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Our aim is to study fractional order differential inclusions with infinite
delays in Banach spaces. We impose the regularity condition on multi-
valued nonlinearity in terms of measures of noncompactness to get the
existence result. Some properties of the solution map are proved.
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1. Introduction

Let E be a Banach space. We are concerned with the following problem:

Dty e F(t,u,, V¥u), teJ:=[0,T], (1.1)

v¥u(0) = Uy, (1.2)

u(s) = ¢(s), se(—00,0), (1.3)

where N> 1 is an integer, « € (N — 1, N], u : (—oo, T — E is the unknown function,
€D* denotes the Caputo fractional derivative, V u=(u, /..., uv *l)) and

F:[0,T]x Bx EN— P(E) is a multivalued map with nonempty compact convex
values. Here P(E) stands for the collection of all subsets of E, BB is a phase space of
delays and u, € B is the history of the state function u up to the time ¢, that is
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u(s) =u(t +s) for s € (—oo, 0]. The initial data Uy = (iy, 1, . . ., Uy_1) are given in EV
and the initial function ¢ € B is such that ¢(0) = up.

The subject of fractional differential equations has recently received much
attention due to its important applications in modelling phenomena of science and
engineering. The employment of differential equations with fractional order allows
to deal with many problems in numerous areas including fluid flow, rheology,
electrical networks, viscoelasticity, electrochemistry, etc. For complete references, we
refer to some significant works, e.g., the monographs of Kilbas et al. [1], Kiryakova
[2], Miller and Ross [3] and Podlubny [4]. In the past few years, there has been a great
contribution in fractional differential equations. Let us refer to some relevant works
in [5-18]. With initial or boundary conditions, some particular cases of (1.1) without
delay were studied. The equation

CD%u() = (1, u(1)

or the inclusion
CDu(t) e F(t, u(t))

in the cases o€ (0, 1] or € (1,2] were considered in [6,8—11,13]. Similar problems
with the Riemann-Liouville fractional derivatives were also investigated, for
instance, in [12,17,18]. The readers can find more works in the survey of Argawal
et al. [19].

In addition, inclusion (1.1) can be seen as a generalized model of high-order
ordinary differential equations, an example of which is the equation considered
in [20]:

(1) = [t ut), d (1), ..., u" (@), (Tu)(1)),

where 7 is an integral operator.

There are several approaches that can be used to get the solvability for local,
global or extremal solutions of fractional differential equations or inclusions. One
can use the method of upper and lower solutions to obtain the results as in [9].
Another approach develops a comparison principle and iteration schemes to receive
the existence results as in [14-16]. The method that is widely used consists of
transforming problems to corresponding fixed point equations or inclusions,
followed by applying some known fixed point theorems.

Our approach is employing the fixed point theory technique for multivalued
condensing maps under assumptions expressed in terms of the measure of
noncompactness (MNC). The method used in this note allows us to solve the
problems of differential inclusions in infinite-dimensional spaces with a general form
of nonlinearity. Furthermore, by using this method, we need not impose the
Lipschitz condition on the nonlinearity. Instead of Lipschitz assumptions, we
suppose that the nonlinearity F satisfies a regularity condition expressed in terms of
the Hausdorff MNC. In the sequel, we define a suitable MNC, prove that the
solution multioperator is condensing with respect to this new MNC and find
solutions by using the fixed point theory of condensing multimaps presented in [21].

Besides [21], an employment of this approach can be found, e.g., in [17,22] and
other works. For more applications of multivalued analysis to differential equations
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and inclusions, the readers are referred to [23-25]. The reader may also find a
complete reference to MNCs in the monographs [26,27].

The rest of this article is organized as follows. In the next section we recall some
basic facts related to fractional calculus, measures of noncompactness, multivalued
maps and the phase space for delay differential equations. Section 3 is devoted to the
formulations and proofs of the local and global existence results. In the last section,
we study the continuous dependence of the solution set of the stated problem on
initial data.

2. Preliminaries

2.1. Fractional calculus

We start this section with some notation and definitions in fractional calculus. For
the motivations of these definitions, see, for example [1-4].

Definition 2.1 The fractional integral of order a>0 of a function fe L'(0, T} E) is
defined by

1 t
Ff()=— f (1 — )" 1 (s)ds,
0 I'(@) Jo
where I" is the Gamma function.

We use Bochner integral in the foregoing definition and in the rest of this work.
Definition 2.2 For a function f'e CY([0, T]; E), the Caputo fractional derivative of
order w € (N — 1, N] is defined by

1 t
C no _ N—a—1 ¢(N)
Dyf()=———| (t— ds.
510 =ty |, =" s

It should be noted that there are some notions of fractional derivatives in which
the Riemann-Liouville and Caputo definitions have been used widely. Many
application problems, expressed by differential equations of fractional order, require

initial conditions related to u(0), #/(0), etc., and the Caputo fractional derivative
satisfies these demands. For u e C¥([0, T]; E), we have the following formulae:

DI u(r) = u(t), (2.1)

S,
k! '

1§ “Diut) = u(t) — (2.2)

k=0

2.2. Phase space

Let B be a linear space, with a seminorm | - |, consisting of functions mapping (—oo,
0] into E. The definition of the phase space 5, introduced by Hale and Kato [28], can
be given by the following axioms. If v: (—oo, T] — E is such that v|p ;€ C([0, T]; E)
and v € B, then

(B1) v,e B for all t€[0, TT;
(B2) the function ¢ — v, is continuous on [0, 7'];
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(B3) vils < K(O)sup{[[v(s) £:0 < s < 1} + M(2)|vols, where K, M:[0, T]— [0, 00), K
is continuous, M is bounded and they are independent of v.

