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Abstract

We study in this paper the existence and approximation of solutions of variational in-
equalities involving generalized pseudo-contractive mappings in Banach spaces. The conver-
gence analysis of a proposed hybrid iterative method for approximating common zeros or
fixed points of a possibly infinitely countable or uncountable family of such operators will
be conducted within the conceptual framework of the “viscosity approximation technique”
in reflexive Banach spaces. This technique should make existing or new results in solving
variational inequalities more applicable.

1 Introduction

Variational inequalities were initially studied by Stampacchia (cf. [18]), which cover various
problems from partial differential equations, optimal control, optimization, mathematical pro-
gramming, mechanics and finance, as some special cases (see, e.g. [13],144]). Below is a famous
result.

Theorem 1.1 (Projection Gradient Method [44]) Let C be a nonempty closed convex subset of
a Hilbert space H, let F : C — H be a k-Lipschitzian and n-strongly monotone operator, and
let Po be the metric projection from H onto C. Then the following hold:

(i) For any p in (0,2n/K?%), the mapping Pc(I — uF) : C — C is a contraction.
(i1) For any x1 in C, the sequence {x,} generated by the Picard iteration process:
Tny1 = Po(I — uF)zn, VneN, (1.1)

converges strongly to the unique solution of the variational inequality
VIH,C,F,n): find w in C such that (Fu,u —wv) <0 for all v in C.

The fixed-point formulation (|1.1]) involves the projection mapping Pr, which might not be
easy to compute, due to the complexity of the convex set C. In order to reduce the complex-
ity probably caused by the projection mapping Pr, Yamada (see [40], and also [11]) recently

*2000 Mathematics Subject Classification: 47H09, 46B20, 47H10.

*Key words and phrases: Nearly Lipschitzian mapping, ¢-strongly pseudo-contractive mapping, generalized
d-pseudo-contractive mapping, variational inequalities, viscosity approximation method.

*This research is supported partially by Taiwan NSC grants 96-2115-M-110-004-MY 3, 98-2923-E-110-003-MY 3

fDepartment of Mathematics, Banaras Hindu University, Varanasi-221005, India. E-mail:  dr-
sahudr@gmail.com

iDepartment of Applied Mathematics, National Sun Yat-Sen University, Kaohsiung 804, Taiwan. E-mail:
wong@math.nsysu.edu.tw, yaojc@math.nsysu.edu.tw



introduced a hybrid steepest descent method for solving the problem
VIH,F(T),F,n): find w in F(T) such that (Fu,u —v) <0 for all v in F(T).

Here is the idea. Suppose T (e.g., T = P¢) is a nonexpansive mapping from a Hilbert space
H into itself with a nonempty fixed point set F(T'), and F is k-Lipschitzian and n-strongly
monotone over the range T'(H) of T. Take a fixed number p in (0,2n/k2) and a sequence {\,}
in (0, 1) satisfying the conditions

(L1) A\, — 0,
(L2) 372, Ap = +00, and

(L3) limy—oo(An — Apg1)/A2,; = 0.

Starting with an arbitrary initial guess z¢ in H, one generates a sequence {x,} by the following
algorithm:
Tpy1 =Ty — A1 F(Tzp), Vn >0. (1.2)

Yamada [40, Theorem 3.3, p.486] proved that the sequence {z,} defined by (1.2)) converges
strongly to a unique solution of VI[H, F(T),F,n).

In the case when {T1,T%,...,Txn} is a finite family of nonexpansive mappings satisfying
N
ﬂ F()=FMNTy --Tn)=F(INT\ - Tn-1) = -+ = F(TyT3-- - TNTY). (1.3)
i=1

Yamada [40] studied the following algorithm:
Tn4+1 = T[nJrl]xn - An+1ufﬂn+1}xnv n > 0. (14)

Here, Tj;) = T} 1moq n for 7 in N, and the sequence {\, } satisfies the conditions (L1), (L2), and
oo

(L4) > A — Mgn| < +oo.
n=1

In 2003, Xu and Kim [39] further considered and studied the hybrid steepest-descent algo-
rithms and . Their major contribution is that the strong convergence of algorithms
and holds with conditions (L1), (L2), (L3) and (L4) assumed, still in the framework
of Hilbert spaces. They also established the strong convergence with conditions (L3) be replaced
by

(L5) hmn_,oo()\n — An—l—l)/)\n-i-l = 0,
and (L4) be replaced by
(L6) limy—oo(Ay — Aptr) /Angr = 0 for all r.

Following Xu and Kim [39], several authors discussed this kind of problems assuming
in the context of Hilbert spaces and g-uniformly smooth Banach spaces (see, e.g. [7, [45]).
Zeng, Schaible and Yao [45] obtained a more general result in this direction, in which F is
demicontinuous and ¢-strongly accretive with domain Uf\; 1 Ti(H).

In this paper, we will study variational inequality problems concerning a closed convex subset
C of a smooth Banach space X. Let D be a nonempty closed convex subset of C', let J : X — X*



be the normalized duality mapping, and let F : C — X for which A = I — F is a generalized ®-
pseudo contractive nonlinear operator associated with a strictly increasing function @ : [0, 00) —
[0, 00) satisfying ®(0) = 0. We consider the following generalized variational inequality

GVI(L.5)[C,D,F,®]:  find z in D such that (Fz, J(z —v)) <0 for all v in D. (1.5)

Concrete definitions for the notations will be given in Section 2]

Motivated by [0, 15 45], we will investigate in Section [3| the existence of the solutions of
GVI [C, D, F,®], under certain assumptions on the nonlinear operator F and that D is a
set of common zeros or fixed points of a possibly infinitely countable or uncountable family of
demicontinuous nonlinear operators on a reflexive Banach space. In order to broaden the scope of
applicability of the existence results, we propose in Section 4 a unified hybrid iterative algorithm
obtained by coupling a ¢-strongly pseudo-contractive operator A and members of a possibly
infinite family of demicontinuous non-Lipschitzian mappings. We investigate its asymptotic
behavior for approximating solutions of GV'I [C’, D, F,®] under mild control conditions on
iteration parameters. We also propose in Section [5]a parallel algorithm to remove the assumption
. Our iterative method generalizes and improves most of the existing methods for viscosity
approximation (see, e.g. [0l [8, 9, B2, B3] 37, 39 41]) and hybrid steepest-descent methods for
variational inequalities involving demicontinuous non-Lipschitzian nonlinear mappings (see, e.g.
[39, 40, [45]). We shall demonstrate how to use our results in solving the image recovery problems
for an example of possible applications.

2 Preliminaries

Throughout this paper (X, || - ||) is a real Banach space with unit sphere S = {z € X : ||z]| =

1} and Banach dual space (X*,| - |l«). A Banach space X is said to be smooth provided

limy_g+ (||z + ty|| — ||x||)/t exists for each 2 and y in S. In this case, the norm of X is said to

be Gateaux differentiable. It is said to be wuniformly Gateaux differentiable if for each y in S,

the above limit is attained uniformly for z in S. It is well known that every uniformly smooth

space (e.g., L, space, 1 < p < 0o) has a uniformly Gateaux differentiable norm (see e.g., [10]).
Let J : X — 2X" be the normalized duality mapping. In other words,

J@)={feX": fx) = |z|>=fI*}, VreX.
In case X is smooth, J is a single-valued norm to weak® continuous mapping. When X is strictly
convex, J(z) N J(y) = 0 for distinct z,y in X (see, e.g., [10]).
2.1 Various contractive mappings

Let T': C' — X be a nonlinear mapping with domain C' C X. The fized point set of T is defined
by
FT)={zeC:Tx =z}

The mapping T is said to be
1. demicontinuous if Tx, — Tx weakly whenever x,, — x in norm in C,
2. nonexpansive if |Tx — Ty| < ||z — y|| for all z,y in C;

3. uniformly L-Lipschitzian if there exists a constant L > 0 such that

|T"z — T"y|| < L||x — y||, Vz,y € C,¥neN;



