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Abstract

In this paper, let £ be a reflexive and strictly convex Banach space which either is
uniformly smooth or has a weakly continuous duality map. We consider the hybrid
viscosity approximation method for finding a common fixed point of an infinite family
of nonexpansive mappings in £. We prove the strong convergence of this method to
a common fixed point of the infinite family of nonexpansive mappings, which solves
a variational inequality on their common fixed point set. We also give a weak
convergence theorem for the hybrid viscosity approximation method involving an
infinite family of nonexpansive mappings in a Hilbert space.
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1 Introduction
Let C be a nonempty closed convex subset of a (real) Banach space E, andlet 7: C — C
be a nonlinear mapping. Denote by F(T) the set of fixed points of T, i.e., F(T) = {x € C:

Tx = x}. Recall that T is nonexpansive if
ITx =Tyl < llx—yll, VxyeC.

A self-mapping f : C — C is said to be a contraction on C if there exists a constant « in
(0,1) such that

If ) -f)| <ellx-yl, VryeC.
As in [1], we use the notation IT¢ to denote the collection of all contractions on C, i.e.,
[l¢c = {f : C — C s a contraction}.

Note that each f in I1¢ has a unique fixed point in C.

One classical way to study a nonexpansive mapping 7 : C — C is to use contractions to
approximate 7 [2—4]. More precisely, for each ¢ in (0,1) we define a contraction T; : C — C
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Tix=tu+(1-1t)Tx, VxeC,

where u in C is an arbitrary but fixed point. Banach’s contraction mapping principle guar-
antees that T} has a unique fixed point x; in C. It is unclear, in general, how x; behaves as
t — 0%, evenif T has a fixed point. However, in the case E = H a Hilbert space and T hav-
ing a fixed point, Browder [2] proved that x; converges strongly to a fixed point of T'. Reich
[3] extends Browder’s result and proves that if E is a uniformly smooth Banach space, then
x; converges strongly to a fixed point of T and the limit defines the (unique) sunny non-
expansive retraction u — Q(u) from C onto F(T). Xu [4] proved that Browder’s results
hold in reflexive Banach spaces with weakly continuous duality mappings. See Section 2
for definitions and notations.

Recall that the original Mann’s iterative process was introduced in [5] in 1953. Let T :
C — C be a map of a closed and convex subset C of a Hilbert space. The original Mann’s
iterative process generates a sequence {x,} in the following manner:

x1 € C  chosen arbitrarily, (11)
Xntl = (1 - O5;/1)35;1 +a,Ix,, Vn=>1, '

where the sequence {«,,} lies in the interval (0,1). If T is a nonexpansive mapping with a
fixed point and the control sequence {«,} is chosen so that ) .- a,(1 - ;) = +00, then the
sequence {x,} generated by original Mann’s iterative process (1.1) converges weakly to a
fixed point of T (this is also valid in a uniformly convex Banach space with a Frechet differ-
entiable norm [6]). In an infinite-dimensional Hilbert space, the original Mann’s iterative
process guarantees only the weak convergence. Therefore, many authors try to modify
the original Mann’s iterative process to ensure the strong convergence for nonexpansive
mappings (see [3, 7-13] and the references therein).

Kim and Xu [14] proposed the following simpler modification of the original Mann’s
iterative process: Let C be a nonempty closed convex subset of a Banach space E and
T : C — C a nonexpansive mapping such that F(T') # . For an arbitrary x¢ in C, define
{x,} in the following way:

Vn = QuXy + (1 - an)Txn;

X1 = Bt + (1 - ﬁn)ym Vn=>0,

(1.2)

where u in C is an arbitrary but fixed element in C, and {«, } and {8,,} are two sequences in
(0,1). The modified Mann’s Iteration scheme (1.2) is a convex combination of a particular
point « in C and the original Mann’s iterative process (1.1). There is no additional projec-
tion involved in iteration scheme (1.2). They proved a strong convergence theorem for the
iteration scheme (1.2) under some control conditions on the parameters «,,’s and ,,s.
Recently, Yao, Chen and Yao [12] combined the viscosity approximation method [1] and
the modified Mann’s iteration scheme [14] to develop the following hybrid viscosity ap-
proximation method. Let C be a nonempty closed convex subset of a Banach space E, let
T : C — C a nonexpansive mapping such that F(T) #, and let f € I1¢. For any arbitrary


http://www.fixedpointtheoryandapplications.com/content/2012/1/117

Ceng et al. Fixed Point Theory and Applications 2012,2012:117 Page 3 of 21
http://www.fixedpointtheoryandapplications.com/content/2012/1/117

but fixed point xj in C, define {x,} in the following way:

Yn =y + (1 —a,) Ty,

Xn+l = ﬁnf(xn) + (1 - ﬁn)yn) Vn >0,

where {&,} and {8, } are two sequences in (0,1). They proved under certain different con-
trol conditions on the sequences {«,} and {8, } that {x,} converges strongly to a fixed point
of T. Their result extends and improves the main results in Kim and Xu [14].

Under the assumption that no parameter sequence converges to zero, Ceng and Yao [15]
proved the strong convergence of the sequence {x,} generated by (1.3) to a fixed point of

T, which solves a variational inequality on F(T).

