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1 Introduction

Let Q be a bounded domain in RY with smooth boundary 9Q. We deal with the
following problem

%—FAu:F(u,ut)—i-h(x,t), xeQt>rT,

ot (1)
u(z, 7) = up(z), ulz,74+0)=0¢(x,0), r€Q, 0 (—p,0).

Here A is a self-adjoint positive linear operator with domain D(A) C L*(Q) and with

compact resolvent, h € L} (R, L*(2)), 7 € R and F(u,u;) has the following form

loc
F(u, u) = g(ue) — f(u), (2)
in which the functions f, g € C(R) satisfying
(F1) There exists Cy > 0 such that | f(u)| < Cp(1+ufP™h), p > 2, for allu € R,
(F2) f(uw)u > ColulP — C for some Cy, Cy > 0, for all u € R,
(F3) (f(u) — f(v))(u—v) = —€(u — v)* for some £ > 0 and for all u,v € R,
(G1) g : L*(—=p,0; L*(2)) — L*(2), (0) = 0 and
19(8) = g(mllz2() < Coll€ = nll2(—p0:2(52)
for C; > 0 and for all &,n € L*(—p, 0; L*(Q2)),

(G2) There exist My, M; > 0 such that

1(9(€), M) 2@ < Moll€ |22 (—posc2 1l 22 @) + M

for all (&,n) € L*(—p,0; L3(2)) x L*().
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Throughout this work, for t € R, u; stands for the function in L?*(—p, 0; L*(€2)) such
that uy(0) = u(t + 0).

Retarded differential equations arise in many realistic models of problems in sci-
ence and engineering where there is a time lag or after-effect. In particular, the
parabolic case represents some issues in mathematical biology and the time lags are
often seen as maturation time for population dynamics. Let us introduce some rele-
vant literatures in J.K. Hale [1, 2], V.B. Kolmanovskii and A.D. Myshkis [3], Y. Hino
et al. [4], R. P. Agarwal et al. [5], L. H. Erbe et al. [6]. In the last decade, by the
growth of theory for finite and infinite dynamical systems, there are many studies for
a wide class of evolution equations, for which the asymptotic behavior of solutions is
considered in different frameworks. The theory of global attractor has been developed
originally to deal with autonomous evolution equations (see e.g. [7, 8]). In the latter,
to treat the non-autonomous equations, some approaches have been proposed such as
the uniform attractor, trajectory attractor (see [9, 10, 11]), pullback attractor (see, for
instance, [12, 13]). Recently, the retarded partial differential equations have become
a remarkable subject due to physical and biological motivations and some natural
extensions, in addition to the rich history of retarded ordinary differential equations.
We refer the readers to [14, 15, 16, 17|, among others. As far as we know, the exis-
tence and longtime behavior of solutions to retarded semilinear parabolic equations
have been analyzed when the nonlinearity contains the retarded term only. In this
work, we study a model in which the nonlinearity has both retarded term and super-
linear perturbation as in (2). On the other hand, we employ the analysis of pullback
attractor to investigate the long-time behavior for our problem.
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The rest of the paper is organized as follows. In the next section, we study the
existence and uniqueness of solution for our problem. Section 3 is devoted to the
results on long-time behavior of solutions. In the last section, we discuss on some
special cases when the operator A may be in degenerate forms and some classes of

nonlinearities.

2 Existence and Uniqueness Results

By the assumptions of A, we see that A : D(A) — L*(Q) has discrete spectrum
that only contains positive eigenvalues { At }32; and the corresponding eigenfunctions
{er}2, composed an orthogonal basis of Hilbert space L*(Q2). Then one can define
the operator A® for a € R. Now we introduce some notations which will be used in

this note.

o H=L1*Q),

o V= D(A%) with associated product (u,v)y = (A2u, A2v)y,

o Cy =C([=p,0; H), Cy = C([=p,0}; V), Ly = L*(=p,0; H), L}, = L*(=p,0; V).
It’s worth noting that, if o < 3 then D(A°) C D(A®) and this embedding is compact

[8]. In particular, we have V. C H = H’ C V', and all injections are dense and

compact. Here H' and V' are dual spaces of H and V respectively.