We may consider the following examples of phase spaces satisfying all the above
properties.

(1) For n>0, let B=C, be the space of continuous functions y:(—00;0] = E
having a limit limg_, _ €"¥(6) with

lylg = sup ™[Ol

—00<6H<0

(2) (Spaces of ‘fading memory’). Let B=C, be the space of functions
Y :(—00;0] — E such that

(a)  is continuous on [—r; 0], r>0;

(b) v is Lebesgue measurable on (—oo;r) and there exists a nonnegative
Lebesgue integrable function p:(—oo;—r)— R" such that py is
Lebesgue integrable on (—oo; r); moreover, there exists a locally bounded
function P:(—o0; 0] — R™ such that, for all £ <0, p(€ +6) < P(£)p(0) a.e.
0 € (—oo; —r). Then,

Vs = sup 1O+ / P(6)19(0)]1do.

—r<0< —00

A simple example of such a space is given by p(d) =e"’, e R.
For more examples of phase spaces, see [28].

2.3. Measures of noncompactness and multivalued maps

Let us recall some basic facts from the multivalued analysis, which will be used in this
article. Let £ be a Banach space. We denote

PE)={ACE: A#0},

P(E)={4eP(€): A4 is convex},

K(&)={A€P(): A4 is compact},

Kv(&)=Pv(E)NK(E).

We will use the following definition of the MNC (see, e.g. [21]).

Definition 2.3 Let (A, =) be a partially ordered set. A function g:P(€) — A is
called an MNC in €& if

B(co Q) = B(R) for every Qe P(E),

where c¢o Q is the closure of the convex hull of Q. An MNC g is called

(1) monotone, if Q, 2| € P(E), Qo C 2, implies () < B(2);
(i1) nonsingular, if B({a} U Q)= () for any a €&, Q€ P(E);
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(iii) invariant with respect to union with compact set, if S(KU Q)= () for
every relatively compact set K C £ and Q € P(E).
If A is a cone in a normed space, we say that S is

(iv) algebraically semi-additive, if B(Q24 1) < B() + B(2)) for any K,
QeP(&);

(v) regular, if B(2) =0 is equivalent to the relative compactness of .

An important example of MNC is the Hausdorff MNC, which satisfies all the
above properties:

x(R2) = inf{e : Q has a finite e-net}.
It should be mentioned that the Hausdorff MNC has also the following properties:

e Semihomogeneity: x(1Q2) < |t|x(2) for any Qe P(€) and teR;

e in a separable Banach space &, x(R2) = lim,;—. o SUP, c o d(X, E1n), Where {E,,}
is a sequence of finite-dimensional subspaces of £ such that &, C¢&,41,
m=1,2,...and |, En =E.

Let X be a metric space.
Definition 2.4 A multivalued map (multimap) F : X — P(£) is said to be:

(i) upper semicontinuous (u.s.c) if F'(V)={xeX:F(x)CV} is an open
subset of X for every open set V' C¢&;
(i1) closed if its graph I'=={(x,y):y € F(x)} is a closed subset of X x &;
(iii) compact if its range F(X) is relatively compact in &;
(iv) quasicompact if its restriction to any compact subset 4 C X is compact.

Definition 2.5 A multimap F : X C £ — K(€) is said to be condensing with respect to
an MNC B (B-condensing) if for every bounded set 2 C X that is not relatively
compact, we have

BF(Q) # Q).

Suppose that DC& is a nonempty closed convex subset of & and Up is a
nonempty relatively open subset of D. We denote by U/ and dlf p, the closure and the
boundary of U in the relative topology of D, respectively.

Let B8 be a monotone nonsingular MNC in £. The application of the topological
degree theory for condensing multimaps (see, e.g. [21]) yields the following fixed
point theorems.

Tueorem 2.1 [21, Corollary 3.3.1] Let M be a bounded convex closed subset of €
and F: M — Kv(M) an u.s.c. B-condensing multimap. Then the fixed point set
Fix F:={x:x e F(x)} is a nonempty compact set.

The following theorem presents a version for multimaps of the classical
Leray—Schauder alternative.

Theorem 2.2 [21, Corollary 3.3.3]  Let Up be a bounded open neighbourhood of a € D
and F : Up — Kv(D) an u.s.c B-condensing multimap satisfying the boundary condition

x—a gMF(x)—a)

for all xe dUp and 0<i < 1. Then Fix F is a nonempty compact set.
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Definition 2.6 Let G:[0, T]— K(E) be a multifunction and p > 1.Then G is said
to be

e [’-integrable, if it admits a Bochner L’-integrable selection. That is
there exists g:[0,T]—E, g(t)eG(r) for ae. t€[0,7] such that

Jo 1 g()l5ds < oo;
e [’-integrably bounded, if there exists a function & € L7([0, 7']) such that

IGOIl := sup{li gllr : g € G} <&(1) forae. 1€[0,T].

The set of all L/-integrable selections of G will be denoted by S..