4. pseudo-contractive if for all z,y in C, there exists j(z — y) in J(x — y) satisfying
(Tz — Ty, j(x—y)) <z —yl*

5. ¢-strongly pseudo-contractive if there exists a strictly increasing function ¢ : [0, 00) — [0, c0)
with ¢(0) = 0 such that for all z,y in C' we have j(x — y) in J(x — y) satisfying

(Tx — Ty, j(z —y)) < llz =yl = ol — yl) =~y

6. generalized ®-pseudo-contractive (cf. [3, B8]) if there exists a strictly increasing function
® : [0,00) — [0,00) with ®(0) = 0 such that for all z,y in C, we have j(z — y) in J(z — y)
satisfying

(Tz — Ty, j(z —y)) < llz = y|I* = 2(|l= — yl)-

We remark that A := I —T is accretive (resp., ¢-strongly accretive, uniformly accretive) if T
is pseudo-contractive (resp., ¢-strongly pseudo-contractive, generalized ®-pseudo-contractive),
where I is the identity operator. As accretive operators play important roles in the study of
nonlinear evolution equations in Banach spaces, the pseudo-contractive mappings have been
widely studied.

The modulus of continuity of a continuous mapping 7' on C' is the function wr : [0,00) —
[0, 00) defined by

wr(t) i=sup{|[Ta — Ty|| s 2,y € Cs o -yl <1},

Clearly, | Tz — Ty|| < wr(||lx —y||) for all z,y in C. If T is uniformly continuous, then wr is
nonnegative, nondecreasing, continuous on (0, c0), and wr(0) = 0.

A nonempty closed convex subset C' of a Banach space X is called a retract of X if there
exists a continuous mapping P from X onto C such that Px = x for all z in C. We call such
P a retraction of X onto C. A retraction P is said to be sunny if P(Pz + t(x — Px)) = Px
for each z in X and t > 0. If a sunny retraction P is also nonexpansive, then C' is said to be a
sunny nonexpansive retract of X.

2.2 Asymptotic properties of a family of nonlinear mappings

Let C be a nonempty subset of a Banach space X and fix a sequence {¢,} in [0, c0) with ¢, — 0.
Throughout this paper, G denotes an unbounded subset of R := [0, 00) (often G = N or RT).

We adapt the following definitions from [Il 26, 27, 28]. A family 7 := {Ts : s € G} of
mappings from C' into itself is said to be

1. uniformly continuous on C' if each member of 7 is uniformly continuous on C}

2. nearly uniformly L-Lipschitzian associated with net {c;} if there exist a constant L > 0 and
anet {¢; : t € G} in [0, 00) with lim; .o ¢; = 0 such that

I Tex — Tyyll < Lllz — yll + ¢, Yo,y € OVt € G,
3. nearly asymptotically nonexpansive associated with the net {(c,n(T;))} if there exist two nets
{ct :t € G} in [0, 00) with limy_,o ¢; = 0 and {n(T}) : t € G} in [1,00) with lim; oo n(T}) =1

such that
|Tix — Tyy|| < n(Ty)|lx —yll + ¢, Vz,y € OVt € G;

4. uniformly asymptotically reqular on C' if

lim sup||Tiz — T,Tz|| =0, for all s € G and bounded C C C.
teG, t—oo el



A sequence S := {T,} of mappings from C into itself is said to be

5. asymptotically m-regular at a point xy in C' if lim ||T,z¢o — T, Tzl = 0;
n—oo

6. asymptotically reqular at a point xg if it is asymptotically 1-regular at xg.

We also say that 7 := {T; : s € G} satisfies property (/) if for each bounded set {zs : s € G}
in C, we have

() lim (zs — Tszs) =0 = lim (x5 — Tyzs) =0, VteG.

§—00 S§—00

It is easy to see that if 7" has property A, then every approximate fixed point (resp. fixed point)

of any member in 7 is a common approximate fixed point (resp. fixed point) of all members in
7.

Remark 2.1  (I) Let 7 be a singleton, i.e., 7 = {T'}, or Ts = T for all s in G. Then {T'}
always has property ().

(IT) Assume 7 = {T; : s € G} is a uniformly continuous semigroup and uniformly asymptoti-
cally regular on C. Then 7 has property (7). Indeed, for a bounded set {ys : s € G} in
C with lim (zs — Tszs) = 0, we have

§—00

Hys - Tsysn + ||Tsys - TthySH + HTthys - TtySH

lys — Toysl| +  sup || Tsy — TiToy|l + wr, (lys — Tsysl]) — 0
ye{yyv€G}

Hys - TtySH <
<

as s — oo for all ¢t in G.

The example below shows that there exists a nonexpansive mapping which is not asymptot-
ically regular. However, a nontrivial convex combination T\ = (1 — \)I + AT of nonexpansive
mappings turns out to be asymptotically regular in a general Banach space (see [1]).

Example 2.2 Let C' be a bounded symmetric subset of a Banach space X containing 0. Let
Tr = —z, Vo € C. Let T = {T™ : n € N} be the semigroup generated by the nonexpansive
mapping T : C' — C with F(T) = {0}. Then sup,_g [Tz — T""'z| = 2sup, _g ||| for all

CccC. Clearly, 7 is not uniformly asymptotically regular on C, but it is 2-regular on C.

2.3 Some known results

In subsequent sections, we shall make use of the following results.

Lemma 2.3 (see [1,, [22]) Let C be a nonempty closed convex subset of a reflexive and strictly
conver Banach space X, and let x € X. Then there exists a unique element xqg in C such that
x — xo|| = inf ||z — gy
lz = o]l = inf [lz —y]

Let f be a continuous linear functional on {,. We use f,,(Z,4m) to denote

f(xm—&-lu Tm+2, Tm+3," " y Tm4n, """ ))

for m = 0,1,2,.... A continuous linear functional j on Iy, is called a Banach limit if ||j|. =
Jj(1) =1 and jp(zp) = jn(xny1) for each = = (21,22, ) in .
Fix any Banach limit and denote it by LIM. Note that || LIM ||, = 1,

liminf ¢, < LIM,t, < limsup t,,

n—oo n—00



and
LIM,, t, = LIM,, tpt1, V(tn) € lo-

Let T = {Ts : s € G} be a collection of self-mappings on C' C X. For a bounded sequence
{yn} in C, let
M{yn} ={y € C:LIM, |lyn — 3/“2 = iggLIMn lyn — l‘Hz}

Lemma 2.4 (Ha and Jung [14, Lemma 1]) Let X be a Banach space with a uniformly Gateauz
differentiable norm, C' a nonempty closed convex subset of X, and {x,} a bounded sequence in
X. Let LIM be a Banach limit and y € C. Then

ye My, < LIMy(z—y,J(z,—y) <0, Vzel.

Lemma 2.5 (Goebel and Reich [12, Lemma 13.1]) Let C be a nonempty convex subset of
a smooth Banach space X, let D be a non-empty subset of C, and let P be a retraction from C
onto D. Then the following are equivalent:

(a) P is sunny and nonexpansive.
(b) (x — Px,J(z — Px)) <0, for all z in C and z in D.

(C) <.’IJ - y,J(PI’ - Py)> > pr - PyH27 fOT’ all T,y in C.

Proposition 2.6 (Bruck [5]) Let C be a nonempty closed convex subset of a strictly convex
Banach space X. Let S = {T,, : n € N} be a sequence of nonexpansive mappings from C into itself
such that F(S) # 0 and let {a,} be a sequence of real numbers in (0,1) such that >">° | ay = 1.
Then Tz =2 | o Tpx defines a nonexpansive mapping on C with F(S) = F(T).