Let us mention that, though the operator A generate a analytic semigroup, we
can not apply the theory of fixed points to prove the existence and uniqueness result
since the nonlinearity does not satisfy the local Lipschitz property. In order to prove
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the existence result, we make use the iteration scheme similar to those as in [14]. We
first recall the existence and uniqueness results for the following problem

N A= b t) — fu), e te (nT),

u(z, ) = up(z),
where the nonlinearity f satisfies (F1)-(F3).
Let T > 7 and Q.7 = Q x (7,T). By the weak solution of (3) on interval (7,T),
we mean the function u € L*(7,T;V) N LP(Q, r) satisfying the equation in (3) in

the dual space L2(7,T; V') + L* (Q,.r), where p’ is the conjugate exponent of p, i.e.
1 1
p P

We have the following theorem.

Theorem 2.1. Suppose that ug € H, h € L (R, H) and [ satisfies (F1)-(F3). Then

loc

problem (3) has a unique weak solution v € C([7,T]; H) N L*(Q.7) N L*(7,T; V).

Proof. The existence statement can be proved as in [11, Theorem 2.1 and Lemma

2.2], while the uniqueness was proved in [11, Theorem 3.1]. ]

For more information about regularities of weak solution, see [18, 19].

We now give the definition of weak solution for problem (1). Assume that ug € H

and ¢ € L%.

Definition 2.1. The function u € L*(—p,T; H) N L*(7,T;V) N LP(Q, 1) is said to
be a weak solution to problem (1) on interval (—p,T) if and only if u(x,7) = ug(x)
a.e. in Q, u(r+.) = ¢ in L%} and u satisfies the equation in (1) in the dual space

LA(r,T; V') + Lp,(QT,T).



The following statement is the main result in this section.

Theorem 2.2. Suppose ug € H, ¢ € L%, h € L (R, H), f satisfies (F1)-(F3) and

loc

g satisfies (G1). If ¢ < \i then the problem (1) has a unique weak solution u on

(—p, T) such that uw € C([r,T]; H) N L*(—p, T; H) N L*(7,T; V) N LP(Qr.7).

Proof. Let us start the proof for the uniqueness. Suppose u and v are weak solutions

to (1). Denoting w = u — v, we have

L )2 + AR |3 + / (f(u) — F0))(u—v) = / (9(us) — g(v))w.

Then, using (F3), (G1) and Cauchy inequality, one has

d
el < 0+ Dl + Collun = vz,

Integrating the last inequality over (7,t), t > 7, we obtain

wl < o)) [ @+, [ ds [+l @

Noting that w(r) = 0 for r € (7 — p, 7), one has

t 0 t S
/ ds / (s + 2)|%dz = / ds / () 3 dr,
T —p T S—p
t t
< / ds / () 3 dr,
T T*p
t t
= [ ds [l

<(T-7) / o (s)|[2ds. (5)

Combining this with (4), we arrive at

@l < @041+ G =) [ Twls)lids
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Then the Gronwall inequality ensures the uniqueness as desired.

We now construct a sequence of functions {u"} as follows. Let u; be the solution

of the problem

ou' 1 1
— 4+ Au' = h(x,t) — f(u'), zeQte(r,T),

ul(x>7-) = UO(‘T)v T €,
such that u!(z, 7+ 0) = ¢(x,0), z€Q, 6 € (—p,0) for ¢ € L.
By Theorem 2.1, problem (6) has a unique weak solution. For n > 2, we consider

the problem

% AU = bz, t) + gl Y — f(ut), ze Qe (r,T),
t (7)

u(x,7) =up(z), u(z,7+0)=¢(x,0) xe€Q, 6 (—p,0).