Theorem 1.1 (See [15, Theorem 3.1]) Let C be a nonempty closed convex subset of a uni-
formly smooth Banach space E. Let T : C — C be a nonexpansive mapping with F(T) # 0,
and let f € Tl¢ with a contractive constant o in (0,1). Given sequences {a,} and {B,} in
[0,1] such that the following control conditions are satisfied:

(C1) 0 < B, <1-«, Vn > nqg for some integer ny > 1, and Z:io By = +00;

(C2) 0<liminf,_, o, <limsup,_, o, <1;

(C3) Timy—s oo (75 = 0.

Bn
1-Bu+1)etns1 - 1*(1*/3;4)0514)
For an arbitrary xq in C, let {x,} be defined by (1.3). Then,

x, converges strongly to some Q(f) in F(T) < ﬂn(f(xn) - x,,) — 0.

In this case, Q(f) € F(T) solves the variational inequality

On the other hand, a similar problem concerning a family of nonexpansive mappings
has also been considered by many authors. The well-known convex feasibility problem
reduces to finding a common fixed point of a family of nonexpansive mappings; see, e.g.,
[16, 17]. The problem of finding an optimal point that minimizes a given cost function
over the common fixed point set of a family of nonexpansive mappings is of wide inter-
disciplinary interest and practical importance; see, e.g., [18—20]. In particular, a simple
algorithm solving the problem of minimizing a quadratic function over the common fixed
point set of a family of nonexpansive mappings is of extreme value in many applications
including set theoretic signal estimation; see, e.g., [20, 21].

Let T3, T5,... be nonexpansive mappings of a nonempty closed and convex subset C of

a Banach space E into itself. Let Aj,Ay,... be real numbers in [0,1]. Qin, Cho, Kang and
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Kang [22] considered the nonexpansive mapping W, defined by

Un,n+l =1
un,n = )‘n Tn un,n+1 + (1 - }‘n)I’
Urz,n—l = )‘-n—l Tn—l un,n + (1 - )‘-n—l)lr

Upi = Tl g + (1= A1, (1.4)
Uy = M1 T Ui + (1= X)),

Upy =2 Tolyz + (1= A2)],
W, = Un,l =)\,1T1Un,2+(1—)\1)[, Vn>1.

Motivated by [7, 8, 11, 12, 14, 23], they proposed the following iterative algorithm:

x9=x € C chosen arbitrarily,
Y = oy + (1= 0oy) Wiy, 1.5)
Xns1 = Buth + (L= Bp)yn, VYn =0,

where u in C is a given point. They proved

Theorem 1.2 (See [22, Theorem 2.1 and its proof]) Let C be a nonempty closed convex
subset of a reflexive and strictly convex Banach space E with a weakly continuous duality
map J, with gauge ¢. Let T; be a nonexpansive mapping from C into itself for i = 1,2,....
Assume that F = (5, F(T;) # 0. Given u € C and given sequences {a,}, {Bx} and {1,} in
(0,1) satisfying
(1) im0 By =0 and Y o2 Bu = +00;

(i) 0 <liminf,, . a, <limsup,_, o, <1

(iii) 0 <X, <b<1,VYn=>1forsomeb in (0,1).
Then the sequence {x,} defined by (1.5) converges strongly to some point Q(u) in F. Here,
Q: C — F thus defined is the unique sunny nonexpansive retraction of Reich type from C
onto F, that is, Q(u) € F solves the variational inequality

(Qu) —u,J,(Qu)-p)) <0, ueCpeF.

In this paper, let E be a reflexive and strictly convex Banach space which either is uni-
formly smooth or has a weakly continuous duality map /, with gauge ¢. Combining two
iterative methods (1.3) and (1.5), we give the following hybrid viscosity approximation
scheme. Let C be a nonempty closed convex subset of E, let T; : C — C be a nonexpansive
mapping for each i =1,2,..., such that F = ﬂi‘il F(T,) #9, and let f € I1¢c. Define {x,} in
the following way:

%o =x € C chosen arbitrarily,
Yn = OpXy + (1 - an)ann) (16)
Xn+l = ﬁnf(xn) +(1- IBn)ynr Vn=>0,
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where W, is defined by (1.4), {*,} is a sequence in (0,1), and {«,} and {8,} are two se-
quences in [0, 1]. It is proved under some appropriate control conditions on the sequences
{Au}, {o,} and {B,} that {x,} converges strongly to a common fixed point Q(f) of the infi-
nite family of nonexpansive mappings T3, T5, ..., which solves a variational inequality on
F =2, F(T,). Such a result includes Theorem 1.2 as a special case. Furthermore, we also
give a weak convergence theorem for the hybrid viscosity approximation method (1.6) in-
volving an infinite family of nonexpansive mappings 71, Ts,... in a Hilbert space H. The
results presented in this paper can be viewed as supplements, improvements and exten-

sions of some known results in the literature, e.g., [1, 7, 8, 11-15, 22—24].

2 Preliminaries

Let E be a (real) Banach space with the Banach dual space E in pairing (-,-). We write

x, — x to indicate that the sequence {x,} converges weakly to x, and x, — x to indicate

that {x,} converges strongly to x. The unit sphere of E is denoted by U = {x € E : ||x|| = 1}.
The norm of E is said to be Gateaux differentiable (and E is said to be smooth) if

. X+ ty|| —||x
N o e

t—0% t

2.1)

exists for every x,y in U. Recall that if E is reflexive, then E is smooth if and only if E” is
strictly convex, i.e., for every distinct x,y" in E* of norm one, there holds ||x" + y'||/2 < 1.
The norm of E is said to be uniformly Frechet differentiable (and E is said to be uniformly
smooth) if the limit in (2.1) is attained uniformly for (x, y) in U x U. Every uniformly smooth
Banach space E is reflexive and smooth.