Lemma 2.7 (Alber and Guerre-Delabriere [2]) Let {a,} and {8,} be two sequences of
nonnegative real numbers such that lim, o Bn/om = 0 and Y 7 | oy = +00. Let ¢ : [0,00) —
[0,00) be a continuous and nondecreasing function such that ¢(0) = 0 and ¢(t) > 0 for t > 0.
Let {\,} be a sequence of nonnegative real numbers satisfying the recursive inequality:

Ant1 < Ap — an¢<)\n) +Bn, YneN.

Then {\,} converges to zero.

3 Existence Results

Proposition 3.1 Let A: C — C be a continuous generalized ®-pseudo-contractive mapping of
a nonempty closed convex subset C' of a smooth Banach space X. Let T = {Ts : s € G} be a
family of continuous pseudo-contractive mappings from C' into itself.

(a) For any s in G and scalar bs in (0,1), there exists a unique point ys in C' such that
Ys = bsAys + (1 - bs)Tsys- (3'1)
(b) If v is a common fized point of T, then

(ys — Ays, J(ys — v)) <0.



Proof. (a) Set ®;(-) := bs®(-) for each s in G. The mapping

TA(y) = bs Ay + (1 —bs)Tsy, YyeC,

is continuous and generalized ®,-pseudo-contractive. Indeed, for x,y in C,
< bs(llz =yl = @(lz — yl)) + (1 = b |z — yI?
= |lz = ylI* = s([l= — yl)).

Note also that ®4(-) is a strictly increasing function with ®4(0) = 0. By Xiang [38, Theoerm
2.1], T4 has a unique fixed point y, in C satisfying .

(b) Suppose that v is a common fixed point of the family 7. Since each Ty is a pseudo-
contractive,

<ys —Tsys, J(ys - 'U)> = <ys —v+Tov — Tyys, J(ys - 'U)>
= |lys — U||2 — (Tsys — Tsv, J(ys —v)) > 0.

From (3.1f), we have

(ys = Ays, J(ys —v)) = (1 = bs)(Tsys — Ays, J(ys — v))
= (1 - bs)<Tsys —Ys + Ys — Ays, J(ys - U)>

It follows that

1—bs
(Yys — Ays, J(ys —v)) = 7 (Tsys — ys, J(ys —v)) <0,

as asserted. O

Let 7 = {Ts : s € G} be a family of mappings from a nonempty convex subset C' of a Banach
space into C' and A : C — C. Denote by

Er(C)={xe€C:Tsx =X x+ (1 — \)Ax for some A > 1 and s in G}.

Theorem 3.2 Let C' be a nonempty closed convex subset of be a reflexive Banach space X with
a uniformly Gateauzx differentiable norm. Let A : C' — C be a continuous generalized ®-pseudo-
contractive mapping with a bounded range A(C). Set F =1 —A. Let T = {T; : s € G}
be a family of continuous pseudo-contractive mappings with property (/) such that Er(C) is
bounded. Suppose every nonempty closed convex bounded subset of C' has the fixed point property
for nonexpansive self-mappings. Then we have the following:

(i) GVIB2)[C,F(T),F,®|:
find z in F(T) such that (Fz,J(z —v)) <0 for all v in F(T) (3.2)
has a unique solution y* in F(T).

(ii) Let {bs}sec be a scalar net in (0,1) such that lim bs = 0. The net {ys} described by

S—00
converges strongly to y* as s — oo.

Proof. (i) From [21, Theorem 6] we know that the mapping 2I — T} has a nonexpansive inverse,
denoted by g;, which maps C into itself with F(T;) = F(g¢) for t in G. Proposition [3.1j(a) shows
that there exists a unique point ys in C' satisfying (3.1). From (3.1]), we have

Ys — Tsys = bs(l - bs)il(Ays - ys)‘



One can easily see, by the boundedness of E7(C) and A(C), that ys — Tsys — 0 as s — co. By
property («7), we have ys — Tyys — 0 as s — oo for all ¢ in G. This implies that ys — gys — 0
as s — oo for all ¢ in G. We can choose a sequence {s,} in G such that lim,,_,o s, = c0. Set
Yn = Ys, . Fix an arbitrary Banach limit LIM, and define a function ¢ : C' — R* by

o(x) := LIM,, ||ly, — z||?, VzeC.

Set
M= {y € Cply) = inf (o)} (3.3)

Note that X is reflexive, p(x) — oo as ||z| — oo, and ¢ is a continuous convex function. By
Barbu and Precupanu [4, Theorem 1.2, p. 79], the set M is nonempty. By Takahashi [34], we see
that M is also closed, convex and bounded. Moreover, M is invariant under g, i.e., g,(M) C M
for all v in G. In fact, we have for each y in M,

©(g+y) = LIM, ||y — gyy|1* < LIMy, [lg49n — goyl> < LIM,, [lyn — ylI> = ¢ ().

By assumption, each g, has a fixed point y, in M. As the family {g, : v € G} has property
(A), it has a common fixed point in M, that is, MNF(7T) # (. Let y* € F(T)N M. By Lemma
we have LIM,,(z — y*, J(y, — y*)) <0 for all z in C. In particular,

LIM,(Ay" — y*, J(yn —y")) < 0. (3.4)

By Proposition [3.1(b), we have

(Yn — Ayn, J(yn —v)) <0, VneNVve F(T). (3.5)
From (3.5)), we have
lyn —¥* 1> = (yn — Ayn + Ayn — Ay* + Ay* — ", T (yn — "))
< Nyn = o7 = @lyn — v*ID) + (Ay* — v, J(yn — ¥7))- (3.6)

From and (3.6), we obtain LIM, ®(||y, — y*||) < 0. Thus, there exists a subsequence of
{yn}, still denoted by {y,}, such that y, — y*.

We now show that y* is a solution of GVI(3.2)[C, F(T), F,®]. For fixed v in F(7T), we have
{yn — v} is bounded. It follows from that

W = Ay, J(yn —v)) = Y —Un+Yn — Ayn + Ayn — Ay*, J(yn — v))
< W —yn+ Ay — Ay", I (yn —v))
< Ny = yn + Ayn — Ay |lyn — V||
<

ly* = yn + Ayn — Ay*[| sup |lym —vl|, Vn eN. (3.7)
meN

Since the duality mapping J is single-valued and norm to weak® continuous, by passing to a
subsequence we have

" = Ay, I (yn, —v)) = (" = Ay, J(y" —v)).
Using the continuity of A we get from (3.7) that
(" —Ay", J(y" —v)) <0, VveF(T).

It follows that y* is a solution of the variational inequality GVI(3.2)[C, F(7T),F,®]. One can
easily see that y* is the unique solution of GVI(3.2)[C, F(T), F, ®].



(ii) Assume that {¢,} is another sequence in G with lim ¢, = oo such that y,, — z*.
n—oo

Then as shown in (i), 2* is also a solution of GVI({3.2)[C, F(T),F,®]. By uniqueness, z* = y*.
Therefore, {ys} converges strongly to y*. O

The next theorem extends the results of Kikkawa and Takahashi [I7], Takahashi [35], Wong,
Sahu and Yao [37] and many others from nonexpansive mappings to a semigroup of nonexpansive
mappings.

Theorem 3.3 Let C' be a nonempty closed convex subset of a reflexive Banach space with a
uniform Gateaux differentiable norm. Assume that C has normal structure. Let A : C — C
be a continuous generalized ®-pseudo-contractive mapping with a bounded range A(C), and let
T ={Ts : s € G} be a semigroup of nonexpansive mappings from C into itself with property
(o) such that E7(C) is bounded. Then the conclusions of Theorem[3.9 hold.

Proof. Using the argument of the proof of Theorem we obtain that the set M defined by
is nonempty, closed, convex, bounded, and invariant under {7s : s € G}. Theorem 1 of Lim
[19] implies that the commuting family {75 : s € G} has a common fixed point in M. Similar
to the proof of Theorem one can show that {ys : s € G} converges strongly to a common
fixed point y* of 7 as s — o0. d

Theorem 3.4 Let C be a nonempty closed conver subset of a strictly convex reflexive Banach
space with a uniform Gateaux differentiable norm. Let A : C — C be a continuous generalized
®-pseudo-contractive mapping with a bounded range A(C), and let T = {T, : s € G} be a family
of continuous pseudo-contractive mappings from C into itself with property (< ) such that E1(C)
is bounded and F(T) # 0. Then the conclusions of Theorem[3.3 hold.