The multifunction G is called measurable if G~'(V) measurable (with respect to
the Lebesgue measure on J:=[0, 7']) for any open subset ' of E. We say that G is
strongly measurable if there exists a sequence G,,:[0, T]— K(E), n=1,2,... of step
multifunctions such that

lim H(G,(1),G()) =0 fora.e. t€]0, T],

where H is the Hausdorff metric in K(E).

It is known that, when E is a separable Banach space, the notion of measurable
multifunctions has some equivalences. More precisely, for a multifunction
G:[0,T]— K(E), the following conditions are equivalent to each other (see,
e.g. [21]):

(1) G is measurable;
(2) for every countable dense set {x,} of E, the functions ¢,:[0,7]— R,
defined by

(pn(t) = d(xna G([))

are measurable;
(3) G has a Castaing presentation: there is a countable family {g,} of measurable
selections of G such that

g0 =6

n=1

fora.e. t€[0,T];
(4) G is strongly measurable.

Furthermore, if G is measurable and L’-integrably bounded, then it is
LP-integrable. If G is LP-integrable on [0,d] for some p > 1, then G is also
L'-integrable. In this case, we have a multifunction 7+ fot G(s)ds defined by

! !
/ G(s)ds := {/ g(s)dx:ge Sg} veel0,d].
0 0
The following x-estimate (x is the Hausdorff MNC), which is similar to
[21, Theorem 4.2.3] will be used in the sequel.

LemMA 2.3 Assume that E is a separable Banach space. Let G:[0,d]— P(E) be
LP-integrable, LP-integrably bounded multifunction such that

x(G(0)<q(1)
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for a.e. t€[0,d). Here, g€ L'.([0,d]). Then

x( / t G(s)ds) </ ' g(e)ds

for all t€[0,d]. In particular, if the multifunction G :[0,d]— K(E) is measurable and
LP-integrably bounded then the function x(G(-)) is integrable and, moreover,

X(/Ot G(s)ds) < /: x(G(s))ds

Now we consider the multimap F:[0,T]x Bx EY — Kv(E) in our problem
(1.1)—(1.3).
Definition 2.7 We say that F satisfies the upper Carathéodory conditions if

for all t€[0,d].

(1) the multifunction F(-,¢,U):[0,T]— Kv(E) admits a strongly measurable
selection for each (¢,U) € Bx EV, and
(2) the multimap F(t,-,-): B x EY — Kv(E) is u.s.c for a.e. 1[0, T1].

The multimap F is said to be L”-locally integrably bounded if for each r>0, there
exists a function w, € L([0, T']) such that

£z, &, U = sup{lizllg : z € F(2, §, U} S wi(2)
for all (¢,U) € B x EV satisfying |¢|g + IU|| pv <7

Let Cz(—o0, T') denote the linear topological space of functions u:(—o0, T — E
satisfying that

upeB and ulg e CV(0,T] E),
endowed with the seminorm

lullcp(—oo, ) = luols + llullev-1qo, 71 5)-

For u € Cg(—o0, T'), consider the superposition multifunction
p:[0,T] > KW(E), ®p(t) = F(t,u;, VNu(D)).

By the axioms of the phase space, we see that ¢ — u, € B is a continuous function.
Further, the function V¥u:[0, T]— E" is continuous, too. Then & is [/-integrable
provided F satisfies upper Carathéodory conditions and is L”-locally bounded. The
proof can be made in the same way as in [21, Theorem 1.3.5].

As the consequence, we can define on Cg(—oo,T) the superposition multi-
operator P by

Pr(u) = {¢p e L7(0, T E) : (1) € F(t,u;, VNu(t)) for a.e. 1[0, T1}.

We have the following property of weak closedness of Pr, whose proof can be
proceeded as in [21, Lemma 5.1.1].
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LemmA 2.4 Let {u,} be a sequence in C(—oo, T') converging to u* € C(—oo, T) and
suppose that the sequence {¢,} C LP(0,T,E), ¢,€P-u,) weakly converges to a
Sfunction ¢*. Then ¢* € Pu®).

3. Existence results

In the sequel, let £ be a separable Banach space. We give the definition of a mild
solution for (1.1)—(1.3), in accordance with formula (2.2), as follows.

Definition 3.1 For a given t€(0,T], a function ueCr(—o0, 1) is called a mild
solution to problem (1.1)—(1.3) on the interval (—oo, 7] if it satisfies the integral
equation

@(1), for <0,
u(t) = § =k 1 [ el

;Huk + @/0 (t—9)"""¢(s)ds for te€[0,1],
where ¢ € Pr(u).

We assume that the multimap F in problem (1.1)—(1.3) satisfies the following
hypotheses:

(F1) F:[0, T] x B x EN — Kv(E) satisfies the upper Carathéodory conditions;

(F2) Fis LP-locally integrably bounded for p > #]\H—ﬁ

(F3) there exists a function k € L7(0, T; E) such that for any bounded subsets Q C B
and Q,CE, j=0,...,N—1, we have

N—1 N-]
X(F(l, Q, 1_[ Q,)) < k(1) (W(Q) + Z x(2) )>,
J=0 J=0
where

¥W(Q) = sup x(Q(0)), (3.1

Q0) = {q(0) : g€ Q}.

Remark 3.1 1In the case E=R", condition (F3) follows from (F2). In fact, the
L’-locally integrably boundedness of F implies that the set F(z, Q, ]_[_/N:f)1 Q) is
bounded in R™ for a.e. £€[0, T], and hence it is a precompact set.