Since g(up™') € H, using Theorem 2.1 again, we have the existence of u”. It remains
to prove that {u"} is a Cauchy sequence in L*(7 — p, T; H) and converges to the weak
solution of (1).

Putting w™ = u"*! — u™ for n > 2, we observe that

HWWME+2/IM%W@W%B+2/dgéﬁ@””—f@ﬂxw“—UW

=2 [Las [(otu) = gty

for t > 7. It follows from (F3), Cauchy inequality and (G1) that

t t t
@I +2 [ 450 6) s < 26+ ) [ (s)lds+C [ un o) ds,

where C' = C(e,Cy) > 0.



Choosing € > 0 such that A\; > £+ § and using the fact that 1Azu| = Ml

for all u € V', we get
t
o O+ @ 26— 0) [ o )lids <€ [ 61 ds
Taking (5) into account, we have
lw" @Ol < (T —=1)C [ [lw"(s)|7ds. (8)
We see that, for r € (7, 1]

)15 < (0 =) [ G)lfds < (0 =n1C [ 0l

therefore

t
sup " (0] < (7= 7)C [ () s,

¢
< (T—T)C’/ sup ||w”_1(7“)||§{d5.

T Tr<s
Denoting n"(t) = sup,¢,« ||w"(r)||3, for each n > 2, it follows that 7"(.) is an

increasing function on 7,7 and

n"(t)<(T—T)C/tn -

By iterative estimates, we have

(T — T)ncnfl 1

70 < S (D), 22 e (n ] §)

Using the last inequality, one easily to gets the conclusion that {u"} is a Cauchy
sequence in C(7,T; H) and L*(7,T; H). Tt is evident that {u"} is a Cauchy sequence

in L?([t — p,T), H) also.



We are in a position to show that, {u"} converges to the solution of (1). We have

proved that there exists a function u € L?(7 — p, T; H) such that

u" — u strongly in C([r,T]; H), (10)
u" — u strongly in L*(1 — p, T; H), (11)
u" —u ae in Qrp. (12)

On the other hand, in considering of (7)

t t
l (6% + 2 / JAbu(s) [3ds + 2 / s / Famy
T T Q
t

()] + 2 / (h+ gl ), ") s
< 2 ! h 2 2 n 2 n—1112 d
< laolly + | (WG 9%+ 2l ()% + g 12)ds
< 2 ! h 2 2 n 2 C n—1112 d
<ol + [ (BC, 9IE + 2 (I + Clluz 2 ))ds
<ol + Cy(T = DlIos

+ / (1A )7+ 2llu™($)1F + Co(T = )" (s)lF)ds. (13)

Here we have used the following estimate

0 s
o s, = [ s e = [ @l

—p s—p

<[l
T—p

= [l [ ol
T—p T

= ol + [ (14

In view of the fact that {u"} is a bounded sequence in L*(7,T; H), from (F2) and
(13) we deduce
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e {u"} is bounded in L*(7,T;V) and
e {u"} is bounded in LP(Q, ).
This allows us to state that
e {Au"} is bounded in L?(,T;V’) and
e {f(u™)} is bounded in L”(Q, ) in view of (F1).

Rewriting equation in (7) as

W~ bt gl — A~ f) (15)

one can see that the sequence {%"} is bounded in L*(7,T; V') 4+ L (Q.r). Conse-

quently, we obtain

u" —wu in L*(r,T;V), (16)
f(un) — X in Lp/(QT,T)J (17)
du™ du . o o

% a in L (7-7 T7 14 ) + L (QT,T)’ (18>
g(u™')y — g(u;) in L*(7,T; H) by using (G1) and (11). (19)

Finally, using (12) and (17) it follows that x = f(u) (see [20]) and we obtain the weak
solution of (1) by passing (15) to the limit in L?(7,T; V') + L (Q,.r). At last, (10)
ensures that u € C([r,T|; H) and therefore the initial condition is meaningful. The

proof completes. O
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3 Existence of Pullback Attractors

The definition of pullback attractor was proposed to deal with non-autonomous evo-
lution equations since one observes that, the initial time is as just important as the
final time and the trajectories of a dynamics may be unbounded as the time goes to
infinity. For more detail about the discussion of this notion, see [15]. Let us now
recall some related definitions and results.