Proof. To utilize the arguments in the proof of Theorem [3.2] we need to show that the set M
defined by (3.3) has a common fixed point of the family {g, : v € G}. As F(T) # 0, we can
find v € (,ep £'(gy). Then the set

Mo ={u€M:|Ju—v]| = inf lz— o]}

is a singleton since X is strictly convex (see Lemma . Let My = {up} for some ug in M.
Observe that
lgyuo — vl = llgyuo — gyvll < fluo — v|| = inf ||z — o]
xeM

Thus, gyuo = u for all v in G' and hence (¢ F'(gy) N M # 0. O

We remark that Theorem is a far more general result than those in the existing literature
of this nature. In particular, it extends Jung and Sahu [16, Theorem 1], Morales [23, Theorem 2],
Morales and Jung [24, Theorem 2], Takahashi [35] from the class of nonexpansive or Lipschitzian
pseudo-contractive self-mappings to the more general family of pseudo-contractive self-mappings
of a Banach space.

Let C be a closed convex subset of a Banach space X. A mapping 7' : C' — X is said to
be c-pseudo-contractive (cf. [15]), if there exists a monotonic function A : [0,00) — [0, 00) with
lim;_,o+ A(t) = 0, and L > 0 such that for all u,v,z,y in C, there exists some j in J(z — y)
(depending on u, v, z,y) such that

(Tu—Tv,j) < h(lu— 2| +[lv = yll) + Lllz — y||*.

The mapping T is said to be locally c-pseudo-contractive if for each z in C, a number r > 0 exists
such that T': C N B(z;r) — C is c-pseudo-contractive. We remark that any locally Lipschitzian
mapping is c-pseudo-contractive.



Proposition 3.5 Let C be a nonempty closed convexr subset of a Banach space X and T a
demicontinuous, pseudo-contractive, and locally c-pseudo-contractive mapping from C into itself.
Let Ap : C — X be a mapping defined by Ap :== 1+ r(I —T) for any r > 0. Then we have the
following:

(a) The range of Ap contains C, i.e., C C Ap(C).

(b) A7 is nonezpansive from Ar(C) into C, and the fized point sets F(A;') = F(T).

(c) If X is strictly convex, then F(T) is closed and convez.

Proof. (a) Let z be a point in C. Then it suffices to show that there exists = in C' such that
z = Ap(z). Define g : C — C by g(z) = (1 4+ r)"}(rTx + z). Then g is a demicontinuous,
r /(14 r)-strongly pseudo-contractive, and locally c-pseudo-contractive mapping. By Hester and
Morales [I5, Theorem 4], there exists x in C with g(z) = =, i.e., z = Ar(x).

(b) By the pseudocontractivity of T', we have

[z =yl < NI +r(I =Tz = [I+r(I =Dyl = [|Ar(z) = Ar(y)ll, Yo,y €C.

It follows that Ap is one-one. Therefore, A;l is nonexpansive from Ap(C) into C. Clearly, we
have F(A7Y) = F(T).

(c) By the continuity of A7, one sees that F(T) is closed. The convexity of F(T) follows
from Agarwal, Regan and Sahu [I, Theorem 5.2.27]. O

Recall that an accretive operator A is said to be m-accretive if R(I +rA) = X for all r > 0.
It is well known that every continuous accretive operator on X is m-accretive (see, Martin [20]).

As a direct consequence of Proposition (a), we derive an interesting new result, which is a
significant improvement of a corresponding result of Martin [20].

Corollary 3.6 Let X be a Banach space and let A : X — X be a demicontinuous accretive
operator such that I — A is locally c-pseudo-contractive. Then A is m-accretive.

Theorem 3.7 Let C be a nonempty closed conver subset of a strictly convex reflexive Banach
space with a uniformly Gateaux differentiable norm. Let T = {Ts : s € G} be a family of
demicontinuous, pseudo-contractive, and locally c-pseudo-contractive mappings from C' into itself
with property (<), and F(T) # 0. Let {bs} be a scalar net in (0,1) such that SILIIOlO bs =0, and

for each u in C, suppose
E,={ze€C :Tsx =tx+ (1 — t)u for somet > 1 and s in G}
is a bounded set. Then, for each s in G, there exists a unique point ys in C such that
ys = beu-t (1 —by)Tys, (3.8)
Moreover, {ys} described by (3.§) converges strongly to Qu in F(T) as s — oo, where Q so

defined is a sunny nonexpansive retraction from C onto F(T).

Proof. For each s in G, the mapping T¥(y) := bsu + (1 — bs)Tsy is a demicontinuous, (1 — bs)-
strongly pseudo-contractive and locally c-pseudo-contractive mapping. Hester and Morales [15]
Theorem 4] implies that there exists a unique point ys in C satisfying . The constant map
Ax := u is a continuous generalized ®-pseudo-contractive mapping from C into C'. Using the
argument of the proof of Theorem we obtain that (ys — u,j(ys —v)) <0 for all v in F(7),
and {ys} converges strongly to y* in F(7). Let Qu := SIL% ys. Note that Qu is the unique

solution the following variational inequality:
(Qu —u, J(Qu —wv)) <0 for all v in F (7).

One can easily see from Proposition that F'(7) is closed and convex. Therefore, Lemma
shows that () is a sunny nonexpansive retraction from C onto F(7). 4
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4 Convergence of a hybrid iterative method

In this section, we assume that X is a Banach space with a uniformly Gateaux differentiable
norm, and C is a nonempty closed convex subset of X. Let A : C — C be a ¢-strongly pseudo-
contractive mapping, and let F = I — A. Let 7 = {T : s € G} be a family of pseudo-contractive
mappings from C' into C' with a nonempty common fixed point set F'(7). Let {\,} and {6,,} be
two sequences of real numbers in (0, 1] with A, (1+6,) < 1 for all n in N, and let {s,,} be another
sequence in G such that lim, .. s, = co. Assume that the following GVI[(LI)[C, F(T), F, ¢]
has a unique solution y* in C"

Find z in F(7) such that (Fz, JJ(z —v)) < 0 for all v in F(7). (4.1)

Motivated by Bruck [6], we now introduce a hybrid iterative method, called a functional
Bruck method, for finding the unique solution y* of GVI{.1)[C, F(T), F, ¢].

Algorithm 4.1 Given z; in C, a sequence {z,} in C is constructed as follows:
Tog1 = (L= A (1 4 0n))xn + M Ts, xn + ApbpAx,,  for all n in N. (4.2)
In order to establish the main result of this section, we need the following lemma.

Lemma 4.2 Let C be a nonempty closed convexr subset of a Banach space X with a uniformly
Gateauz differentiable norm, and let A : C — C be a continuous strongly ¢-pseudo-contractive
mapping with a bounded range A(C). Let T = {Ts : s € G} be a semigroup of demicontinuous
pseudo-contractive and nearly uniformly L-Lipschitzian mappings from C' into itself associated
with the net {as} with property (<) and F(T) # 0. Let {\,,} and {b:} be in (0,1) such that
limy, 00 Ay = limy—oo by = 0. For m in N, let S, = {Sm : t € G} be the family of mappings
St C— C defined by

St = (1 —Ap)x + A\pTyx, VoeC, Vted. (4.3)
For m in N and t in G, let zy; be the unique point in C' described by
Zm7t = btAZm7t + (1 — bt)Sm,th,t' (44)

Suppose iMoo 2m ¢ = zm exists for each m in N. Then all z,, = y*, where y* in C is the
unique solution of GVI[EI)[C, F(T),F,¢]. Moreover, for any bounded sequence {z,} in C we
have

lim sup(Ay™ — y*, J(z, — y*)) <O0.

n—oo
Proof. Let m € N. Note that
(1= A)llz = yll + Al T — Tayl|

<
< (=)l =yl + Am[Lllz =y + af]
< L;TLH:B - y” + ay, Vl‘ay € C, vVt € G. (45)

1S m.ea = Sm.eyll

Here, L], = 1— Ay, + L\;,,. By choosing a y from F(7) and noting {z,, .} converges strongly, we
have from (4.5)) that {Sy,+2m ¢ : t € G} is eventually bounded. From (4.4) and the boundedness
of A(C), we have

”Zm¢ — Sm,tzm,tH = thAZmﬂg — Sm7tzm7t\| — 0 ast— o0.
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It follows from (|4.3]) that

| Zm.t — Smtzm.tll

Am

— 0 ast— oo.