If dim(E£)=+o00, then a particular case of fulfilling (F3) is the following
condition:

F(t, -,): Bx EN — Kv(E)

is completely continuous for a.e. 1€[0, 7], i.e. F(¢,-,-) maps each bounded set in
B x E" into a precompact set in E.
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For a given 7€ (0, T'], we set
S:1700,t; E) — C(0,7]; E),

L (3.2)
SO0 = 15 [0 (1 — 9 g(s)ds,
o(1), if 1<0,
xy— ) N1 g
o Z%ﬁ/ if 0<r<r,
k=0
and
G(u) = 1" + S o Pr(u). (3.3)

One sees that u € Cg(—o0, 1) is a mild solution of problem (1.1)—(1.3) on interval
(—o0, 7] if and only if it is a fixed point of G. From now on, we can restrict G on the
subset D, c CV7Y([0, 7]; E) defined as

D, = {re V(0. 7] E), w(0) = it = ¢(0)}, (3.4)

by setting G(v) = G(v[¢]), where
(1), if <0,

elo) = { e

W), 1if0<r<r.

We first verify some features of S which will be used to obtain some important
properties of the multioperator G. Define the following collection of operators
S;: 70, E)— C([0,7]; E), j=0,1,...,N—1:

So=S. (3.5)
If N>1 then

d/ 1 4 .
S ()(1) = @S((j))(t) = m/() (t—9)"7ps)ds, j=1,....N—1. (3.6

ProposiTioN 3.1 The operators S, j=0,1,...,N—1 have the following properties:

(S1) There exist constants C;>0, j=0,1,...,N—1, such that

IIS_/($)(I)—S_,'(n)(t)llfg<C§’/0 IE(s) = n(s)lIpds, & neLl(0,z; E).

(S2) For each compact set K C E and sequence {§,} C LF(0,t; E) such that {&,(t)} C K

for a.e. t€[0, 1], the weak convergence &, — & implies S(&,) — Sy(&o) in C([0,]; E).

Proof

(i) By using the Holder inequality we have

1 4 .
ISEXD = SO < 5o /0 (¢ — "7 |E(s) — ()l ds

< 71,(0[1_1.) [/Ot(z — )b/ ds]p”l[/ot 15(s) — n()I dS]'%'
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Then
t
IS0 = SmO1E <] [ 160~ a1 ds
where
1 1
p—1 15 T
Ci = , —.
! [(a—J)p—l] D(a—j)
Notice that (@ —j)p—1>0, j=0,..., N—1 since p > - N

(i) To prove (S2), notice that Wlthout loss of generallty, {&(0)} C E for all
te[0, ], where E' =spK is the separable Banach space spanned by the
compact set K. Moreover, it is clear also that {S(&,)(¢)} C £’ for all 1 €0, ]
and j=0,1,..., N—1. Then, applying Lemma 2.3 we obtain

X((SHEND)) < /a—w+W@mmw=o

=) Jo
Hence, the sequence {S;(£,)(1)};2, C E is relatively compact for every ¢ € [0, t].
On the other hand, we have

||Sj(§n)(l2) - S/'(En)(ll)”E
1

5]

(t — )" &, (s)ds — / ' (1 — )" 7, (s)ds
0 0

E

15}
(12 — )7, (s)ds

1

[(t2 — )7~ = (11 — 5)* 7 g, (s)ds
0

E
1

E

Since {£,(s)} C K for a.e. s€[0, 7], the right side of this inequality tends to zero as
t, — t; uniformly with respect to n. So {S;(£,)} is an equicontinuous set. Thus from
the Arzela—Ascoli theorem, we obtain that the sequence {S{(£,)} C C([0,7]; E) is
relatively compact.

Property (S1) ensures that each S;: L”(0,7; E) — C([0,7]; E), j=0,...,N—1,isa
bounded linear operator. Then it is continuous with respect to the topology of weak
sequential convergence, that is the weak convergence &, — &, ensuring S(&,) = Si(&o).
Taking into account that {Sy(&,)} is relatively compact, we arrive at the conclusion
that Sy(&,) = Si(&) strongly in C([0, 7]; E). |

We have the following technical result, whose proof constitutes of the arguments
from [21, Theorem 4.2.1, Corollary 4.2.1, Remarks 4.2.1 and 4.2.2].

ProrosiTiION 3.2 Let the sequence of functions {&,} C LP(0,t; E) be LP-integrably
bounded:

I (DN g<v(), foralln=1,2,..., and a.e. t€]0,1],
where ve LF(0,1). Assume that

x{&.(D}) < q(0)
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Jfor a.e. t€0,1], where g€ I”(0,7). Then for every §>0 there exists a compact set
Ks C E, a set ms C [0, 7], meas(m;s) <8 and a sequence of functions G5 C LP(0, t; E) with
values in Ks, such that for every n = 1 there exists b, € Gy for which

164(2) = bu(Dl e <2q() + 8, 1€[0, ]\ms.

In addition, one can choose the sequence {b,} so that b,=0 on mg and this sequence is
weakly compact.

Now using this result, we will prove the following proposition.

ProrosITION 3.3  Let the sequence {§,} CL”(0,7;E) satisfy the conditions of
Proposition 3.2. Then we have

x({sj(sn)(r)})@c,-( /0 ()l ds)", J=1. N—1,

for any t€][0, 7].