Let X be a complete metric space (which in our case will be H x L%) and Bx/(a,r)
be the ball in X centered at a with radius r. Instead of semigroup, we will use a two

parameters process on X denoted by U(t,7) which has the following properties

o U(r,7) =1d,

o U(t,)U(r,r)=Ul(t,r) forall t=71>r.

Definition 3.1. Let U be a process on a complete metric space X. A family of

compact sets {A(t) }ser is said to be a X-pullback attractor for U if

(i) U(t,7)A(T) = A(t) for all t > 7 and

(i) lims—, 400 dist(U(t, t — s)B, A(t)) = 0, for all bounded set B of X.

In this definition, dist(Bj, Bs) is Hausdorff semi-distance between two subsets By, By C
X, ie.

dist(By, By) = sup inf d(by, b).

bieB) b2€B2

The pullback attracting property (ii) considers the state of the system at time ¢ when

the initial time ¢t — s goes to —oo.
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Definition 3.2. A family of sets {B(t)}cr is said to be X-pullback absorbing with
respect to the process U(t, 7) if for any bounded subset B of X and any ¢t € R, there

exists 7(t, B) < t such that U(t,7)B C B(t) for all 7 < 7(t, B).

The following theorem [15, 21| shows the sufficient conditions for existence of

X-pullback attractor.

Theorem 3.1. Let U(t, ) be a continuous process on X . If there ezists a compact
X -pullback absorbing {B(t)}:cr with respect to the process U(t,T), then there exists a

X -pullback attractor {A(t) }rer, and A(t) C B(t) for allt € R. Furthermore,

At)y= | As®).
BCX
bounded

where

Aty = JU(tt-9)B.

neN s>n

We will apply this result to our work to study the existence of pullback attractor
for the process generated by (1). A solution w of (1) with initial data (ug, ¢) will be
denoted by u = u(t, 7, up, ). We define the process with respect to (1) as a mapping
on H x L3:

U(t7 T) (u07 ¢) = (U(t, T, U, ¢)7 ut('7 T, U, ¢>> (20)

This is a natural way since the phase space is designated at the step of setting for
(1). However, there is more than a way to define the process for our problem as we

change the phase space. For more details, see [15].

Lemma 3.2. Suppose that the assumptions of the Theorem 2.1 take place. Let u =
u(t, T,up, ®) and v = v(t,T,v9,%) be the weak solutions of (1). Then there erists a
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number M > 0 such that
lu(t) = o) 15 < (luo = vollfr + Mg — 172 )™,
forallt > 7.

Proof. 1t follows from (1) that

5 llu(e) — o)l + A2 (u(t) — vE)IF + /(f(U(t)) — J(w(®)(u(t) = v(t))

Q

- / (9(uu) — (o)) (ult) — v(2).

Using (F3), (G1) and Cauchy inequality with e chosen such that A\, — ¢ — 3¢ > 0, we

have
d 2 2 2
g 1u(t) = ()l + 22 f[u(t) = v(®)ll — 2€u(t) — o)l
< CeCylluy — villgs, + ellu(t) — v(®)I[3-
Then

Sl = o < [ ute+s) = ot + o)y

where C' = C.C,. Integrating from 7 to ¢, we obtain

t 0
lu(t) — v(®)1% < luo — vol% + C / ds / (s + 2) — v(s + 2) |3z
g -p

0

t
:||u0—v0||§1+c/ dz/ lu(s + 2) — v(s + 2)[|%ds

o
0 t
<l —volfy +C [ dz [ futs) - v(s) s
—p T—p
t
~ luo = wally + Cpllo = s, + Co [ ) = v(s) s

14



Hence, the Gronwall inequality gives

lu(t) — o)l < (luo — vollz; + Cpllé — ¢l[7s )e*

for any t > 7. [

The aim of the next lemma is to construct an H x L%-pullback absorbing for the

process U(t, ).
Lemma 3.3. Under assumptions of Theorem 2.2 and that g satisfies (G2), the solu-

tion of (1) satisfies

lu(®) 17 < e uolfy + Lpe ] 1z,

t
—I—/ e~ =9 | n(s)||%ds + Io(1 — e~y

where o, 1y and ly are positive constants.