The normalized duality mapping J from E into the family of nonempty (by Hahn-Banach
theorem) weak* compact subsets of E is defined by

*

J@) =[x €E :(xa) = Ixl* = |«|*}), VxeE.

If E is smooth then J is single-valued and norm-to-weak” continuous. It is also well known
that if E is uniformly smooth, then J is uniformly norm-to-norm continuous on bounded
subsets of E.

In order to establish new strong and weak convergence theorems for hybrid viscosity
approximation method (1.6), we need the following lemmas. The first lemma is a very

well-known (subdifferential) inequality; see, e.g., [25].

Lemma 2.1 ([25]) Let E be a real Banach space and ] the normalized duality map on E.
Then, for any given x,y in E, the following inequality holds:

I +y1% < llxll® + 20y, jx +9)), Vi +9) €T+ ).

Lemma 2.2 ([26, Lemma 2]) Let {x,} and {y,} be bounded sequences in a Banach space
E, and let {B,} be a sequence in [0,1] such that 0 < liminf,_, ., B, < limsup,_, . B < L
Suppose %1 = (1= Bu)yn + Buxn for all integers n > 0 and limsup,,_, o (I1¥ns1 = Yull = 1041 —
%u|l) < 0. Then, lim,_, o ||y, — %41l = 0.
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Lemma 2.3 ([27]) Let {s,} be a sequence of nonnegative real numbers satisfying the con-
dition

Sl < (L= (n)Su + pVy, V=1,

where {11}, {v,} are sequences of real numbers such that
(i) {pn} C10,1] and Y72, in = +00, or equivalently,

o0 n
[10- )= lim [T - ) =0;
n=1 k=1

(i) limsup,_, .o v, <0, 0r Y 21 iyVy is convergent.
Then, lim,,_, o s, = 0.

Recall that, if D € C are nonempty subsets of a Banach space E such that C is nonempty,
closed and convex, then a mapping Q : C — D is sunny [28] provided Q(x + t(x — Q(x))) =
Q(x) for allx in C and ¢ > 0 whenever x + £(x — Q(x)) € C. A sunny nonexpansive retraction
is a sunny retraction, which is also nonexpansive. Sunny nonexpansive retractions play
an important role; see, e.g., [1, 22]. They are characterized as follows [28]: if E is a smooth
Banach space, then Q : C — D is a sunny nonexpansive retraction if and only if there holds
the inequality

(x—Qx,](y—Qx)) <0, VxeC,yeD.
Lemma 2.4 ([1, Theorem 4.1]) Let E be a uniformly smooth Banach space, C be a
nonempty closed convex subset of E, T : C — C be a nonexpansive mapping with F(T) # 0,
and f € lN¢. Then {x;} defined by

Xy = tf(xt) + (1 - t) Txt’ Vi e (O’ 1);
converges strongly to a point in F(T). Define Q : Tl¢c — F(T) by

= 1i .

Q= fiy

Then, Q(f) solves the variational inequality

(1-HQ().J(Qf) -p)) <0, VpeF(D).

In particular, if f = u € C is a constant, then the map u — Q(u) is reduced to the sunny
nonexpansive retraction of Reich type from C onto F(T), i.e.,

Q) - u,](Qw) - p)) <0, VpeF(T).
Recall that a gauge is a continuous strictly increasing function ¢ : [0, 00) — [0, c0) such

that ¢(0) = 0 and ¢(£) — oo as t — 0o. Associated to gauge ¢ is the duality map J, : E —
2E defined by

Jo) ={x" € E : (x,x) = |xllo(llxl),

x| =e(lxll)}, VxeE.
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Following Browder [29], we say that a Banach space E has a weakly continuous duality
map if there exists gauge ¢ for which the duality map J, is single-valued and weak-to-
weak™ sequentially continuous. It is known that /7 has a weakly continuous duality map

with gauge ¢(f) = t#7! for all 1 < p < +00. Set

t
(t) = / o(t)dr, VYt=>0.
0

Then

Jox) =@ (lIxll), VxeE,
where 9 denotes the subdifferential in the sense of convex analysis; see [25, 30] for more
details.

The first part of the following lemma is an immediate consequence of the subdifferential

inequality, and the proof of the second part can be found in [31].

Lemma 2.5 Assume that E has a weakly continuous duality map ], with gauge ¢.
(i) Forall x,y € E, there holds the inequality

®(llx +y1l) < @(llxll) + (9T (x +))-

(i) Assume a sequence {x,} in E is weakly convergent to a point x. Then there holds the

identity

limsup ®(||x, — yI|) = limsup ®(||lx, —x||) + ®(|ly—xl), VyeE.

n— 00 n— 00

Xu [4] showed that, if E is a reflexive Banach space and has a weakly continuous duality
map J, with gauge ¢, then there is a sunny nonexpansive retraction from C onto F(T).
Further this result is extended to the following general case.

