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Abstract. In this paper, we study an implicit predictor-corrector iteration process for
finitely many asymptotically quasi-nonexpansive self-mappings on a nonempty closed convex
subset of a Banach space EF. We derive a necessary and sufficient condition for the strong
convergence of this iteration process to a common fixed point of these mappings. In the case
F is a uniformly convex Banach space and the mappings are asymptotically nonexpansive, we
verify the weak (resp. strong) convergence of this iteration process to a common fixed point of
these mappings if Opial’s condition is satisfied (resp. one of these mappings is semi-compact).

Our results improve and extend earlier and recent ones in the literature.
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Introduction and Preliminaries

Let E be a real Banach space equipped with norm || - ||, let C' be a nonempty subset of E,

and let T : C'— C. The set F(T) = {x € C : Tx = x} consists of all fixed points of 7T".

Definition 1.1. T is said to be

(1)

nonexpansive if

Tz = Ty|| < ||z —yll, Va,yeC;

asymptotically nonexpansive [4] if there exists a sequence {k, }°2; C [1, 00) with lim,, . k,
= 1 such that

17"z =T y|| < knllz —yll, Voz,yeC n=1;

asymptotically quasi-nonexpansive if F(T) # 0, and there exists a sequence {k,}5°, C

[1,00) with lim, . k, = 1 such that

| T"x —p|| < knllz—pl|, Vel peF(T), n>1;

semi-compact [2] if for any bounded sequence {z,} C C with lim,, . ||z, — Tx,| = 0,

there exists a strongly convergent subsequence of {x,}.

The class of asymptotically nonexpansive mappings, as a natural extension of that of

nonexpansive mappings, was introduced by Goebel and Kirk [4] in 1972. They proved that if

C' is a nonempty bounded closed convex subset of a uniformly convex Banach space F, then

every asymptotically nonexpansive self-mapping T" on C has a fixed point. Furthermore, the

study of iterative construction for fixed points of asymptotically nonexpansive mappings began
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in 1978. Bose [1] first proved that if the uniformly convex Banach space E satisfies Opial’s
condition [6] then {T"x} converges weakly to a fixed point of T, provided T is asymptotically
regular at z, i.e., lim, .o |[|7"x — T""'z|| = 0. A Banach space E is said to satisfy Opial’s

condition [6] if whenever {z,} is a sequence in E which converges weakly to x, one has

liminf ||z, — 2| <liminf ||z, —y|, foralyecE, y# .

It is well known that every Hilbert space satisfies Opial’s condition (see, for example, [6]).

In 2001, Xu and Ori [9] first introduced an implicit iteration process for N nonexpansive

mappings in a Hilbert space and proved the following weak convergence theorem.

Theorem 1.2 ([9]). Let H be a Hilbert space and let C' be a nonempty closed convez subset
of H. Let {T;}Y., be N nonexpansive self-mappings on C such that F = (X, F(T;) # 0. Let
xg € C and let {a,}22, be a sequence in (0,1) such that lim,, . o, = 0. Then the sequence

{z,} defined implicity by
Ty = 0Tp_1 + (1 — ) TmodN)Tns 1 2> 1,
converges weakly to a common fized point of mappings {T]}é\;l
Later, Sun [8] introduced and studied another implicit iteration process

ln
Ty = QpTy_1 + (1 — an)Tn(rtédN)xn, n>1,

for N asymptotically quasi-nonexpansive self-mappings {T,}évzl on a nonempty bounded closed
convex subset C' of a Banach space E, where {«,} is a sequence in (0, 1), z is an initial point
in C, and n = [, N + n(modN). Moreover, he proved that the sequence {z,} defined by
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his iteration process converges strongly to a common fixed point of {Tj}j\fz1 under suitable
conditions.

At the same time, Zhou and Chang [10] introduced and studied the following implicit
iteration process

Ty = QpTp_1 + 5nT:(modN)xn + TnUn, T Z ]-7

for N asymptotically nonexpansive self-mappings {Tj}j\f:1 on a nonempty closed convex subset
C of a Banach space E, where {a,}, {f.}, {7} are three sequences in [0, 1], x( is an initial
point in C, and {u,} is a bounded sequence in C'. Moreover, they proved that the sequence
{,} defined by their iteration process converges weakly to a common fixed point of {7;}1,
under suitable conditions.