Proof. From equation (1), we get
d
@1z + 2l + 2G|l o) < 2C11Qf +2(h(t) + g(w), u(t)) -

In view of (G2) and Cauchy inequality, we have

d
EHU@)HE + 2M[[u(®)ll7 + 2Collu(t) 1700y < 2C11Q| + 2My + (Ce + D Ju(t)II3;

+ellunlZs, + 1RO

where € is chosen later. Since p > 2, it follows from the Young inequality that there

is a number C), > 0 such that (C. + 1)[Jul|} < 2Co||ul|7, () + Cp- Therefore

d 0
E\IU(t)H?{JrQMIIU(t)II% < 201|Q!+2M1+Cp+6/ lu(t+ )| Hds + ()1 (21)

—p
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Now with a > 0, one has

d (0% (0% (0% d
T Mu®7) = ae™ (a7 + e Il
0

< e [(a = 20)[lu(®)|IF + [R5 + 2119 +2M1+C,,+e/ lu(t + 5)|%ds].

—p

Taking integration on [r,t] for ¢t > 7 yields

t t
ﬁ%wmiéfwwﬂﬁﬁ%a—%ﬂ/e”M@W%w+/eWM@$%%

N 2C1(Q| + 2M; + C,
(0]

0 t
(e — ) + 6/ dz/ e“®||u(s + 2)||5ds. (22)
W Jr
The last term in (22) can be estimated as
0 t 0 ¢
/ dz/ e“||u(s + 2)||5ds = / dz/ e~ %) ||lu(s + 2)||%ds
t
<perr [ e uts) s
T—p
T t
<pert e [ uts) s+ [ eu(s)|Pds)
T—p T
Thus

t
e Nu®)|l7; < e u(r)[[f + (a + epe™ — 2&)/ e**|lu(s) 3 ds

(e —e*T). (23)

ol b 2011Q| +2M, + C,
S epe ol + [ s s + 222G

Now choosing € and « such that a + epe®” < 2)\; we obtain that

lu(®)117 < e uollzy + epe 0]z,

2G4 (9] +2M; + Cp(l _emaltmm) (24)
o

t
b [ e s +

We have the conclusion of the lemma. OJ
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As a consequence, we have the following result.

Theorem 3.4. Suppose that f satisfies (F'1)-(F3) and g satisfies (G1)-(G2). If{ < A\

and h has the following property

t
/ |h(s)||3ds < 400, for each t € R,

—0o0

then the process U(t,T) associated with (1) has an H x L% -pullback absorbing.

Proof. By Lemma 3.3, we have

lu(t + 0,717 < e lug |7 + Lipe™ T[] 1,

t+0
+ / ”h(8>||§{d3 + lg(l — e_a(t+9—7—))’

for t > 7+ p and for all § € (—p,0).
One can see that, there exists 7 = 7(¢, ug, ¢) such that, for all 7 < 7, the following
inequality holds

e~ uo || + hpe 9|z, < L.

Therefore

t

lu(t, 1) < / 1(s)|%ds + 1 + 1, (25)

t

e (8, 7)1 </ 1h(s)[[Frds + 12+ 1 (26)

—00

for all 7 < 7 — p. Hence, it is obvious that

1U(E, 7)(uo, )l mrxrz, = Nu®lla + lJullry, < (1+VP)R(E) (27)

where

R(t) = (/ |h(s)|[3ds + ls + 1)%. (28)

—0o0
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Then, for any bounded set D C H x L2, one easily deduce that U(t,7)D C By(t) =
Bpwrz, (0, (1+/p)R(t)), for all 7 < 7(¢, D) — p. Thus U(t, 7) has an H x L% -pullback

absorbing. O

Denote
F(u) :/ f(r)dr. (29)
0
In order to prove further properties of the process U(t,7), we need the following

condition.