2m.t — Trzmtll =

Property (<) implies that Tz, s — 2zm for any s in G, and also Tyy g 2mt — 2m for any s, s’
in G. By the demicontinuity of Ty, we have Tsig2m = To(Tszmyt) — Ts 2zm weakly. By the
uniqueness of the weak limit of {Tszm ¢ }ieq, we have 2, = Ty zp,. Thus, 2z, € (\,eq F(Ts) for
each m in N. We now show that 2y, is a solution GVI({4.1)[C, F(T), F, ¢] for each m. For v in
F(T) and m in N, we have {2y — v} is bounded. In the lines of (3.7), one can obtain that

(zm — Azm, J (2t — ) < ||2m — 2mpt + Azmy — Az || Squ |zm,s — |, Vted.
se

Due to the facts that lim¢—.o 2m ¢ = zm, that A is continuous and that the duality mapping J
is norm-to-weak® continuous, we have

(zm — Az, J (2 — v)) < 0.

By the uniqueness of the solution of GVI.1)[C, F(T), F, ¢|, we have z,, = y* in C for each m
in N. In particular,

tlim Zmt=1Y", VYmeN.

—00

Since for each m in N and ¢ in G, the mapping S, is pseudocontractive, it follows from

(4.4) that

zme =y = (Oe(Azms — y*) + (1= b6) (Smtzm — ¥*), I (zms — y*))

bi(Azms — Ay* + Ay* — v, T (zms — v7)) + (1= bo)llzms — |

blllzme — ¥ 1> = l2me — ¥ 16(1zme — ¥* D] + be{Ay* — v, T (zms — y*))
+(1 = be) | 2m,e — ¥

IN A

Consequently, ¢(||zm: —v*||) < ||[Ay* — y*||. Hence
loms — 7l < 67 (14y" =57 l), Vm e NVt G.
Thus, by the boundedness of {x,}, we may assume that
lzn — 2mst| < K1, Vm,n e N,Vt € G.
By , we have
i = Syl = Jim Al = Tzl =0, (1.6)

Since (1 — b¢)(2mt — Sm,t2m,t) = bi(Azm i — 2m,t), we have

bt<Azm,t — Zm,t, J(wn - Zm,t)) = (1 - bt)((zm,t - Sm,tzm,t)a J(xn - Zm,t)>

(1 - bt)<zm,t — T+ Ty — Sm,txn

+Sm,txn - Sm,tzm,t, J(xn - Zm,t)>
(1 - bt)<$n — Om,tTn, J(Scn - Zm,t))
(1 - bt)HfEn - m,tJUnHKl-

IA N

Using (4.6]), we obtain

lim sup(Azmt — 2m,t, J(@n — 2mt)) <0, VneN,Vteq.

m—00
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Clearly, for each € > 0, there exists mg in N such that
(Azmt — Zmt, J(xn, — 2m ) < g, VYm > mg, VYn € N,Vt € G. (4.7)

Noting again that lim; .o zmy+ = ¥, that A is continuous and that the duality mapping J is
norm-to-weak™ continuous, we have

| <Ay* - y*v J(:En - y*)> - <Azm0,t — Zmo,ts J(:L‘n - Zmo,t)> |
= | (Ay*" —y", J(@n —¥") = J(@n — 2mo,t)) + (AY" — ¥ — (A2Zmot — 2mo,t)s S (Tn — 2mo 1)) |
<Ay =y J(@n — ") = J(@n = Zmo)) | [ AY™ —y" — (Azmg,e — Zmo.t) [ K1
— Qast— oo.

Hence, there exists £y in G such that

| (Ay* —y*, J(zn, — ¥")) — (AZmgt — Zmots S (Tn — Zmgt)) |< %, YVt > tg,n € N.
Using , we obtain

(Ay" =", T (@0 = y)) < (Azimg = Zmots I (20 = Zmoe)) + 5

Therefore, limsup,,_, . (Ay* — y*, J(z, — y*)) < 0. .

<-4+-=¢, VYneN.

DN ™
DO | ™

Theorem 4.3 Let C be a nonempty closed convex subset of a Banach space X with a uniformly
Gateaux differentiable norm, and A : C — C be a uniformly continuous ¢-strongly-pseudo-
contractive mapping with a bounded range A(C). Let T = {Ts : s € G} be a semigroup of
demicontinuous pseudo-contractive and nearly uniformly L-Lipschitzian mappings from C' into
itself associated with the net {as} with property (o). Let {s,} be a sequence in G such that
limy, o0 sp, = 00. Let {\n} and {0,,} be two sequences in (0, 1] satisfying the following conditions:

(S1) A\u(146,) <1 for alln in N, A, — 0 and lim,,—.c Ap /0, = 0.
(S2) 300 Apbn = 400.
(S3) lim, . as, /0n = 0.
Suppose F(T) is nonempty and y* in C is the unique solution of GVI{.1)[C, F(T),F,¢|. Let
{bs} be a net in (0,1) such that limg_ oo bs = 0. For m in N and s in G, define Sy, s =
(I =X)L + A\ Ts, and let zy, s be the unique point in C described by

Zm,s = bsAZm,s + (1 - bs)Sm,szm,s-

Suppose for each m in N, the net {zy, s : s € G} is strongly convergent in C' as s — co. Suppose
also the sequence {xy} generated by Algorithm[4.1] is bounded. Then {x,} converges strongly to

*

y*.
Proof. Since {as,} is bounded, we may assume that as, <@ for all n in N. Set
d:=|ly* = Ay*||, Sp:=1— by, and o, = ||z, — v
We now estimate
|1 — 2nl|
Ml Ts, xn — T — On (20, — Azy)||
An[[|Ts,zn — nll + Onl|zn — Azy]]
Al Tspwn = T, y* | + llen — g1+ On(llzn — v7[| + ly™ — Ay*|| + [[Ay™ — Azal])]
Anl(L+ D)l|lzn — 47l + as, + Onlllzn — 47 + [ly" — Ay"[| + wally”™ — znl])]
(1 + L)oy, + as,] + Apbplon +d + wa(on)] (4.8)

VAN VAN VAN VAN
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and

O’?Hrl = (1= Mbn)(@n —y*) + M(Ts, 20 — T0) + Mbn(Azy, — y*), J(2py1 — ¥¥))

= (1= Mbn)(@n = ¥") + M(Ts, 20 — 20 + Tt — T, g1 — (Tnt1 — Ts, Tnt1))
+ M0 (Axy, — Axpy1 + Az — Ay™ + Ay* — y%), J(2ng1 — ¥F))
(1= Mb)@ — ") + M(Ts, xn — Ty + g1 — T, Tpt1)
+An0n(Axy, — Axpyr + Ay" — "), J(Tnt1 — ¥7))
bl a1 = v* |17 = Nzner =y llo(|znr — y7|))]
(X = Anbn)l|zn — [ + A Ts, 20 — Ts, 2o | + | 2ns1 — 2nl)
FAnbpwa(l|zn — o1 DIllzner — Y7l + Anbn(Ay" — vy, J(2nt1 —y7))
FAnbnlllzntr =y I1* = lzner =yl zner — y* ()]
(1 = Anbn)on + An((1+ D)|[Tns1 — 2n|l + as,) + Anbnwa((|[zn — Tns1l])]onta
+FAnbn[(Ay" —y*, J(2ns1 —y7)) + 0121+1 — On+19(0n+1)]
(1= Anb) (o7 + 072L+1)/2 + A1+ L)[[zns1 — @nll + as, + Onwa((|zn — 2ns1l])]ont
FAbn(Ay" =y, J(2n1 — ¥7)) + Anbn [Uqgwl = Ont10(0n+1)]-