Proof We follow the arguments in [21, Theorem 4.2.2] with some slight
modifications. For any €>0, choose §€(0,¢) such that for all m ][0, ], with
meas(m) <3, we have

/ [v(s)|P ds < e.

Taking ms and {b,} corresponding to {§,} from Proposition 3.2, we have by
Proposition 3.1 that the sequences {S(b,)}, j=0,..., N —1 are relatively compact in
C([0, 7]; X). Furthermore

1S)E)(0 — SO}
< /0 1£4(5) — bu(s) Il ds

<G Ieo-holdrc [ el
0,1]\ms

[0,8]Nm;

< / [24(s) +8Y ds 4 C} / [v(s) ds
- J[0.1]\ms © Iy

!
<C§’(/ |2q(s>+e|1’ds+e).
’ 0

Therefore, the relatively compact set S;Gs(¢) forms a C( fol [2q(s) + €lP ds + e)fl’-net for
the set {S(&,)(1)}. This proves the proposition since >0 is arbitrary. |

Definition 3.2 A sequence {&,} in LP(0,7;E) is called semicompact if it is
I’-integrably bounded and the set {&,(¢)} is relatively compact in E for a.e. ¢ €0, 7).
ProrosiTioN 3.4 Let {§,} be a semicompact sequence in LP(0,t; E). Then {&,} is

weakly compact in L*(0,t; E). For each 0 <j < N —1, {S(&,)} is relatively compact in
([0, 7]; E). Moreover, if §,—&o then S(§,) — S{é0), j=0,...,N—1.

Proof The weak compactness of {&,} in L(0, t; E) is the consequence of the results
in [29, Corollary 3.4]. Since {§,(¢)} is relatively compact in E for a.e. 1€]0, 1],
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from Proposition 3.3, we have that for each j=0,..., N—1, the sequence {S{(£,)(1)}
is relatively compact in E for a.e. t €0, t].

On the other hand, from the assumptions, there exists a function ve L?(0, 1)
such that

1€, <v(r), forallm=1,2,..., and t€]0,1].
Thanks to the Holder inequality, one thus has

ns-(.snxrz) S ENDI g
/ (s — 8" £, ()ds — / (1= 69|

F(a T(a —Jj) H

15}

(12 — )77 '&,(s)ds

E

" r(a;_,) ”/0 (2 = 9" = (0 — 97 e (s)ds

# ¢ _ o\e=—Dp )”L< ? 14 )}1
<r(a_j)(/ (12 = 5) ds / )P ds
_ el a—j—1p’ 14
F(a j)</ (12 = 5) (t1 =) I d9> (/ [v(s)l d?),

where p’ is the conjugate of p. The last inequality implies that {Sy(&,)} is
equicontinuous in C([0,t]; £), and then it is relatively compact in C([0, t]; E).
The last conclusion follows the same lines as in the proof of Proposition 3.1. |

E

Lemma 3.5  Suppose that F satisfies (F1)—(F3). Then the composition
G=u"+SoPr
is a closed multioperator with compact values.

Proof 1t suffices to prove the assertions for SoPr. Let {v,} be such that v,— v* in
D,. Assume that &,ePgv,¢]) and z,=S&,) e SPvl¢l), z,—z" in
cM71([0, 7]; E). We prove that z* € S(P{v*[¢])). Since

{0} € F(t, (aleD), VVvu(0),

we see that {&,} is integrably bounded by (F2) and the following inequality holds
by (F3)

N—1
XUEDD <k(1) (w({mm)[}) +y x({vff"(z)})).
j=0

For each j=0,...,N—1, the sequence {W/)} converges in C([0,7]; £). Then
x((vY)(1)}) = 0 for a.e. 1€[0, 7]. On the other hand,

Y({OuleD ) = sup x({valel(z + 6)})

< sup x({va()}) = 0. (3.7

s€[0,1]
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Thus
x({&:(H)}) =0, fora.e. r€]0,1],

and then {&,} is a semicompact sequence. By Proposition 3.4, we may assume,
without loss of generality, that there exists £* € L7(0, t; E') such that

& —& and z,=S(,) — SE)=z"

Using Lemma 24, we obtain & e€Pr(v[¢]) and we deduce that
" =5(") € S(Pr(v'Ie)).

It remains to show that, for ve D, and {&,} chosen in Pr(v[¢]), the sequence
{S(&,)} is relatively compact in C¥~([0, z]; E). Hypotheses (F2)—(F3) imply that {£,}
is semicompact. Using Proposition 3.4, we obtain that Si(&,), j=0,...,N—1, is
relatively compact in C([0, t]; £). Therefore, {S(§,)} is relatively compact in
C71([0, 7]; E). The proof is completed. |

In order to prove the u.s.c. property of So P, we need the following result.

THEOREM 3.6 [21] Let X and Y be metric spaces and F:X— K(Y) a closed
quasicompact multimap. Then F is u.s.c.

LemMmA 3.7 Let the conditions of Lemma 3.5 hold. Then the multioperator G is u.s.c.