(F4) There exist the positive constants Cy, C3 and Cy such that

Colul? — Cy < F(u) < Cs|ul? + Cy.

Theorem 3.5. Under assumptions of the Theorem 3.4 and the condition (F4), the

process U(t, T) associated with (1) has a V x L2 -pullback absorbing.

Proof. Let u(t) = U(t,7)(ug,¢). We first need an estimate for CCH (Jlu(s)[1Z +

F(u(s)))ds. One can proceed as in the proof of Lemma 3.3 to get that

d
@1z + 21 + 2Co [w(®)l[Fs ) < 2C1[0Q] + 2My

+ (L4 M) [u)l7r + lluelzz, + (A5

Since p > 2, it follows from the Young inequality that there is a number C),, > 0 such

that (1 + Mg)|lull}; < Collull}s ) + Cp- Therefore

d
%HUG)H% +2/lu®V + Collu(s)}sq) < 2C11Q] +2My + C,

+/_ [t + 8)l[7ds + [|h(@)][F- (30)
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Now for a given time ¢ > 7 and for all { such that 7 < { < t, we have
2 2 R 2 Co
(G + DI — (Ol +2 /C (la(5)IF 4+ S huls) o ) s < 2C110 +203 4+,

¢+1 0 t+1
+/ ds/ Hu(erz)H]quz—i—/ 12(8)|[Zds.
¢ -p

—0o0

This implies that

2
P H 2 IR 2
w2 [ s+ 5 [ ks
¢

—p — 00

¢+l C, c, 1
/C (luls)|F + = HU( )7 ) Jds < C|Q + My + =2 + §HU(C)H?{

Invoking (25) and (28), we have

¢ 2 C10 P Cp 1 2
() 5 s) gy s < Grl2]+ My 5+ 5 B(Q)

t+1

5o+ DRCH ) 45 [ IG)Fds, (31

[e.9]

for all ( <t and 7 <7 — p. In view of (F4), we can write

¢+ .
/C ()| + / Flu(s)))ds < B(1) (32)
where
a G, GCi 1,
min(1, C)R() Ch|Q + My + 5 T 20, \QH—QR (t)

1 ) 1 [t )
+ ép(p + 1R (t+1)+ 5 | 1(s)]|7ds.

—0o0

Our next step is to get an estimate for d_C<”u(OH2 + / F(u(s))) Multiplying the
Q

d—z, using (G2) and Cauchy inequality, we have

equation in (1) by @ =

(N7 + i(||U(C)||2v + /QF(U(C))) = (h+g(uc),a(C))

d¢

. 2 M02 2 1 2
<O + My + =Ll + SO
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Taking (26) into account, one gets

pMg

2 1 2
LR + SR (3)

T + [ Fa(on) <+

for all ( <t and 7 < 7 — p. On the other hand, it is evident that

¢+1 t+1
| Inds < [ It < +oc. 3
¢

Putting (32)-(34) into the uniform Gronwall inequality, we deduce that, there exists

R= ]%(t, ug, ¢, h) > 0 such that

uwm@féﬂwm<éw>

forall ( <tand 7 <7 —p.