As indicated in [10], if T}, T5,...,Ty : C — C are N asymptotically nonexpansive map-
pings, then there exists a sequence, called common Lipschitz constants, {k,} C [1,00) with

lim,, .o k, = 1 such that for each 1 =1,2,..., N,
T = Tyl < kalle —yll, Va,yeC, n>1,

A similar situation occurs when Ty, 7Ts, ..., Ty are asymptotically quasi-nonexpansive. By
convention, we write T), := T),(moan), for integer n > 1, with the mod function taking values
in the set {1,2,...,N}. In other words, if n = [,V 4 ¢ for some unique integers [,, > 0 and
1 < g <N, then we set T, =T,.

In this paper, we introduce the following implicit predictor-corrector iteration process with

an auxiliary finite family of asymptotically quasi-nonexpansive self-mappings on C.



Definition 1.3 (Basic set up). Let C be a nonempty closed convex subset of a Banach
space E, and {T},Ts,...,Ty} and {T17T2, . ,TN} be two families of asymptotically quasi-
nonexpansive mappings from ' into C' with common Lipschitz constants {k,} and {k,} such
that S2°° (k, — 1) < 400 and 32°° (k, — 1) < 400, respectively. Let {x,} be an iterative

sequence in C' generated from an arbitrary xzy € C' by three steps:
Auxiliary step. With x,, 1 (n > 1) established, y, is computed implicitly by
Yn = Qpp_1 + Bn’_ﬁl;"yn + Yl (1.1a)
Predictor step. With y,, obtained in the auxiliary step, z, is computed implicitly by
Zn = QnYn + BTl 20 + Yl (1.10)

Corrector step. With z, obtained in the predictor step, x, is computed explicitly by

Tn = QYo + Bu Ty 20 + Yalin, (1.1¢)
Here, T,, := Tmoan) and T, = Tn(modN) for n = 1,2,.... On the other hand, {u,},,

{1,359, {1, }52, are three bounded sequences in C; and {a,, }22 1, {&,}5%, {an}22, {6,152,

{Bn}?:p {Bn}ii":p {1 oy, {An 22y, {n}o2, are nine real sequences in [0, 1] such that

Q4 B+ =1 (Vn > 1)7 21010:17n < +00,
G+ BotAm =1 (Wn>1), 322 4 < +o00,
Qi +Bn + =1 (Vn > 1)7 2101021’711 < +00,
0<BpfBn<c<K?' (Yn>1), K= max{sup,,> kn, SUp, >, ko) > 1.

(1.2)

Remark 1.4. Since 0 < Bn,Bn < ¢ < K71, it is clear that the mappings vy — &nxn_1 +
ﬁAnTA,lL"y + Yy, and 2 — a, Yy, + BnT,i"z + Yn i, are two contractions from the nonempty closed
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convex set C' into itself. Thus, by the Banach Contraction Principle there exist the unique
points y,, z, € C such that (1.1a) and (1.1b) hold, respectively. Therefore, the sequence {x,,}

is well defined.

Our aim is to consider and study the strong and weak convergence of the above implicit
predictor-corrector iteration process. To this end, we need the following lemmas.

Lemma 1.5. Let {b,}, {b,},{bn} be three nonnegative real sequences with finite sums. Then

~

3% An < +oo, where A, = (14 b,)(1+b,)(1 +b,) — 1 for each > 1.

Lemma 1.6 ([10]). Let {a,}, {\n}, {in} be three nonnegative real sequences such that» > | A, <

00, Y07 pn < +00, and
An1 S (]— + )\n)an + Ko, vn Z 1.
Then lim,,_,o a,, €xists.

Lemma 1.7 ([7]). Let E be a uniformly convexr Banach space, {t,} C [b,c] C (0,1), and
{zn},{yn} € E. If lim, oo ||thzn + (1 — t)yn|| = d < 400, limsup,_, ||z.| < d, and

limsup,,_, |ynll < d, then lim, o ||z, — yn|| = 0.