Proof In view of Theorem 3.6 and the result in Lemma 3.5, it suffices to check that
G is a quasicompact multimap. Let A C D, be a compact set. We prove that G(A) is a
relatively compact subset of CV7!([0,7]; E). Assume that {z,} CG(4). Then
z,=u"+ S(&,), where &,€Pr(v,[¢]), for a certain sequence {v,} C 4. Hypotheses
(F2)—~(F3) yield the fact that {§,} is semicompact and then it is a weakly compact
sequence in L7(0, t; E'). Similar arguments as in the proof of Lemma 3.5 imply that
{S(&,)} is relatively compact in CV7!([0,7]; E). Thus we have the desired
conclusion. |

We are in a position to prove that G is a condensing multioperator. We first need
an MNC constructed suitably for our problem. Denote

y: P(CYH(0, 7] E)) — R,

—Lt = d/
Y(Q) = sup e ' > x(— Q(t)). (3.8)

10,1 = de/

Here,
d/ d’
—Q =\ N Q
G720 = {550 veal.

and the constant L is chosen so that

N-1 y ;
¢ ;:4ch sup ( / e_L”(’_S)k”(s)ds> <1, (3.9)
=0 10

tel0,T

where k(-) is the function from condition (F3).
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Further, consider

modc : P(CN([0,1]; E)) — Ry,
mod(Q) = limsup max max |[v(1;) — v (1)l (3.10)

60, Q0<j<N—1 11—t <8

which is called the modulus of equicontinuity of € in CV~'([0,]; E). Consider the
function

v: P(CNTI([0,7]; E)) — R2,
V() = DT'Z‘Z&)(’”(D)’ modc(D)), (3.11)

where A(R2) is the collection of all countable subsets of 2 and the maximum is taken
in the sense of the ordering in the cone Ri. By the same arguments as in [21], one can
see that v is well-defined. That is, the maximum archives in A(€2), and v is an MNC in
the space CV7'([0,7]; £), which fulfils all properties in Definition 2.3 (see [21,
Example 2.1.3] for details).

Lemma 3.8  Under conditions of Lemma 3.5, the multioperator G:D,— K(D,) is
v-condensing.

Proof  Let Q C D, be such that
W(G(2)) = v(R). (3.12)

We show that © is relatively compact. Let v(G(2)) be achieved on a sequence
{z:} CG(Q), Le.

W(G(Q)) = (v({za}), modc({z}))-
Then
Zn = u" + S, & € Pr(vilg)) where {1} C Q.
Now inequality (3.12) implies
y({zu) = y({va ) (3.13)
It follows from (F3) that

N—1
X({E(9))) <k(s><w({(vn[¢])s}) +y x({fo)(S)}))
J=0

for every s €0, t]. In view of (3.1), we have

Y{(valeDh) = Zlirg x({vulgl(s +0)}) = 581?(?] x({vu(®)}).
Then
N-1 _
X&) <k(s)e™ (S‘[‘&’] @)+ ey x({v;”(s)}))
€[0,s =0

< ZeLSk(S)V({Vn })
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Now the application of Proposition 3.3 for §;, j=0,...,N—1, yields

x({s,<sn)(z>}><4c,( /0 ef’“kp(s>ds)”y({vn}> for any 1€ [0, 7]

Recalling that

Sf(%:n)([) dl‘f S(";:n)([) dt] Zn([) - dtf *(Z) = Z(/)([) *(Z) t=0,

we arrive at

N—1 N-1 d’
Yo =t ({400 - G
Jj=0

J=0
N-1 N-1 3
=Y (S ENON <4 Y c,( / ‘Lﬁ(z‘”k”(s)ds> ).
Jj=0 Jj=0
Putting this relation together with (3.13), we obtain
N-1 }
YD) <y((za) = sl[lop]e—“ D On <ev(va).
te|l,t j:0

Therefore y({v,})=0. This implies
x(OV0O) =0, j=0,...,N—1 forall r€[0,1].

Using (F2)—(F3) again, one gets that {£,} is a semicompact sequence. Then,
Proposmon 3.4 ensures that {Si(§,)} is relatively compact in C([0,7]; £) for
j=0,...,N—1. This yields that {z,} is relatively compact in C*~'([0, 7]; E). Hence
mod({z,}) =0. Finally,

W) = (0,0).
m

Now we go to the main results of this section. The following assertion is the local
existence result for (1.1)—(1.3).

THEOREM 3.9  Suppose that conditions (F1)~(F3) are satisfied. Then there exists
1€ (0, T'] such that problem (1.1)~(1.3) has at least one mild solution in Cg(—o0, 7).

Proof We take an arbitrary number p>0 and denote

=(K+ Dp+ Mlgplzg, K= max K(1), M= sup M(1),
€[0,7] 1e[0,7]

P ’ ’
pP=——, and Q= / lwp ()17 ds ) ,
p—1 0

where w,, is glven in Definition 2.7. Takmg into account that p > —— N a—NTT» it is obvious
that o —j — 1—7 > 0 for all j=0,. — 1. Thus we can take 7 € (0, T'], which is small
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so that
1 1 7 1P
SR 3.14
respesm et R G49
for all j=0,...,N—1.
Denote by B, the closed convex bounded subset of D, defined by
Pp ={ueD;: |lu- M*HCN*1 < p}.
Then for u € B, and v chosen from
G(u) = u* + S o Pr(ulg]),
we have
1 ! |
() — () < o [ =91 Tty
a—1
— .1
< =9 o 0, (3.1

for all # € (0, 7]. Here we use assumption (F2) with a note that
luglg + 1 VVu() | v < Kl o ) + MON@ls + lullevqo.:6)
<K+ Dllullev-1o, .8y + Mlolp
< 00-