Using (F4) again, we obtain

(I3 + Collu(®)|[}, ) < B2(8) + Cal€2, (35)
lue(@)II + Collue (O ) < B2(2) + Cal, (36)
luell7a < pR2(t) + pCal€2], (37)

forall 7 <7 —pand 6 € (—p,0).
We arrive at the conclusion that, for any bounded set D C V x L%, U(t,7)D C
By(t) = Bypz, (o, (1+ o)/ R2(t) + C4|Q|>, for all 7 < 7(t, D) — p. Thus U(t, 7)

has a V' x L¥-pullback absorbing. O]

Remark 3.1. In our case, the external force h is not supposed to be translation

bounded, i.e.
t+1
I3 = sup [ () s < o
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since we need not the uniform boundedness of the trajectories of (1) under the anal-
ysis of pullback attractor. However, this class of external force can be used for our

problem. Indeed, if h is a translation bounded then for o > 0, we have

t o t—k
/eﬁW*WM@MMs<§j/‘ &9 | (s) % ds

0 t—k
< et [ ) s
1 2
T

Thus, using Lemma 3.3, we obtain the same results as in Theorem 3.4 and Theorem
3.5. It is worth mentioning that, there is no relations between our class of external

force and the set of translation bounded functions.

Remark 3.2. By priori estimates, we can prove the existence of C'y-pullback absorb-
ing and Cy-pullback absorbing with respect to the process U(t, 7) if we change the
phase space from H x L% to Cg. In this case, we have a simple definition for U (¢, 7)

as follows

U(t,7)(¢) = wl.,7,6(0),9),
where u € C([—p,T); H) N L*(7,T;V) N LP(Q,r) is the solution of (1) on interval
[—p,T], for any T'€ R, T > 7. The readers are referred to [15] for this approach.

We now can state the main theorem of this section.

Theorem 3.6. Under assumptions of Theorem 3.5, the process U(t,T) associated

with (1) has an H x L2-pullback attractor.

Proof. By Lemma 3.2, we see that U(t,7) is continuous mapping on H x L?%. In
order to apply Theorem 3.1, we prove that, there exists a compact H x L%-pullback
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absorbing with respect to U(¢, 7). From Theorem 3.5, U(t, 7) has a V x L?-pullback
absorbing {By (t)}. Let

Bty=|J Utn)By(1).

T, By )—p

It is easy to see that, {B(t)} is a V x L?-pullback absorbing of U(t, 7). We now show
that B(t) is precompact in H x L%. Let II; and Iy are projectors on H x L%, i.e.
Iy @ (ug, @) — ug, Ils: (ug, ) — ¢. One observes that I1;5(¢) is bounded in V' and
then it is precompact in H. It remains to prove that II,8(¢) is precompact in L%;.

Let u; € II,B(t). For a given t > 7 + p, (36) ensures that u(t + 6), 6 € (—p,0),
belong to a bounded set in V' N LP(Q2). Denoting © = [t — p,t] and Qg = Q x O, it
follows that u belong to a bounded set in L*(0;V N LP(Q)). We rewrite equation in

(1) as one in dual space L*(0; V") + L’ (Qe) that

u(€) = h(C) + gluc) — Au(C) — f(u(C))- (38)
At first, for any v € L?(0; V) N LP(Qe) we have
[(h, )] < 1Al 72(ge) 101172 (o)
< Ol 22 (o) IV T2 001y (39)

Using (G2), one gets

[{g(ue), v)| < Mo/ lucl 2z, [|o(O mdC + pM,
t—p

t 0 1
<cMo( [ dc [ utc+ 2lydz) Iollzor, + ot
t—p

—p
< pCM, ( /t

—2p

t

[u(OlI3dC) "ol sz + oM. (40)
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It is obvious that

(A, )] < lull o IVl o). (41)

At last, taking (F1) into account,

P

[(f(u),v)] < (/Q ’f(u”pg)pl(/Q !v\p);

[S)

< Crllullfigelvllzeie) + C- (42)

Combining (39)-(42), we obtain that @ belongs to a bounded set in L*(0;V’) +
L”(Qe) C LP(©; V' + L (Q)). Using compactness Lemma in [20], we conclude that
u belongs to a compact set in L?(©; H), or equivalently, {u; € [T1,B(¢)} is precompact

in L*([—p,0]; H). The proof is complete. O

4 Further Remarks

Let us discuss on some special cases of operator A. A typical example for A is that
A=—A and D(A) = H*(Q) N H}(Q). In this case, we have V = D(Az) = HL(Q).