Lemma 2.6 ([32, Theorem 3.1 and its proof]) Let E be a reflexive Banach space and have
a weakly continuous duality map ], with gauge @, let C be a nonempty closed convex subset

of E, let T : C — C be a nonexpansive mapping with F(T) # 0, and let f € N¢. Then {x,}
defined by

X = tf(xt) + (1 - t) Ix;, Vie (O’ 1);
converges strongly to a point in F(T) as t — 0*. Define Q: ll¢ — F(T) by
=1 .
Q= Jimx
Then, Q(f) solves the variational inequality

(1 -HQ). 1o (Qf) -p)) <0, VpeF(T).
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In particular, if f = u € C is a constant, then the map u — Q(u) is reduced to the sunny
nonexpansive retraction of Reich type from C onto F(T), i.e.,

Q) —u,J,(Quw) —p)) <0, VpeF(T).

Recall that E satisfies Opial’s property [33] provided, for each sequence {x,} in E, the

condition x, — x implies

limsup [lx, —x|| <limsup ||x, —y|, VyeEy#x.
n—00 n—oo
It is known in [33] that each # (1 < p < +00) enjoys this property, while L? does not unless
p = 2. Itis known in [34] that every separable Banach space can be equivalently renormed
so that it satisfies Opial’s property. We denote by w,(x,) the weak w-limit set of {x,}, i.e.,

wy(x,) = {o'c € E : x,; — x for some subsequence {x,,} of {x,,}}. (2.2)
Finally, recall that in a Hilbert space H, there holds the following equality
[ax+ =2y ] = Al + A= DIyI* - 20 -2 x-yI%,  VxyeH,Vre[0,1]. (2.3)

See, e.g., Takahashi [35].
We will also use the following elementary lemmas in the sequel.

Lemma 2.7 ([36]) Let {a,} and {b,} be the sequences of nonnegative real numbers such
that ZZZO b, <ooand ayy < a,+ b, foralln> 0. Then lim,_,  a, exists.

Lemma 2.8 (Demiclosedness Principle [25, 30]) Assume that T is a nonexpansive self-
mapping of a nonempty closed convex subset C of a Hilbert space H. If T has a fixed point,
then I — T is demiclosed. That is, whenever x, — x in C and (I — T)x,, — y in H, it follows
that (I — T)x = y. Here, I is the identity operator of H.

3 Main results

Lemma 3.1 ([24]) Let C be a nonempty closed convex subset of a strictly convex Banach
spaceE. Let Ty, T», ... be nonexpansive mappings from C into itself such that (-, F(T,,) #
and let Ay, Xy, ... be real numbers such that 0 < A, < b <1 for all n > 1. Then, for every x in
C and k > 1, the limit lim,,_, oo Uy, xx exists.

Using Lemma 3.1, one can define the mapping W from C into itself as follows.

Wx = lim W,x= lim U,x, VxeC. (3.1)
n—0o0 n— 00
Such a mapping W is called the W-mapping generated by T3, 7T5,... and A, Ay,....
Throughout this paper, we always assume that 0 < A, < b <1 for some real constant b
and for all » > 1.

Lemma 3.2 ([24]) Let C be a nonempty closed convex subset of a strictly convex Banach
space E. Let Ty, Ts, ... be nonexpansive mappings of C into itself such that (\,-; F(T,) #
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and let Ay, )s, ... be real numbers such that 0 < X, < b <1 for any n > 1. Then, F(W) =
Naa (T

Here comes the main result of this paper.

Theorem 3.3 Let C be a nonempty closed convex subset of a reflexive and strictly convex
Banach space E. Assume, in addition, E either is uniformly smooth or has a weakly con-
tinuous duality map J, with gauge ¢. Let T; : C — C be a nonexpansive mapping for each
i=1,2,... such that F = (2, F(T:) # ¥, and f € N¢ with contractive constant o in (0,1).
Given sequences {a,}, {B} and {Ar,} in [0,1], the following conditions are satisfied:

(C1) 0<By<1l-a,Vn>ng forsomeny>1, andy .., Pu=+00;

(C2) 0 <liminf,_ o o, <limsup,_, o, <1;

1 ﬁn+ ﬁn — .
(CB) hmn*}oo(l*(l*ﬂnj)anﬂ - 1*(1*ﬂn)05n) - 0’
(C4) 0< A, <b<1,Vn=>1forsome constant b in (0,1).
For an arbitrary x € C, let {x,} be generated by

.y’l =0pXp + (1 - an)anm

Xntl = ﬁnf(xn) + (1 - ,Bn)ynr Vn>0.

(3.2)

Then,

x, converges strongly to some point Q(f) in F

= Bulf(xs) —x,) = 0.

In this case,

(i) if E is uniformly smooth, then Q(f) € F solves the variational inequality

(T-NHQN.J(Qf) -p)) <0, felcpeF;

(it) if E has a weakly continuous duality map J, with gauge ¢, then Q(f) € F solves the
variational inequality

(I -1)QUNJ(Qf) -p)) <0, feTc,peF.

Proof First, let us show that {x,} is bounded. Indeed, taking an element p in F = ("5, F(T;)
arbitrarily, we obtain that p = W,,p for all n > 0. It follows from the nonexpansivity of W,
that

lyn —pll < anllx, —pll + (1= an) | Wyixy -pl =< lx.=pl.

Observe that

lns1 — pll = ”:Bn (f(xn) —P) +(1=B)On—p) ”
< Ba(lf ) =f@)| + |[f ) - p) + = B)llyu — Pl
< Bu(clln = pll + |[f®) = p|) + @ = Bo)lIxs — pll

Page 9 of 21
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= (1= (1 -a)By) % —pll + Ba|f(®) - |

< max{ I, = pll, F ) - pll }
l-«
By simple induction, we have
If ) - pll
ll%. — pll < max{ %o —pll, lflT .