IN

IN

IN

IN

It follows that

2\
‘77214-1 < (7721 + 5 = (T + L) [|[zns1 — xnll + as, + Onwa(l|zn — Tni1l]))onsr
n

+0,(Ay* —y*, J(zps1 — ¥")) — Ononi10(ons1)], VneN. (4.9)

Note {o,} is bounded, it follows from that there exists a constant Ky > 0 such that
|Zn+1 — xn|| < ApKs for all n in N. Since for each m in N, {z,, s : s € G} is strongly convergent
in C' as s — oo, Lemma[d.2 gives us that limsup,, . (Ay* —y*, J(z, —y*)) < 0 and hence there
exists a positive null sequence {1} such that (Ay* — y*, J(z, —y*)) < Ty foralln=1,2,....
Set K3 = sup,,cy 0n- Then, from , we have

2An 0, 2Mn
opp1 < o — T0n+1¢(0n+1) + 67[(1 + L)K2An + as,,
20,0, N N N
+Ohwa (A K2)| K3 + (Ay* —y", J(@nt1 — 7)) (4.10)

On

for all n in N. Note as, /0, — 0, A\/0,, — 0, wa(A\yK2) — 0 and Y 7, A0, = co. It then
follows from (4.10)) and Lemma that o,, — 0. O

Theorem 4.4 Let C' be a nonempty closed convex subset of a reflerive and strictly convex
Banach space X with a uniformly Gateaux differentiable norm, and A : C' — C be a uniformly
continuous ¢-strongly-pseudo-contractive mapping with a bounded range A(C). Let T = {T :
s € G} be a semigroup of continuous pseudo-contractive and nearly uniformly L-Lipschitzian
mappings from C into itself associated with the net {as}. Suppose F(T) # 0 and T has property
(o). Let {\,} and {6,} be two sequences in (0,1] satisfying the conditions (S1), (S2) and
(S3). Let {sn} be a sequence in G such that lim, .o S, = 00. Assume the sequence {x,}
generated by Algom'thm is bounded. Then {x,} converges strongly to the unique solution of
GVIII)[C,F(T),F, ¢

Proof. Let m € N. Define S, : C' — C by

Smpx = (1 — Ap)z + ATy for all z in C and ¢ in G.
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Note for each ¢ in G, the mapping Sy, is pseudocontractive and y* € (e F(Sm,¢). Let {bs}
be a net in (0,1) with lims o, bs = 0. 1
By Proposition there exists a point 2z, in C' such that

Zmt = biAzm i+ (1 — b)) Smt2ms for each t in G.

By Theorem {zmz : t € G} converges strongly to an element of C. Thus, {zp :t € G} is
eventually bounded. It then follows from (4.5)) that { Sy, tzm.+ : t € G} is also eventually bounded.
By the boundedness of A(C'), we have ||zt — Smt2m.tl| = bel|Azmt — Smizmel| — 0 as t — oo

| — ”Zm,t*Sm,th,t”

and [|zm¢ — Ti2m, ¢l — 0 as t — co. Now we can follow the proof of Theorem
O
We remark that in the previous theorems, if all T are nonexpansive then the sequence {zy}

generated by Algorithm is automatically bounded. Indeed, from (4.2), we have

m

me—l - y*” <A =M1+ en))Hxn - y*H + M| Ts, w0 — Tsny*” + /\nen”Awn - y*H
< (1 =21+ 0|20 — || + Anllzn — v* || + Anbndist(y*, A(C))
< max{||lz, — y*[], dist(y", A(C))}
S ma’X{H‘Tl _y*H’dlSt(y*aA(C))}? Vn = 1727"' .

Corollary 4.5 Let C be a nonempty closed convex subset of a Banach space X with a uniformly
Gateaux differentiable norm, and A : C — C be a uniformly continuous ¢-strongly-pseudo-
contractive mapping with a bounded range A(C). Let T : C — C be a nonexpansive mapping
with F(T) # 0. Let {\,} and {6,} be two sequences in (0,1] satisfying the conditions (S1)
and (S2). For m in N and t in (0,1), let Sy, = (1 — M) + AT and 2y, be a unique point
in C described by zmt = tAzm s + (1 — t)Smazmt. Suppose for each m in N, {z,+} is strongly
convergent in C ast — 07. Then the sequence {x,} generated by

Tnt1 = (L = A (L 4+ 0p)xn + ATy + N0 Azy, Vn €N, (4.11)
converges strongly to the unique solution of GVIA.1)[C, F(T),F, ¢).

Corollary 4.6 Let X be a reflexive and strictly conver Banach space with a uniformly Gateaux
differentiable norm, and C a nonempty closed convex subset of X. Let A : C' — C' be a uniformly
continuous ¢-strongly pseudo-contractive mapping with a bounded range A(C), and T : C — C
a nonexpansive mapping with F(T) # 0. Let {\,} and {6,} be two sequences in (0, 1] satisfying
the conditions (S1) and (S2). Then {z,} generated by converges strongly to the unique
solution of GVI[A.1)[C, F(T), F, ¢].

In light of Remark we derive the following

Corollary 4.7 Let X be a reflexive and strictly convex Banach space with a uniformly Gateauz
differentiable norm, and C a nonempty closed convexr subset of X. Let A : C — C be a
uniformly continuous ¢-strongly pseudo-contractive mapping with a bounded range A(C). Let
T = {T, : n € N} be a sequence of nonexpansive mappings from C into itself with F(T) # ()
and property (o). Let {\,} and {0,} be two sequences in (0,1] satisfying the conditions (S1)
and (S2). Then {z,} generated by

Tnt1 = (L= (1 4+ 0p)xn + M Thxn + AbnAx,, Yn €N,

converges strongly to the unique solution of GVIA.1)[C, F(T),F,¢].
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Remark 4.8 (I) We have already shown that there are some nonexpansive mappings which
are not necessarily regular and also that if 7 = {T'} is singleton, then it automatically
satisfies property (7). Thus, uniform asymptotic regularity becomes an extra condition
when 7 is singleton. In this aspect, Theorem [£.4] is an improvement upon all the results
concerning with uniformly asymptotically regular semigroups (see, e.g. [25] 30, 31}, 32, 42]
and the references therein).

(IT) Corollary extends and unifies a number of results (see, e.g., Takahashi [36, Theo-
rem 5.1]) for approximating of common fixed points of a sequence of nonexpansive self-
mappings.

(IIT) It is well known that L, spaces (1 < p < oo, p # 2) do not possess weakly sequentially
continuous duality mappings and hence Song [30, Theorem 3.3] and Song and Chen [31],
Theorem 3.2] cannot be applied to these spaces.

(IV) Corollary is an important improvement and a significant generalization of the results
of Shioji and Takahashi [29] and Suzuki [33] Theorem 3], since in our results, {6, } is not
assumed to be constant.

Following Theorem we are able to establish the next convergence result.

Corollary 4.9 Let X be a reflexive and strictly convex Banach space with a uniformly Gateauz
differentiable norm, C a closed convex subset of X, and T = {T, : s € G} a semigroup of demi-
continuous, pseudo-contractive, locally c-pseudo-contractive and nearly uniformly L-Lipschitzian
mappings from C into itself associated with the net {as}, having property (/) and F(T) # 0.
Let {sp} be a sequence in G such that lim,_. $, = 00 and let {\,} and {0,} be two sequences
in (0,1] satisfying the conditions (S1), (S1) and (S3). For any given u in C, if the sequence
{z,} generated by Algorithm is bounded, then {x,} converges strongly to Qu € F(T) as
s — 00, where Q so defined is a sunny nonexpansive retraction from C onto F(T).

