Z) C L. Since I'(Z) is a closed convex set in X,
['(2) is a closed convex set in L which is the closure of Int,['(z) in L (see [2]
Theorem 2, pp. 19). Hence there exists a sequence z, € Int I'(Z) such that
z, — z. By Lemma 3.4 we have

max (¢, f(Z,y,zn)) 2 0.

yed()
By letting n — oo and using assumption (iv) yields

max(f f(z,y,2)) >0V z e '(2).

yEP(L)

Hence

inf max (¢, f(z,y,2)) > 0.

zel'(2) yed®(2)

By the minimax theorem (see [1, Theorem 5]) we have

max inf (&, f(2,y,2)) > 0.
yG@(ﬁ:)zEF(i)<€ f( Y )>

Since the function y — inf.cps) (€, f(2,y, 2)) is ws.c., there exists a point
g € () such that

inf (€, f(3.9,2)) = max _inf (€, f(i,9,2)) > 0.

zel'(& yed(2) zel'(2
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This implies that
<€7 f(§;7@;Z> Z 0 VZ € F(i’)
By Lemma 3.1, (z,9) is a solution of the problem. The proof is complete. [

For the scalar case we have

Corollary 3.2 ([10], Theorem 1.2) Let X be a real Banach space, let K be
a closed conver subset of X, let T' : K — 2K and ® : K — 2% be two
multifunctions. Let K1, Ko be two nonempty compact subsets of K such that
K, C Ky and K, is finite-dimensional. Assume that:

(i) the set ®(x) is nonempty, weakly-star compact for each x € K, and convex
for each x € K, with x € I'(x);

(ii) for each z € K, the set {x € K : infycowm)(y,x — 2) < 0} is compactly
closed;

(iii) the multifunction T' is Hausdorff l.s.c. with closed graph and convex
values;

(iv) T(x) N Ky # O forallx € X;
(v) intogy(I'(x)) # O for all x € K;
(vi) for each v € K \ Ky, with x € I'(x), one has

sup  inf (y,z—z) > 0.
zeT (z)NK, VER(2)

Then there exists (&,7) € Ko x X* such that

2 eT(d), §€ @) and (§,7 — z) <0 Vz € T(2).

Proof. For the proof we put f(z,y,2) = (y,z—z), D =Y = X*, Z =R
and C = {z € R| z > 0}. Then we have C* = C and C = {u € R | u > 0}.
Choose € = 1. We want to verify conditions of Theorem 3.2. It easily seen
that f meets all conditions of Theorem 3.2. Since ®(x) is a compact set, for
each z € K we have

{r e K| inf <y,x—z)<0}—{x€K] min (y,x — z) <0} =
yed(x) yed(x)

={z € K| max (y,z —z) > 0}
yed(z)
which is a compactly closed set. Moreover for each z € K, the set

{ze K: 1nf)<y,x—z><0}

yed
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is also closed and satisfies

{ze K| inf (yyx—2)<0}={2€ K| min (y,z —2) <0} =
yed(z) yed(z)
={z € K| max (y,z —x) > 0}.
yed(z)

Therefore conditions (iii) and (iv) of Theorem 3.2 are valid.

Finally, (vi) implies that for each z € K \ K there exists z € I'(z) N K
such that f(x,y,2) € —IntC for all y € ®(x). Thus all conditions of Theorem
3.2 are fulfilled. The conclusion now follows directly from Theorem 3.2. [

Remark 3.1 In the proof of Theorem 3.2 we used Lemma 3.2 as a main tool
for the arguments. In the infinite-dimensional setting, in general, a lower
semicontinuous multifunction has no property described in Lemma 3.2, even
if X is an Hilbert space; see remark 3.1 of [9] and the references given there.

The following theorem deals with the case where I' is not Hausdorff lower

semicontinuous and condition Int,gyI'(x) # @ can be omitted.

Theorem 3.3 Let X be a normed space, K be a closed convexr set of X
and D be a nonempty set in Y. LetT : K — 2K & : K — 2P be two
multifunctions and f : K x D x K — R" be a single-valued mapping. Let
Ky, K5 be two nonempty compact sets of K such that Ki C Ko, K is finite
dimensional. Assume that there ewists £ € C% and n > 0 such that the
following conditions are fulfilled:

(i) T is l.s.c. with closed convex values and Hausdorff upper semicontinous;

(ii) the set ®(z) is nonempty, compact for each v € K and convex for each
x with d(z,T'(x)) <n;

(i) the set {(r,2) € K x K : supyeq,)(§; f(7,y,2)) > 0} is closed;
iv) for each x € K there exists y € ®(x) such that f(x,y,x) = 0;

(
(v) for each v € K and y € ®(x), the function f(x,y,.) is C—conver and
l.s.c.;

(vi) for each (z,z) € K x K, the function f(x,.,z) is C—concave and u.s.c.;

(vii) I'(z) N Ky # O for all x € K. Moreover for each x € K\Ksy with
d(z,I'(x)) < n there exists z € I'(x) N Ky such that f(z,y,z) € —IntC for all

y € (x).
Then there ezists a pair (&,9) € K x D which solves P(K, T, ®, f).

Proof. Define a mapping ¢ : K x D x K — R by putting
¢(x,y,2) = (& [ (2,9, 2)).
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We now apply a existence result of problem (2) to P¢(K,I', ®,¢). By Theo-
rem 3.3 in [18], there exists (Z,y) € K x D such that

(2,9) € (@) x ®(2), ¢(2,9,2) = 0 Vz € I'(2).
By lemma 3.1, (Z,9) is a solution of P(K,T", ®, f). O

Remark 3.2 In Theorem 3.1 and Theorem 3.2, conditions (iii) and (iv) are
verified via a functional { € C7. One of main difficulties is to find such
functionals. Under certain conditions, says, if D is compact, ® is upper
semicontinuous and the function (z,y) — f(x,y, z) is C— upper continuous,
then we can choose any ¢ € C7. However example 2.1 revealed that although
® is not u.s.c., there exists ¢ € C; under which conditions (iii) and (iv) are
fulfilled. Besides, Lemma 2.1 showed that under suitable conditions the
solution existence of Pg is necessary for the solution existence of (P). It is
natural to know if we can prove the solution existence of (P) without Pe.
Namely, one may ask whether the conclusion of Theorem 3.1 and Theorem
3.2 are still valid if conditions (iii) and (iv) are replaced by the following
conditions:

(iii)" for each z € K, the set {x € M | Jy € ®(x), f(x,y,2) ¢ —IntC} is
closed;

(iv)’ for each x € M, the set {z € K | Jy € ®(x), f(z,y,2) ¢ —IntC} is
closed.
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