An application of the Holder inequality to (3.15) gives

e L (e e g Y[ ’
1) u(z)ngsr(a)</0 (1 =) Pds) (/0 |wpo(s)|Pds)

1 1 wl_ P
< rr<s—,
F(a)Q[(a—l)p/~|—l] N

thanks to (3.14). Similarly, forj=1,...,N—1, we have

-

dei dﬂ

1 , :
e =) /0 (t — )" 7w (s)ds

o
< ( / t(x — g)le=br ds)ll( / t |, (5)]7 ds>'1’
(o —j) \Jo o

1

e e e,
Fla—j) " [(@—j—Dp +1
<P

N

So, the following estimate holds

N-1
Z sup

=0 1€l dﬂ

90— i) H <p
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or equivalently,

v =l ev1 0, s 5) < -

Therefore, G maps B, into B,. Hence, the proof is completed by invoking the
conclusion of Theorem 2.1. |

In order to get the global existence result, we need to replace assumption (F2)
with a stronger one. Precisely, we impose the assumption that
(F2') There exists a function w € L”([0, T']) such that

1E@, ¢, W) = sup{ll fllg : /€ F(1, &, U} <o)L + [¢]5 + U ),

for all ce B and U € EV.

In addition, we need the following version of generalized Bellman—Gronwall
inequality (see, e.g. [30]).
Lemma 3.10  Assume that f(¢), g(t) and y(t) are non-negative, integrable functions on
[0, T'] satisfying the integral inequality

y@<ﬂ0+£f@ﬁ®®,temTL

Then we have

! t
s<e)+ [ exnf [ r@0}oamas. ren.7)
THeorReM 3.11  Under assumptions (F1), (F2') and (F3), the set of solutions for
problem (1.1)—(1.3) on the interval [0, T is nonempty and compact.

Proof We apply Theorem 2.2 to prove that Fix§G is a nonempty compact set.
Combining the results of Lemmas 3.5, 3.7 and 3.8, it remains to check that, if ue€ Dy
is such that

u—u* € rMGu) —u*)
for A € (0, 1], then u must belong to a bounded setin CV7Y([0, T]; E). Indeed, we have

the inequality by using (F2') for j:O -1
-2 /a YT LG, s Va5
dﬂu dl‘/ F(a j) S S, Ug, u\s \)

i1
r(a J)/( — )7 ()1 + Juglg + VY u(s)|| v )ds.

Using the fact that
lusl g + 11V u()]| pv < Mlgls + (K + Dllull ev-1 o, 5 );

we have
ST Migls + 1
a—j—1
‘dtlu(t) \”UO”E\ k' +—=—— o — /(l‘ s) w(s)ds
K+1 i
+F(O{ j)/(l S) i OJ(S)”M”Cw 1([0, s1; E))dS
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for j=0,...,N— 1. By the Holder inequality, we get

N—1 Tk
H@”(’) SNl D5
Migls +1 I y _A_l< /T )
7= $)|P d.
" T @i vp1) o 1A
K+1 1 bt [ z
T —j)[(oz —j- l)p/+l] r (/0 ()Pl o, .y 95 ) -
Let
1 1 - 1
C: = 7 T(Yf/—;,
/ F(a—j)[(a—j—l)p/—i-l]
C=max{C;: j=0,...,N—1},
N-1 7k ;
g0 = N[ Uoll g~ Z o T NCMels + 1)(/ |l ()l dS> ;
k=
f(9) = [NC(K + DFeo(s), s€[0,T].
Then

1
P

Nl ev-1 (0, 4: ) < &0 + </ |F ()1 el - 10, 5] ds) .
This implies
!
W) <2'gh ~|—2P/ L£ () v(s)ds,
0

where v(7) = In accordance with Lemma 3.10, we obtain the estimate

||u||12‘N7]([O,[];E)'
(1) = Nl o, g5y <2 gf’<1 +/ eXp{Zp/ |f(9)|”d9}|f(s)|”ds>

for all £ €[0, T']. The last inequality leads to the fact that

lull ev-10, 71:£) < Ros

where

T T
R0=2g0\/<1+ [ el [ 1roraiora).

Finally, taking a =u" € D and applying Theorem 2.2 for
Up, = {ueDr: |lull v, 71,5y < R}

with R> R, we conclude that Fix G is nonempty compact set. |
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4. Properties of solution map

In this section we will study the continuous dependence of the solution set Xy of
problem (1.1)~(1.3) on the initial data (¢, U) e B x E". To attain these ends we will
need two additional hypotheses on the phase space B.

It will be supposed that

(B4) there exists />0 such that ||y (0)]| < /||¥]| 5 for all ¢ € B;
(BS) there exists m, 0 < m < 400, such that for every sequence {v,} C B with
1, — ¥olls — 0 the sequence {v,(A)} is relatively compact in E for every 6 € [—m, 0].