We should remark that Theorem and Corollary appear to be new results for demi-
continuous pseudo-contractive self-mappings. Corollary improves various known results es-
tablished concerning pseudo-contractive mappings in Hilbert and Banach spaces. In particular,
Corollary improves the convergence result of Bruck [6] without the acceptably paired as-
sumption in the Banach space setting.

5 Applications

Let C be a nonempty closed convex subset of a Banach space X and A : C — C a uni-
formly continuous ¢-strongly pseudo-contractive mapping with a bounded range A(C). Let
Ty, Ts,--- ,Ty : C — C be nonexpansive mappings with N, F(T;) # (. We now propose a
parallel algorithm for finding solution of GV'I [C, NN F(T;),F,¢] and to remove the as-
sumption .

Algorithm 5.1 Given z; in C and t1,t9,...,txy > 0 such that Zf\;1 t; = 1, and two sequences

{A\n} and {6,} in (0, 1] satisfying the conditions (S1) and (S2), a sequence {z,} in C is con-
structed as follows.

N
Tnr1 = (1= An(1+00))2n + Ao D tTiwn + Anbn Az, Yn €N (5.1)

i=1
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Theorem 5.2 Let X be a reflerive and strictly convexr Banach space with a uniformly Gateaux
differentiable norm, C a closed convex subset of X and A : C — C a uniformly continuous ¢-
strongly pseudo-contractive mapping with a bounded range A(C'). Let Ty, Ts,--- ,Tn : C — C be
nonexpansive mappings with (>, F(T;) # 0. Then {z,} generated by converges strongly
to the unique solution of GVI C, ﬂf\il F(T;),F, .

Proof. Let T = Zfi 1 tiT;. Proposition implies that T is nonexpansive from C' into itself
and F(T) = Y, F(T;). Hence the result follows from Corollary O

We remark that Theorem is a significant improvement and unification of many existing
results concerning approximation of the solutions of a variational inequality, which are also
common fixed points of a family of nonexpansive mappings (see, e.g. [7, 39, 40]) in the following
senses:

1) Theorem holds for reflexive and strictly convex Banach spaces.

2) The assumption (1.3)) is not needed.

3) The domains of the mappings F and 7T;’s are not necessarily the whole space.

(1)
(2)
3)
(4) The domain of F is independent of the ranges of T;’s.

In Theorem [5.2] no metric projection mapping is used. However, metric projection mappings
have wide applications in various disciplines, for example, image recovery. Recall that the
so-called problem of image recovery is essentially to find a common element of finitely many
nonexpansive retracts Cq,Cs,...,Cn of C with ﬂfil C; # 0. Tt is easy to see that every
nonexpansive retraction P; of C' onto C; is a nonexpansive mapping of C into itself. Therefore,
the image recovery problem can be thought of finding a common fixed point of finitely many
nonexpansive mappings Pi, ..., Py of C into itself. Therefore, Theorem should improve a
number of results connected to the problem of image recovery.

Applying Proposition we obtain

Corollary 5.3 Let X be a reflexive and strictly convex Banach space with a uniformly Gateauz
differentiable norm, C' a nonempty closed convex subset of X, and A : C — C a uniformly
continuous ¢-strongly pseudo-contractive mapping with a bounded range A(C). Let T = {T, :
n € N} be a sequence of nonexpansive mappings from C into itself such that F(T) # (. Let {ay}
be a sequence of real numbers in (0,1) such that Y 7, a, = 1, and define Tx =Y 7 a,Thx
for all x in C. Let {\,} and {0,} be two sequences in (0, 1] satisfying the conditions (S1) and
(S2). Then {x,} generated by

Tnt1 = (L = A (L 4+ 0p)xp + ATy + M\ Azy,, Vn €N,
converges strongly to the unique solution of GVIA.1)[C, F(T),F, ).

Recall that an accretive operator A in a Banach space X is said to satisfy the range condition
if D(A) C R(1+ MA) for all A > 0. Here, D(A) is the domain of A and R(1 + AA) is the range
of 1+ AA. If A is accretive, then we can define, for each A > 0, a nonexpansive single-valued
mapping J& : R(1+ AA) — D(A) by J{ = (I + AA)~L. Tt is called the resolvent of A. It is well
known that for an accretive operator A which satisfies the range condition, A=(0) = F(J{) for
all A > 0. We also define the Yosida approzimation A, := (I—J*)/r. We know that A,z € AJ*x
for all z in R(I +rA) and ||A,qz|| < |Az| = inf{||ly|| : y € Az} for all z in D(A) N R(I + rA).

The following result in an improvement of Wong, Sahu and Yao [37, Theorem 6.3] and Zegeye
and Shahzad [43, Theorem 3.3].
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Corollary 5.4 Let X be a reflexive and strictly convex Banach space with a uniformly Gateauz
differentiable norm, C' a nonempty closed convex subset of X, and A : C — C a uniformly
continuous ¢-strongly pseudo-contractive mapping with a bounded range A(C). Let A; C X x X
(i=1,2,---,N) be accretive operators with resolvent Jﬁi fort >0 such that NY. ;A0 # 0 and
D(A;) € C C Nyuo R(I+1tA;). Let ty,ta, ..., tx > 0 such that S t; = 1. Let {\,} and {0,,}
be two sequences in (0, 1] satisfying the conditions (S1) and (S2). Then {z,} generated by

N
Tni1 = (1= A1+ 00))Tn + A Y tidi a0 + A Az, Yn €N,

i=1

converges strongly to the unique solution of GVI C, ﬂij\ilAi_lO,}", ¢].

Proof. Note that each J is nonexpansive for each ¢ = 1,2,--- /N and t > 0. Set T :=
ZZJ\L 1 t;J%. Proposition implies that 7" is nonexpansive from C into itself and F(T) =
ﬂi]\ilAi_lO. Hence the result follows from Corollary 0

Corollary 5.5 Let X be a reflexive and strictly convex Banach space with a uniformly Gateauz
differentiable norm, C' a nonempty closed convex subset of X, and A : C — C a uniformly
continuous ¢-strongly pseudo-contractive mapping with a bounded range A(C). Let A = {A,, :
n € N} be a sequence of accretive operators with resolvent JtA" fort > 0 such that N,enA, 10 # 0
and D(A,) C C C (Voo R(I +tAy) for all n in N. Let {a,} be a sequence of real numbers in
(0,1) such that > 0% | oy, = 1, and define Sz =Y o2, apJarx for allx in C. Let {\,} and {0,,}
be two sequences in (0, 1] satisfying the conditions (S1) (S2). Then {x,} generated by

Tpt1 = (L = A (1 + 0n))zy, + A\Sxp + M0 Axy, Vn €N,

converges strongly to the unique solution of GV I(4.1)[C, NpenA, 10, F, ¢].

Acknowledgement
This paper was initialed while the first author was visiting the National Sun Yat-sen Uni-
versity, Kaohsiung, Taiwan as a visiting professor, and he would like to thank Professors Wong
and Yao for their support and the hospitality in the Department of Applied Mathematics there.

References

[1] R. P. Agarwal, Donal O’'Regan and D. R. Sahu, Fixed point theory for Lipschitzian-type mappings
with applications, Series: Topological Fixed Point Theory and Its Applications, 6, Springer, New
York, 20009.

[2] Ya. I. Alber and S. Guerre-Delabriere, Principles of weakly contractive maps in Hilbert spaces, in:
I. Gohberg, Yu. Lyubich (Eds.), New Results in Operator Theory, Advances and Applications, 98,
Birkhauser, Basel, 1997, 7-22.