Now we introduce two examples, in which A is degenerate elliptic operator.
The Grushin type operator.

Let
- AR o 0
where &k > 0. In this case, Q is a smooth bounded domain in RM x R, This
operator is first introduced in [22] and one knows that it is not elliptic if £ > 0 and

() intersects with the hyperplane {z = 0}.
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In [23], to study the boundary value problem, the authors use the natural energy

space S3(Q) defined as the completion of C}(€2) in the norm

1/2
lullsgen = ([ (Vaul? + 1ol 19,0) sy

2N (k)
N(k)-2°

We have the continuous embedding S3(Q2) C LP(Q), for 2 < p < 2} = where
N(k) = Ny + (k+ 1)Ny. Moreover, this embedding is compact if 2 < p < 2; and 2j is
the so-called critical exponent for the embedding. In view of the compact embedding

Sa(Q) € L*(Q), we see that G}, is positively definite and has compact resolvent (for

more details, see [23]). Thus it can be used for our problem with V' = S} ().
The Caldiroli-Musina type operator.

In the second example, we are interested in the case A = —div(o(x)Vu). The
degeneracy of A is considered in the sense that the measurable, nonnegative diffusion
coefficient o(x) is allowed to have at most a finite number of (essential) zeroes at
some points. In [24], where a semilinear degenerate elliptic problem was studied, the
authors assume that the function o : 2 — R satisfies the following assumption

(Ho) o € Li.(Q) and for some o € (0,2),li£nj§1f|x — z|™%(z) > 0 for every

z € €.

By D;?(Q, ) we denote the closure of C5°(Q) with respect to the norm

Joll = ( [ a@Ivo)?.
Q
According to [24], if o satisfy (H,) then the following assertions hold
i) Dy?(Q,0) C L% () continuously,

ii) Dy*(Q,0) C L'(Q) compactly if r € [1,25)
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where 2} = 2 — In particular, we have a compact embedding Dy (Q) C LA(Q).

This leads to the fact that A is positively definite and has compact resolvent. We can

put it into (1) and the energy space Dy”(Q) plays the role of V.
Some classes of nonlinearity.

As a final discussion, we would like to show some particular cases of nonlinearity
F(u,u;) in our problem. In the cases g(u;) = 0, we have the reaction-diffusion
problem, which is studied by many authors (see [20, 11, 19, 18] and references therein).
The particular case of f(u) is that f(u) = |u[P~'u, p > 2, which satisfies (F1)-(F4)
obviously. Let us mention that, one can deal with the more general case, namely,

f(u) = |u[P~ u + k(u) provided that
o k(u) < Cyp(Julrt+1), Cr, >0, ¢ <p,
o (k(u) —k(v))(u—1v) = —Llu—v]?

o kolul? — k1 < K(u) < kolul? — ko, where K(u) = [ k(s)ds and ko, ki, ks are

positive numbers.

As a special case of the retarded term g(u;), we recall the work of A.V. Rezounenko

and J. Wu [17], in which a so-called state-dependent selective delay term was intro-

duced

g(uy) = /0 {/Qb(u(w +0,y))k(x — y)dy}x(@,ut)dG.

-p

We can give some restrictions on g, which are similar to those in [17]; precisely,

e b: R — R has the Lipschitz property and |b(w)| < bolw| + b1, bg, by > 0,
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e k: Q) — Ris bounded,
e x:[—p,0] x L} — R is Lipschitz with respect to the second coordinate and

Ix(-, v)||22(=p0) < Cy for some C > 0 and for all v € H.

By these assumptions, one can proceed as in [17] to prove that

[(9(€), mul < Mo(lIEl 2, + Dlinlla,

for some My > 0 and for all (§,7n) € L?% x H. Actually, the last inequality can replace

(G2), since we employ (G2) in the situation that

(9(&):mul < ell€lzz, + Celllnlly + 1)-
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