It is easy to see that both spaces presented as examples in Section 2.2 satisfy these
properties. In fact, /=1 in both cases, and m =400 in case (1) and m =r in case (2).
Further, we assume that the multimap F:[0, 7] x Bx EY — Kv(E) satisfies
conditions (F1), (F2') and the following slightly modified condition of x-regularity:
(F3’) there exists a function ke LF(0, T; E) such that for any bounded subsets
QCBand Q,CE, j=0,...,N—1, we have

X(F(l, Q, ﬁ Qﬂ) <k(l)( sup  x(Q(0)) + Nizl x(£ ))-
=0 -m<H<0 ‘=0
Now, we consider in the space B x EV x CV71([0, T]; E) the subset
A = {3 o, - - Hiy—15v) 2 Y(0) = Ty = v(0), il = V(0),..... ux—1 = vVD(0)),
which is closed by (534). We define a family of multioperators
WA PCNN(0, T E))
by
W(ys Uy, - .. in-1; v) = U+ S o Pe(v[y]),
where

N-1 tk
Zf"(z)zzﬁa‘k, 0<I<T.
k=0""

It is clear that ve W(y; g, ..., uy_1; v) implies that the function v[y] € Cx(—o0, T)
belongs to the solution set X (v, U), where U = (i, ..., ty_1).

LemMA 4.1 The multioperator V is closed, i.e., for any sequences {(\,, U,,v,)} CA
and w, € ‘I‘(Wm U, Vn), the  conditions ”wn - wO”B_) 0, U, — UO”EN — 0,
lvi = volley-1 = 0, and |lwy — wolley-1 — 0 imply wo € W(ro, Uy, vo).

Proof Consider a sequence {f,} C L*(0, T; E) such that f, € Pr(v,[v,]) and

wn = U, + S(f). 4.1)
Here,
N-1 ok
(0= @), O0<I<T,
k=0 """

and (i),, k=0,...,N—1 are the components of U,,.



Downloaded by [National Sun Y at-Sen University] at 19:51 29 July 2012

20 T.D. Ke et al.

From hypothesis (53) it follows that the sequence {v,[v,];} is uniformly bounded
with respect to 1 €[0, T']. Then (F2") implies that the sequence {f,,} is L’-integrably
bounded.

Further, from condition (F3’) we get for a.e. 1€[0, T']:

XU (D < x(F (2, (val ] ). (UY))
N—-1
< k(l)( sup NAAVAKONEDS x({@)n}))

—m<0<

J=0

=k(r) sup x({valv],(0)})

-m<6<0
k([) max H Sup0<1<t X({Vn(f)}), Supl—m<r’<0 X({’ﬁn(f/)})} 5 if 0 <t<im,
k() sup  x({va(D)}), iftm<t.
—m<Tt<!1

Applying hypothesis (B5), we conclude that both values are vanishing and so the
sequence { f,,} is semicompact. By Proposition 3.4 and Lemma 2.4, we may assume,
with loss of generality, that f,— fy,, where fo€Pr(vo[vvo]). Applying again
Proposition 3.4, and passing to the limit in (4.1), we obtain

wo = iy + S(fo),
concluding the proof. |

Now we are in position to prove the main result of this section. Denote by E the
closed subset of the space B x EV defined by

E:={(y,U)= ;... uy-1): ¥(0) =1}
For (p,U)€ &, let Xp(p, U)CCr(—o0,T) be the set of solutions of problem
(1.1)—(1.3).
THEOREM 4.2  Under conditions (B1)—~(B5), (F1), (F2') and (F3'), the multimap
Yr: 8 — P(Cg(—00,T))
is upper semicontinuous.

Proof At first, we prove the upper semicontinuity of the multimap
Y:E— K(CYY([0, T]; E)) defined as

Y(p,U) ={ve¥(p, U,v)).

Suppose to the contrary that there exist gy, and sequences {(¢,, U,)} C 8, with
”(pn - QDOHB_) 0, ” Un - UO”EN - O, {vn} C CN?I([Oa T]a E)’ v, € T(‘pna Un) such that

vn & Wey(Y(go, Uo)), n =1, (4.2)
where W, denotes the gp-neighbourhood of a set. We have
Vn € llj(gona Uﬂa Vn)s n Z 15 (43)

i.e.,

Vn = a*n + S(fn)a
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where

o
wi(r) = E(uk)”’ 0<1<T,

and fn € PF(Vn[wn])~
Applying the same reasoning as in the proof of Theorem 3.11, we may conclude

that the sequence {v,} is bounded. Now, using condition (F3’) and hypothesis (55)
we obtain the following estimate for a.e. s €[0, 7]:

XU ON < x (FGs, alpal ), (Un})
<k(s) sup X({Vn[%]s(@)}) =k(s) sup x({va(D)}).
-m<60<0 0<t<s
From this we obtain, as in the proof of Lemma 3.8, that y({v,})=0, and the set
{f.()} is relatively compact for a.e. 1 €[0, T'].

From the boundedness of the sequences {¢,}, {U,} and {v,}, by condition (F2'), it
follows easily that the sequence {f,} is LP-integrably bounded and hence,
semicompact. Then from Proposition 3.4 it follows that the sequence {v,} is
relatively compact and so we may assume, without loss of generality, that
Vv, — vo€ CVN7Y([0, T]; E). But then from Lemma 4.1 and (4.3) it follows that

vo € W(¢o, Up, vo),

contrary to (4.2).
Now note that the multimap X may be presented as the composition of the
multimap IT: E — P(A),

(e, U) = {e} x {U} x Y(p, U),

and the continuous map «: A — Cg(—o00, T'), k(¢, U, v) = v[¢]. From Theorem 3.11 we
know that each value Y(¢, U) is compact. Applying the continuity properties of
multimaps (see, e.g. [21]), we finally deduce that the multimap X is u.s.c. |
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