Hence {x,} is bounded, and so are the sequences {y,}, {W,x,} and {f(x,)}.
Suppose that x,, — Q(f) € F as n — oo. Then Q(f) = W, Q(f) for all n > 0. From (3.2) it
follows that

”yn - Q(f)” =y ”xn - Q(f)” + (1 - an) ” ann - Q(f) H
S oy ”xn - Q(f)” + (1 _an)”xn - Q(f)”
= ”x,, - Q(f)” -0 (n— o),

that is, ¥, — Q(f). Again from (3.2) we obtain that

”,Bn (f(xn) - xn) ” = ||xn+1 =% = (1= B) Y — %n) ”

< %1 — %l + A = Bu) Iy — %]l = 0.
Conversely, suppose that 8,(f(x,) — x,) — 0 (n — 00). Put
Vn=Q0=PBu)on, VYn=0.
Then, it follows from (C1) and (C2) that

oy > Y= 1= By, > (1 -1 —a))a,, =aa,, Vn=>ng,

and hence

0< li}gg)rolfyn =< lif_lgp Y < L. (3.3)
Define z, by

X1 = VnXn + (L= Yu)Zn. (3.4)
Observe that

Zp+l — Zn

_ Xn+2 — Vnel¥nil  Xnsl — VXn

1- VYn+l 1- Vn
_ IBn+lf(xn+1) +(1- ﬂn+1)yn+1 = Vn+1%n+1 ﬂnf(xn) +(1- ﬁn)yn = Vn¥n

1-yun I-vu
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_ (ﬂn+1f @n1)  Buf (xn)> (= Bu)lonn + (1 — o) Wit — ¥k
T\ l-yea 1-w 1=,

N (1= Bui) [etn1xner + (1= 0t1) Wi1%ni1] = V1%

1- Vn+l

_ (ﬁmf @) Buf (xn))
- 1- Vn+l 1- Vn

+ (1= Bua) (1 = @ps1) W11 _ (1= B.)A - a) Wy,

1- Vn+l 1- Vn

B (ﬁn+1f(xn+1) _ Bf ()
"\ 1= ¥un 1= vn

IBVHl Wn+1xn+1 + iwnxn
1- Y+l 1- Vn

) + (Wn+1xn+1 - ann) -

= ( - - - )‘/(xrwl) + = P (f(xrwl) _f(x”)) + (WhniZnst = Woxn)

l_yVH-l l_yn l_yn
Bus1 B B
- <L - u W1%ne1 — (Wiaxpea — Wix,) ‘
1-Vu1 1-wu 1-vu

B (ﬂ - i) (f(xml) - Wn+1xn+1) + Pr (f () = f (x0))

l_yVH-l l_yn 1—)/;1
1—y, —
+ #(Wnﬂxnﬂ - ann)'
—/n
It follows that
||Zn+1 —Zn ”
B B B
-1 _n;:Hl - 1 —n)/n |If(xn+1) - Wn+lxn+1 H + 1 —n)/n |V(xn+l) _f(xn)H
I-y. -8
+ # ” Wn+1xn+1 - ann ”
—Vn
Bur B ofp
<15y~ 1oy | (W) |+ 1Waaeall) + 7l =l
I-y. -8
+ #(” Wos1%ne1 = Wasikull + | Whax, — ann”)
—Vn
B B of
=11 = 1 (W) [ W) + Tl =
1-yu-B
+ #(”xrﬁl _xn” + ” W%, — ann”)
— Vn
B B
< o =l 4 | === = = (I @) |+ | Wranea )
1- Vn+l 1- Vn
+ ” Wn+1xn - ann” (35)

Since T; and U,,; are nonexpansive, from (1.4) we have

” WrH—lxn - ann ” = ”)‘«1 Tl un+1,2xn - )"1 Tl un,an”
<A\ ”Uwrl,zxn — U224l
= MlA2Taly 3%, — Ao Tolly 3%,

< )\1)"2 ”Un+1,3xn - Un,3xn”
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<...
< Mg Al Uy ne1n — Uy a1 ||

= )\1)‘-2 tee )\n+1 ” Tn+1xn —Xn ” (36)

Since {x,} is a bounded sequence and all 7, are nonexpansive with a common fixed point
p, there is M; > 0 such that

” Tn+lxn - xn” S ” Tn+1xn - Tn+1p” + ||P _xn” S er Vn 2 0.