Lemma 1.8 (Demi-closed principle [3]). Let E be a uniformly convex Banach space, C
be a nonempty closed convex subset of E, and T : C' — C' be an asymptotically nonexpansive

mapping with F(T) # (0. Then I —T is demiclosed at zero, that is, for any sequence {x,} C C,

z, — q € C weakly } (I—T)g=0

(I —T)x, — 0 strongly



2 Main Results

Lemma 2.1. Let C be a nonempty closed convex subset of a Banach space E, and {T;}¥, and
{TA]}évz1 be two finite families of asymptotically quasi-nonexpansive self-mappings on C such
that (X, F(T;) N ﬂj VF(T) # 0. If {z,}, {yn} and {z,} are the iterative sequences defined

by (1.1a), (1.1b) and (1.1c), then for each p € M, F(T}) N ﬂjvzl F(Ty), there hold

lim ||z, —p||=d, limsup|y, —p|| <d, and limsuplz, —p| <d.

n—oo n—oo

Proof. Since {u,}22 |, {tn}o2 1, {u,}2, are three bounded sequences in C, for any given p €

N, F(T, )ﬁﬂj L F(T}) we have
M := max{sup |[u, — pl|,sup [|@, — p||,sup ||, — p|[} < +oc.
n>1 n>1 n>1

Note that 1 —Bnkln >1—cK >0and 1 —Bnl%in >1—cK >0. Put

1 . .1
L=—— b,=0uk, —1), b,= 6” —1, and bn:—Aﬁ?—l.

1—cK’ 1= Boky, 1— Bok;

Then we have

0<y, :5n(kl —1)<k‘l —1, and 140, <K,
= Bl kn ) _
~ ( N
0 < by = nr <L(k —1), and 1+b,<L.
Observe that
Hyn - p” Han(xn 1 ) + Bn(Tlnyn p) + ’Ayn(ﬁn - p)”

< Anllwn-1 = pll + Baky, llyn = Pl + Anll@n — pll-

It follows
lyn —pll - < =5 i -1 = pll + =2 o [ —
= 1_1@?;% -1 — pll + LA, (2.2)

(14 b)) |2 — p|| + LMA,.
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Similarly,

lzn =2l = [l€n(yn — p) +_Bn(T7lznZn — ) + Yultn — )|
< anllyn — pll + Buk, |20 — pll + Yulltn — pl-
Consequently, i i
lzo =PIl < =52 lym — 2l + 325 1 — pl
< 755 lya — pll + LM, (2.3)
= (L4 bu)llyn — pll + LM7,.
Therefore,
20 =2l = lan(yn = p) + BTy 20 — p) + Y (un — )|

W lyn = pll + Buki, |20 — pll + Yallun — p

(1 = B)llyn = pll + Bukr, [(1 + b0)[|yn — pl| + LMA,] + v M

(1 + ﬁn(kln _71))(1 + bn)Hyn - p” + M[KLﬁ/n + ’Vn]

(1+0n) (1 + ba) |y = pll + K LM [0 + 7] (2.4)
(1 + bn)(l + bn)[(l "hbn)”xn—l - p” + LM'%] + KLMH’n + /Vn]

(14 bu) (L + b)) (1 + by) |21 — pll + KL*MA, + KLM 5y, + 7]

(1 + bn)(l + Z_)n)(l + Bn)Hl’nfl - p|| + KLQM[’yn + T+ ﬁ/n]

(14 M) |n—1 — pl| + ptn,

VAN VAN VAR VAN VAR VAN VAN |

where A, = (14 b,)(1 + b)) (1 +b,) — 1, and gy, = KL2M [y + 5 + ).

Since %% | (ky, —1) < +o0 and 320 (k; —1) < 400, it follows from (2.1) that 37 b, <
+00, 3% b, < 400, and Y2°° b, < +oo. Hence, we derive 3.2, \, < 400 by Lemma 1.5.
Note that Y > v, < 400, > 77 Fn < +00, and > 7 4, < +00. This provides >~ | p, <
+00. By Lemma 1.6, lim,, .« ||z, — p|| exists. Let lim, . ||z, — p| = d.