[3] Ya. I. Alber, C. E. Chidume and H. Zegeye, Regularization of nonlinear ill-posed equations with
accretive operators, Fized Point Theory Appl., 1 (2005), 11-33.

[4] V. Barbu and Th. Precupanu, Convexity and Optimization in Banach spaces, Editura Academiei
R. S. R., Bucharest 1978.

[5] R. E. Bruck, Properties of fixed-point sets of nonexpansive mappings in Banach spaces, Trans.
Amer. Math. Soc., 179 (1973), 251-262.

18



[6]

R. E. Bruck Jr., A strongly convergent iterative solution of 0 € Uz for a maximal monotone operator
U in Hilbert spaces, J. Math. Anal. Appl., 48 (1974), 114-126.

L.C. Ceng, H. K. Xu and J. C. Yao, A hybrid steepest-descent method for variational inequalities
in Hilbert spaces, Appl. Anal., 87 (2008), 575-589.

L. C. Ceng, Q. H. Ansari and J.C. Yao, On relaxed viscosity iterative methods for variational
inequalities in Banach spaces, J. Comput. Applied Math., 230 (2009), 813-822.

C. E. Chidume and A. Udomene, Strong convergence theorems for uniformly continuous pseudo-
contractive maps, J. Math. Anal. Appl., 323 (2006), 88-99.

L. Cioranescu, Geometry of Banach spaces, duality mappings and nonlinear problems, Kluwer Aa-
cademic Publishers, Dordrecht, 1990.

F. Deutsch and I. Yamada, Minimizing certain convex functions over the intersection of the fixed-
point sets of nonexpansive mappings, Numer. Funct. Anal. Optim., 19(1998), 33-56.

K. Goebel and S. Reich, Uniform convexity, hyperbolic geometry, and nonexpansive mappings,
Marcel Dekker, Inc., 1984.

R. Glowinski, Numerical Methods for Nonlinear Variational Problems, Springer, New York, 1984.

K. S. Ha and J. S. Jung, Strong convergence theorems for accretive operators in Banach space, J.
Math. Anal. Appl., 147 (1990), 330-339.

A. Hester and C. H. Morales, Semigroups generated by pseudo-contractive mappings under the
Nagumo condition, J. Diff. Eq., 245 (2008), 994-1013.

J. S. Jung and D. R. Sahu, Convergence of approximating paths to solutions of variational inequal-
ities involving non-Lipschitzian mappings, J. Korean Math. Soc., 45 (2008), 377-392.

M. Kikkawa and W. Takahashi, Strong convergence theorems by the viscosity approximation meth-
ods for nonexpansive mappings in Banach spaces. In: Convezr Analysis and Nonlinear Analysis, W.
Takahashi and T. Tanaka (eds.), Yokohama Publ., Yokohama, 2006.

D. Kinderlehrer and G. Stampacchia, An introduction to variational inequalities and their applica-
tions, Academic Press, New York, 1980.

T. C. Lim, A fixed point theorem for families on nonexpansive mappings, Pacific J. Math., 53
(1974), 487-493.

R.H. Martin Jr., A global existence theorem for autonomous differential equations in Banach spaces,
Proc. Amer. Math. Soc., 26 (1970), 307-314.

R. H. Martin, Differential equations on closed subsets of a Banach space, Trans. Amer. Math. Soc.,
179 (1973), 399-414.

R.E. Megginson, An introduction to Banach space theory, Springer-Verlag New Tork, Inc, 1998.

C. H. Morales, Strong convergence of path for continuous pseudo-contractive mappings, Proc. Amer.
Math. Soc., 135 (2007), 2831-2838.

C. H. Morales and J. S. Jung, Convergence of paths for pseudo-contractive mappings in Banach
spaces, Proc Amer. Math. Soc., 128 (2000), 3411-3419.

S. Plubtieng and R. Wangkeeree, Strong convergence of modified Mann iterations for a countable
family of nonexpansive mappings, Nonlinear Anal., 70 (2009), 3110-3118.

D. R. Sahu, Fixed points of demicontinuous nearly Lipschitzian mappings in Banach spaces, Com-
ment. Math. Univ. Carolinae, 46 (2005), 653-666.

19



[27]

[28]

[29]

[30]

[31]

[32]

[33]

[34]

[35]

[36]

[37]

[38]

[39]

[40]

[41]

[42]

[43]

D. R. Sahu and Ismat Beg, Weak and strong convergence of fixed points of nearly asymptotically
nonexpansive mappings, Intern. J. Modern Math., 3 (2008), 135-151.

D. R. Sahu and Donal O’Regan, Convergence theorems for semigroup-type families of non-self
mappings, Rendi. del Circolo Mat. di Palermo, 57(2008), 305-329.

N. Shioji and W. Takahashi, Strong convergence of approximated sequences for nonexpansive map-
pings in Banach spaces, Proc. Amer. Math. Soc., 125 (1997), 3641-3645.

Y. Song, Iterative approximation to common fixed points of a countable family of nonexpansive
mappings, Applicable Anal, 86 (2007), 1329-1337.

Y. Song and R. Chen, Iterative approximation to common fixed points of nonexpansive mapping
sequences in reflexive Banach spaces, Nonlinear Anal., 66 (2007), 591-603.

Y. Song and S. Xu, Strong convergence theorems for nonexpansive semigroup in Banach spaces, J.
Math. Anal. Appl., 338 (2008), 152-161.

T. Suzuki, A sufficient and necessary condition for Halpern-type strong convergence to fixed points
of nonexpansive mappings, Proc. Amer. Math. Soc., 135 (2007), 99-106.

W. Takahashi, Nonlinear functional analysis, Fixed point theory and its applications, Yokohama
Publishers, Yokohama, 2000.

W. Takahashi, Viscosity approximation methods for resolvents of accretive operators in Banach
spaces, J. Fized Point Theory Appl., 1(2007), 135-147.

W. Takahashi, Viscosity approximation methods for countable families of nonexpansive mappings
in Banach spaces, Nonlinear Anal., 70 (2009), 719-734.

N. C. Wong, D. R. Sahu, and J. C. Yao, Solving variational inequalities involving nonexpansive type
mappings, Nonlinear Anal., 69 (2008), 4732-4753.

Chang He Xiang, Fixed point theorem for generalized ®-pseudo-contractive mappings, Nonlinear
Anal., 70 (2009), 277-279.

H. K. Xuand T. H. Kim, Convergence of hybrid steepest-descent methods for variational inequalities,
J. Optim. Theory Appl., 119 (2003), 185-201.

I. Yamada, The hybrid steepest descent method for the variational inequality problem over the
intersection of fixed-point sets of nonexpansive mappings, In: Inherently Parallel Algorithms for
Feasibility and Optimization and Their Applications. (D. Butnariu, Y. Censor, and S. Reich, eds.),
Elsevier, New York, (2001), 473-504.

Y. Yao, R. Chen and J. C. Yao, Strong convergence and certain control conditions for modified
Mann iteration, Nonlinear Anal., 68 (2008), 1687-1693.

Y. Yao and M. A. Noor, On viscosity iterative methods for variational inequalities, J. Math. Anal.
Appl., 325 (2007), 776-787.

H. Zegeye and N. Shahzad, Strong convergence theorems for a common zero of a finite family of
m-accretive mappings, Nonlinear Anal., 66 (2007), 1161-1169.

E. Zeidler, Nonlinear functional analysis and its applications, III: Variational Methods and Appli-
cations, Springer, New York, 1985.

L.C. Zeng, S. Schaible and J.C. Yao, Hybrid steepest descent methods for zeros of nonlinear
operators with applications to variational inequalities, J. Optim. Theory Appl., 141 (2009),
75-91.

20



	Introduction
	Preliminaries
	Various contractive mappings
	Asymptotic properties of a family of nonlinear mappings
	Some known results

	Existence Results
	Convergence of a hybrid iterative method
	Applications