Substituting (3.6) into (3.5), we have

1
Brn B r

121 = Zull = (%41 — %]l < IL 1 - (Hf(xnﬂ)“ + ||Wn+lxn+1”) +M; 1_[)%'
— Vn+l —Vn i1

From conditions (C3), (C4) and the boundedness of {f(x,)} and { W,x,}, it follows that

lim Sup(||zn+l = zyl = 11 _xn”) <O0.
n—>00

Hence by Lemma 2.2 we have
lim ||z, — x| = 0.
n—00
It follows from (3.3) and (3.4) that
lim |[%,1 — %,/ = lim (1 - y,)llz, — %, = 0.
n—00 n—00
From (3.2), we have
Xusl = %n = By (f(xn) _xn) + (L= Bu) (Y = %n)-

This implies that

allyn = xull < A= Bu)llyn = xall
= ||xn+1 —Xn — ﬂn(f(xn) —xn) ”
< %1 — %l + Hﬁn(f(xn) _xn) ”

Since %41 —x, — 0 and B,(f (x,) — x,) — 0, we get
lim [y, — % = 0. (37)
Observe that

Vn =% = (L= ) (Wi = x). (3.8)
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It follows from (C2), (3.7) and (3.8) that
lim ||x, — W,x,|| = 0.
n—00
Also, note that
” Wxn _xn” = ” Wxn - ann” + ” ann - xn||~
From [37, Remark 2.2] (see also [38, Remark 3.1]), we have
lim | Wx, — W,x,| = 0.
It follows
lim || Wx, —x,| = 0. (3.9)
In terms of (3.1) and Lemma 3.2, W : C — C is a nonexpansive mapping such that
F(W) = F. In the following, we discuss two cases.
(i) Firstly, suppose that E is uniformly smooth. Let x; be the unique fixed point of the
contraction mapping 7, given by
Tx=tf(x)+ (1-)Wx, ¢t€(0,1).
By Lemma 2.4, we can define
=1 )
QA= i
and Q(f) € F(W) = F solves the variational inequality
(1-NQUN.J(Qf)~p)) <0, VpeF.

Let us show that

lim sup(f(z) -z, J(x, — z)) <0, (3.10)

n—00

where z = Q(f). Note that
xp — % = E(f () — %) + (1 — (W, — x,,).
Applying Lemma 2.1 we derive

e — 612
< (1= 0| Way — a1 + 20{f (%) = %, ] (0 — %))
< (1= ) (| Wate = Wa, || + 1| Wak,, — 2,11)° + 28(f (x2) — 22, T (e — %) + 22|, — 6,1

< A=)l = xall® + an(t) + 28{f () — %0, T (6 = %)) + 28 [l — 2%,
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where
an(t) = | Wa, — 21l (2116 — %4l + | Wa, —%,]]) = 0 (due to (3.9)).

The last inequality implies

t , 1
oee = f (60), T (3¢ — 20)) < 5 e = xall® + —an(e).
It follows that

lim sup(xt —f(oee), J (e — xn)> < Mé, (3.11)

n— 00

where M > 0 is a constant such that M > |lx; — x,||? for all » > 0 and small enough ¢
in (0,1). Taking the limsup as t — 0" in (3.11) and noticing the fact that the two limits
are interchangeable due to the fact that the duality map J is uniformly norm-to-norm
continuous on any bounded subset of E, we obtain (3.10).

Now, let us show that x, — z as # — o0. Indeed, observe

Xne1 —2 = By (f(xn) - Z) + (1= Bn)n - 2)
= Bu (f(xn) - Z) + (1= B (L= o)) (Wyxy — 2) + (1 = Bu)au(x, — 2).

Then, utilizing Lemma 2.1 we get

%41 — 212
< @ = Bretaltn = 2) + (L= B (1 = ) (Wt = 2| + 2B4{f () = 2] (1 — 2))
< [@ = Bl — 2l + (A = Bu)A — )12 — 21 ]* + 2Ba{f (6) — £ (@), T (a1 — 2))
+2Buf (2) - 2,] (%1 — 2))
< (U= B 16 — 2I1% + 20B 16 — 2l [%s1 — 2]l + 2Blf (2) — 2] (61 — 2))

< (1= B l1%n — 2lI* + B (150 — 2I1* + [1%ns1 — 2II%) + 2Bulf (2) — 2] (%1 — 2)).

It follows that, for all #n > ng, we have

”xn+1 _Z||2
_ _ 2
< W ”xn — z||2 + 1 %’?)ZBH (f(Z) - Z;](xn+l - Z))

due to (C1). For every n > ny, put

_ (l_a)ﬁn
" 1—0[,3,,
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and
n = % (Z) _Z;](xnﬂ _Z) .
Y l-«
Since 0 <1 -ap, <1, we have u, > (1 — a)B,. Now, we have
%1 = 21> < (1= ) 1w = 201 + v, V11 = g (3.12)

It is readily seen from (C1) and (3.10) that

o0
Z“” =+o00 and limsupv, <O0.

n— 00
n=0

Therefore, applying Lemma 2.3 to (3.12), we conclude that x, — z as n — oc.
(ii) Secondly, suppose that E has a weakly continuous duality map J, with gauge ¢. Let
x; be the unique fixed point of the contraction mapping T; given by

Tx=tf(x)+ (1-)Wx, ¢t€(0,1).

By Lemma 2.6, we can define Q(f) := lim;_, o+ x;, and Q(f) € F(W) = F solves the variational
inequality

Let us show that

limsup(f(z) - z,J, (¥, —2)) < 0, (3.14)

n—00

where z = Q(f). We take a subsequence {x,, } of {x,} such that

lim sup(f(z) =z, Jp (% — z)> = klir&{f(z) =2, ] (%n, — z)). (3.15)

n—o0

Since E is reflexive and {x,} is bounded, we may further assume that x,, — x for some X

in C. Since J,, is weakly continuous, utilizing Lemma 2.5, we have

lim sup ® (||x,, — #[) = limsup ®([lx,, —x[l) + ®(llx—%|]), VxeE.

k— 00 k— 00

Put

I(x) = limsup ® (||, —xll), Vx€E.

k— 00

It follows that

Ix) =T +®(lx-x]), VxeE.