Since lim,, .o b, = lim,, o Fn = 0, from (2.2) we obtain

limsup ||y, — pl| < limsup(1 + by )||zn—1 — pl| + LM limsup 4, < d.

n—oo n—oo n—oo

Further, since lim,, . b, = lim,, . ¥, = 0, from (2.3) we obtain

limsup ||z, — p|| < limsup(1 + b,) ||y, — p| + LM limsup 7, < d.

n—od n—oo n—oo



Theorem 2.2. Let C' be a nonempty closed convex subset of a Banach space E. Let {T;}X,
and {Tj}évzl be two finite families of asymptotically quasi-nonexpansive self-mappings on C
such that F = (i, F(T;) N ﬂjvzl F(T;) # 0. Let {x,} be the iterative sequence defined by

(1.1a), (1.1b) and (1.1c). Then {x,} converges strongly to an element of F if and only if

liminfd(x,, F) = 0.

n—oo

Proof. The necessity is obvious. For the sufficiency, we assume liminf, . d(z,, F') = 0. Let

p be any given element in F. Then from (2.4) we obtain
[ =2l < (L4 A)l|zn = DIl + pin, (2.5)
where > A, < +oo and Y, f1,, < +o00. Taking the infimum over all p € F, we get
d(zn, F) < (14 N\)d(xp—1, F) + fin.

Hence, lim, o d(x,, F) exists. Furthermore, we have lim,,_,, d(z,, F') = 0.
By Lemma 2.1, we know that lim, . ||z, — p|| exists. Hence {z,} is bounded. Put

On = Anllzn_1 — p|| + ft. Then > 02 6, < +00, and (2.5) can be rewritten as
|#n = pl| < [|#n-1 = Pl + 6

For arbitrary ¢ > 0, choose Ny such that d(zn,, ') < &/4 and 372 d; < ¢/4. Conse-

quently, for all n,m > Ny we have

[0 — Zm|| < [Jzn —pl| + Hﬂimn—pH -
< |lzn, — pll + Zj:NO—H 0j + |25, — pll + Zj:No-i-l Wy
<2llzn, —pll +23 772, 95
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Taking the infimum over all p € F', we obtain
> 2 2e
|20 — Tl < 2d(xp,, F) + 2 Z G<TH T =¢
J=No
This shows that {x,}22, is Cauchy. Let lim, ., x, = u. It is easy to verify that F' is closed.

Since lim,, o d(x,, F) = 0, we must have that u € F. O

As a consequence of Lemma 2.1, the iterated sequence {x,} is bounded. If the underlying
space F is reflexive then we can expect that its weak cluster points provide common fixed

points of Ty, T5, ..., Tx. This leads to the following

Theorem 2.3. Let E' be a uniformly convexr Banach space, let C' be a nonempty closed convex
subset of E, and let {T;}X, (resp. {T]};V:l) be a finite family of asymptotically nonexpan-
sive (resp. asymptotically quasi-nonexpansive) self-mappings on C such that ﬂ;vzl F(Tj) N
MY, F(T)) # 0. Suppose lim,, o0 B, = 0 and {8,}32, C [b,¢] C (0, K7Y), where K is as in
(1.2). Then every weak cluster point of the bounded iterative sequence {x,} defined by (1.1a),
(1.1b) and (1.1c) belongs to (N, F(T}).

Proof. Let p € ﬂjvzl F(T;) NN, F(T;). By Lemma 2.1, we have

lim ||z, —p||=d, limsup|ly, —pl| <d, and limsup|lz, —p| <d.

Obviously, {z,}, {y.} and {z,} are bounded sequences in C'.

Observe that

Hxn - pH = ||<1 - ﬁn)[yn —-p+ 'Yn(un - yﬂ)] + ﬁn[Ténzn —p+ ’Yn(un - yﬂ)]” — d,
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as n — 00. Since lim, .« v, = 0 and {u,} is bounded, we have

Hmsup |yn — p + Yo (ttn — yn) || < limsup]||y, — pll + Yalltn — yull] < d,

n—oo n—oo

and

lim sup [| 75" 20 — p + Yo — ya) | < limsup(ky, ||z, — pll + allun — all] < d.

n—oo n—oo

It follows from Lemma 1.7 that

lim || Tz, — yn|| = 0.