Page 15 of 21
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From (3.9), we have

(W) = limsup & (||x,, — WZI|) = lim sup & (|| Wa,,, — Wx|)
k— o0

k— o0
< limsup & (||lx,, —%ll) = I'(®). (3.16)

k— 00

Furthermore, observe that

F(Wx) =T(x) + ®(|Wx-x[). (3.17)
Combining (3.16) with (3.17), we obtain

D(|Wx-x|) <0.

Hence Wx = x and x € F(W) = F (by Lemma 3.2). Thus, from (3.13) and (3.15), it is easy

to see that

lim sup(f(z) -z, Jp(%y — Z)> = (f(z) -2,Jp(x - Z)> =0.

n—0o0

Therefore, we deduce that (3.14) holds.
Now, let us show that x,, — z as # — oo. Indeed, observe that

D (llyn—2ll) = ®([enlen —2) + (1 - @) (Wyx,, — 2)||)
= CD(Olonn —z| + 1 —a,) | Wi, _Z”)

< @(|lx, —zl)).

Therefore, by applying Lemma 2.5, we have

O (lxns1 —zll) = O(||Bul(fGxn) —2) + 1 = B)yn = 2)])
= (| Ba(f () —f(2) +f(@) —2) + (L= Bu)yu —2) )
< ([ = B = 2) + Bulf@n) = f@)])) + Bulf (&) = 2T (ns1 — 2)
< (A= Bllyn —2ll + Bu|[f ) = f D)) + Bulf (2) = 2] (011 — 2))
< (1= B)llyn —zll + aBullxn — zll) + Bulf (2) — 2. S (Hni1 — 2))

< (1-@-a)Bn)@(Ilxn —2ll) + Bulf (2) — 2] (041 — 2))-
Applying Lemma 2.3, we get
O(lxy—2l) >0 (n— o),

which implies that ||x, — z|| = 0(n — 00), i.e., x, — z(n — 00). This completes the

proof. d

Corollary 3.4 The conclusion in Theorem 3.3 still holds, provided the conditions (C1)-(C4)
are replaced by the following:
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(D1) 0 < B, <1-a, Vi > ng for some integer ny > 1;

(D2) 1imy,—00(By = Bus1) =0 and Y - By = +00;

(D3) lim,_, oo(aty — 0tps1) = 0 and 0 < liminf,_, o, <limsup,_, o, <1;
(D4) 0< X, <b<1,Vn=>1forsomebin(0,1).

Proof Observe that

:3n+1 _ ,Bn
1-(1-Bu)ann  1-(1- By,
_ (Bus1 = Bn) = Buni@n + Butnsr + Bus1 BuOn — BuBri1otnn
B (1= (1= Buen)ewn) (1 = (1= B)aty)
~ (Bus1 = Br) = But (0 = a41) = i1 (Bust = Br) + BuBrsi (0 — i1)
) (1= (1= Bra))et)(1 = (1= B)ety)
_ (Bus1 — Br) (A — 1) = Busr(@n — 0t1) (1 — B1)
S -0 Bem)ann) - (1= Bay)

Since lim,,_ oo (B8, — Bus1) = 0 and lim,,_, oo (@), — @41) = 0, it follows that

lim ( e b ) =0.
n—oo\ 1 - (1 - /Sn+1)an+1 1- (1 - ﬁﬂ)a"

Consequently, all conditions of Theorem 3.3 are satisfied. So, utilizing Theorem 3.3, we
obtain the desired result. O

Corollary 3.5 Let C be a nonempty closed convex subset of a reflexive and strictly convex
Banach space E. Assume, in addition, E either is uniformly smooth or has a weakly con-
tinuous duality map J, with gauge ¢. Let T; : C — C be a nonexpansive mapping for each
i=1,2,...such that F = (o, F(T;) # ¥, and let f € T ¢ with contractive constant o in (0,1).
Given sequences {a,}, {B,} and {A,} in [0,1], the following conditions are satisfied:

(EI) lim,— o By =0 and o2y Bu = +00;

(E2) 0 <liminf,_, o, <limsup,_, o, <1

(E3) 0< X, <b<1,VYn=>1forsomebe(0,1)
Then. for an arbitrary but fixed x in C, the sequence {x,} defined by (3.2) converges strongly
to a common fixed point Q(f) in F. Moreover,

(i) if E is uniformly smooth, then Q(f) € F solves the variational inequality

(([ _f)Q(f)’](Q(f) —P)> S Or f € HC:P EF;

(it) if E has a weakly continuous duality map J, with gauge ¢, then Q(f) € F solves the
variational inequality

(I-HQW.J(QF) -p)) <0, feTc,peF.

Proof Repeating the arguments in the proof of Theorem 3.3, we know that {x,,} is bounded,
and so are the sequences {y,}, {W,x,} and {f(x,)}. Since lim,_,» B8, = 0, it is easy to see
that there hold the following:

(©) Bulf (xn) = %u) = 0 (n — 00);
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(i) 0 <B, <1-w,VYn=> ng for some integer ny > 1;

1 Bu+1 Bn —
(111) hmng)oo(lf(l*ﬂnﬂ)anﬂ - lf(lfﬂn)an) =0.

Therefore, all conditions of Theorem 3.3 are satisfied. So, utilizing Theorem 3.3, we obtain
the desired result. g

To end this paper, we give a weak convergence theorem for hybrid viscosity approxi-
mation method (3.2) involving an infinite family of nonexpansive mappings 73, T,... in a
Hilbert space H.

Theorem 3.6 Let C be a nonempty closed convex subset of a Hilbert space H. Let T; : C —
C be a nonexpansive mapping for each i =1,2,... such that F = (5, F(T;) # @ and f € Tc.
Given sequences {a,}, {B} and {A,} in [0,1], the following conditions are satisfied:

(FI) Y02 Bn < +00;

(F2) 0 <liminfy,_ o o0, <limsup,,_, o, oy < 1;

(F3) 0< A, <b<1,VYn>1forsomebe(0,1).
Then, for an arbitrary but fixed x, in C, the sequence {x,} defined by (3.2) converges weakly
to a common fixed point of the infinite family of nonexpansive mappings Ty, Ty, . ...

Proof Take an arbitrary p in F = (5, F(T;) # ¥). Repeating the arguments in the proof of
Theorem 3.3, we know that {x,} is bounded, and so are the sequences {y,}, {W,x,} and

{f ()}
It follows from (2.3) that

e Pl

< (=Bl — 21> + Ballf ) - 2|

< lyn —pI? + BufGen) — ||

= ot = ) + (L= ) (Wit = )| + Bl ) - 2|

= ol = I + (1= )| Wty = PI1? = (1 = )1 = Wy I + B | f @) — |

< a2 =PI + (L= ) [ =PI = (L = ) [0 = Wot|I? + B | (6) = ||

= 1120 = PI> = (L = ) s = Witall® + B |f () — ||

< lln = P12 + Bull fx) — .

(3.18)

Since Y o7 By < +00 and {f(x,)} is bounded, we get > 7 B, Ilf (x,) — plI* < +o0. Utilizing

Lemma 2.7, we conclude that lim,,_, , ||, — p|| exists. Furthermore, it follows from (3.18)
that for all # > 0, we have

2
an(1—ay)llx, - ann”Z =< ll%n —P||2 = l%ni1 —P||2 + B ”f(xn) _P” . (3.19)

Since B, — 0 and 0 < liminf,_, o, < limsup,_, ., o, < 1, it follows from (3.19) that
lim,,_, o0 [|%, — Wy, || = 0. Also, observe that

” Wxn _xn” = ” Wxn - ann” + ” ann - xn”-
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From [37, Remark 2.2] (see also [38, Remark 3.1]), we have
lim |Wx, — W,x,| = 0.
n— 00
This implies immediately that
lim ||Wx, —x,| =0.
n— 00

Now, let us show that w, (x,) C F (see (2.2)). Indeed, let ¥ € w,,(x,). Then there exists
a subsequence {x,,} of {x,} such that x,, — x. Since (/ - W)x, — 0, by Lemma 2.8, x €
F(W)=F.

Finally, let us show that w,,(x,) is a singleton. Indeed, let {%m;} be another subsequence
of {x,} such that x,,, — &. Then ¥ also lies in F. If X # &, by Opial’s property of H, we reach
the following contradiction:

lim |lx, — x| = lim [lx,,, — x]|
n— 00 11— 00
< lim ||x,, — %[ = Hm [|x,;, — &]|
i—o00 j—>o0

< lim ||%, — X[ = lim ||, — %[
j—00 U n—00

This implies that w,,(x,) is a singleton. Consequently, {x,,} converges weakly to an element
of F. O

Remark 3.7 As pointed out in [22, Remark 2.1], the mild conditions are imposed on the
parameter sequence {X,}, which are different from those in [8, 11, 18, 23]. Theorem 2.1 in
[22] is a supplement to Remark 5 of Zhou, Wei and Cho [23] in reflexive Banach spaces.
Moreover, it extends Theorem 1 in [14] from the case of a single nonexpansive mapping
to that of an infinite family of nonexpansive mappings, and relaxes the restrictions im-
posed on the parameters in [14, Theorem 1]. Compared with Theorem 2.1 in [22] (i.e.,
Theorem 1.2), our Theorems 3.3 and 3.6 supplement, improve and extend them in the
following aspects:

(1) The hybrid viscosity approximation method (3.2) includes their modified Mann’s
iterative process (1.5) as a special case.

(2) We relax the restrictions imposed on the parameters in [22, Theorem 2.1]; for
instance, there can be no parameter sequence convergent to zero in our
Theorem 3.3.

(3) In Theorem 3.3, the problem of finding a common fixed point of an infinite family of
nonexpansive mappings is also considered in the framework of uniformly smooth
Banach space.

(4) In order to show the strong convergence of the hybrid viscosity approximation
method (3.2), we use the techniques very different from those in the proof of [22,
Theorem 2.1]; for instance, we use Theorem 4.1 in [1] and Theorem 3.1 in [32].

(5) Theorem 3.3 shows that the hybrid viscosity approximation method (3.2) converges
strongly to a common fixed point of an infinite family of nonexpansive mappings,

which solves a variational inequality on their common fixed point set.
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(6) In Theorem 3.6, the conditions imposed on {«,} and {8,} are very different from
those in [22, Theorem 2.1].

(7) In the proof of Theorem 3.6, we use the techniques very different from those in the
proof of [22, Theorem 2.1]; for instance, we use Opial’s property of Hilbert space
and Tan and Xu’s lemma in [36].
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