Thus,
lim ||z, — y|| = lim [|@,y, + BanL"zn + Ynln — Ynl|
n—oo n—oo _
= Tim [|B(T3 20 — yn) + T (T — y) | = 0.
Similarly,
lim Hxn - ynH = lim Hanyn + ﬁnsznzn + YnlUn — yn”

= Jim [162(Ty7 20 = ) + 30 (utn = 9)| = 0.

Moreover,

||y” - ‘Tn*1|| = Ho:énx?jl + anjrl;nyn + &nan - ajnle
= |Lﬁn(TTanyn — Tp—1) + Anlln — Tp1) ||
< Bl Ty = Tl + Anlltn — Ta]] — 0, as n — oo,

since lim,,_, Bn = lim,, o ¥, = 0. As a result, we have
[0 = @nall < llzn = yull + Iy — 2aa]| = 0, as n — oo.
It forces
lim ||z, — Zp44|| =0, foreachi=1,2,...,N.
n—oo
On the other hand, we have

20 = Tiraall < [lzn = yall + 1y = Ty 2l + (1T 20 — Trraa|
<z = yoll + llyn = T zall + K, [l20 — 20l — 0, asn — oo,
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Asn =1,N +n(modN) for n > N, we get
n—N=(l, —1)N + n(modN),
and hence [,_y = [,, — 1. Thus, we have
Tht =T

Consequently, we derive

|2n — ozl < |lzn — Ténan + ||Trlznxn — T2y
<z, — Trlznan + KHTranilxn — Ty
= ||zn = Thran|| + KT, 3 0 —
< Jn = Tl + KT — T ]
+ 1Ty @n-v = T n |l + [ €0 = Zal]
< lzn = Tyrag|| + K[(1+ K)llza-n — @0

+ HTTILT]{,V%,N —Tp_nl|l] = 0 asn — oo.

This implies that for each j =1,2,..., N,

|zn — Tn-l—jxn” < ||, — xn-i—j” + Hxn-&-j - Tn-l—jwn-kj” + ||Tn+jxn+j - Tn-i-jxnn
< (L4 K)l[on = oyl + 1204+ — Totj@nssll — 0, asn — oo,

(2.6)

Note that the closedness and convexity of C' imply the weak closedness of C'. Let z € C
be any weak cluster point of the bounded sequence {z,}. Let {z,,} be a subsequence of {z,}
such that x,, — T weakly (see, e.g., [5, p. 313]). Since the pool of mappings {7;:1 <i < N}
is finite, we may further assume (passing to a further subsequence if necessary) that for some
integer | € {1,2,...,N}, T,,, = T, for all i > 1. Then it follows from (2.6) that for each
j=1,2,...N,

Tn;, — L1420, — 0, asi— 00,

that is, for each j =1,2,..., N,

T, — Tjxn, — 0, asi— oo, (2.7)
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By Lemma 1.8, we can conclude that z € ﬂjvzl F(T;). O

Theorem 2.4. In addition to the conditions in Theorem 2.3, we assume further that () #

Nity F(T) S N2, F(T).
(a) If E satisfies Opial’s condition, then {x,} converges weakly to an element of N, F(T}).
(b) If one of {T; YN, is semi-compact, then {x,} converges strongly to an element of (~, F(T;).

Proof. We continue the argument in the proof of Theorem 2.3.

For (a), we claim that {z,} is weakly convergent. Were this false, there existed another
subsequence {z,,} of {x,} such that z,, — ¥ € C weakly and z # 7. Utilizing the same
argument as in Theorem 2.3, we can prove that = € ﬂjvzl F(Tj). Note that by Lemma 2.1

both lim,, . ||z, — Z|| and lim, . ||z, — Z|| exists. It follows from the Opial condition of F

that
lim ||z, — Z|| = liminf ||z,, — Z|
—00 1—00
<liminf ||z, — z|| = lim ||z, — Z|| = liminf [|z,, — ||
i—00 n—00 j—o0
< liminf ||z, — Z|| = lim |z, — 2|
j—00 n—o0

This contradiction indicates that z = Z, and so {z,} converges weakly to Z.
For (b), by (2.7), we can assume a subsequence {z,,} of {x,} exists such that x,, — & €

ﬂiNzl F(T;) in norm. It then follows from Lemma 2.1 that
lim ||z, — 2| = lim ||z,, — 2| = 0.

This completes the proof. O
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