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Abstract

The existence results for an abstract Cauchy problem involving
a higher order differential inclusion with infinite delay in a Banach
space are obtained. We use the concept of the existence family to
express the mild solutions and impose the suitable conditions on the
nonlinearity via the measure of noncompactness in order to apply the
theory of condensing multimaps for the demonstration of our results.
An application to some classes of partial differential equations is given.
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1. INTRODUCTION

In this work we study the Cauchy problem for higher order differential in-
clusion of the following form:

N-1
(1.1) WM @)+ A (1) € F(tult),w), t €[0,T],
i=0
(1.2) uD(0)=u;, i=1,...,N—1,
(1.3) u(s) = p(s), s € (—o0,0],
where N > 1,A4;, i =0,..., N — 1, are linear operators in a Banach space
(X,] - ||) and F' is a multivalued map, whose properties will be described

in the next section. Here u; is the history of the state function u up to the
time ¢, that is w(s) = u(t + s) for s € (—o0,0].

It should be noted that the higher order differential equations and in-
clusions of the form (1.1) appear in many realistic models, emerging from
mechanics, physics, engineering, control theory etc., in which A; stands for
some partial differential operators. One of the approaches to deal with such
problems consists of the reducing them to a first order system in a suit-
able solution space and to apply the semigroup theory. However, as it was
pointed out in [12, 33, 37], this way may be unpractical in the situation
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when the solution space is difficult to construct or it is complicated for ap-
plications. In addition, as it was mentioned in [12, 38], the direct treatment
of higher order problems allows to get more general results.

The abstract Cauchy problem for the case N = 1 has been studied
extensively by the application of powerful methods of the semigroup the-
ory. The description of these methods and comprehensive references can
be found, e.g., in [11, 24, 33, 36]. Later on, by using the generalizations
for the concept of strongly continuous semigroup, namely, integrated semi-
group (see for example, [1, 2, 5, 22, 29, 35]) and regularized semigroup (see
[7, 37]), a wide class of first order and second order differential equations
and inclusions has been investigated without the assumption that the op-
erator coefficients A; must be densely defined. We refer to some researches
which relate directly to our work, in [7, 8, 17, 20, 26, 31, 32, 38]. In addi-
tion to the notions of an integrated semigroup and a regularized semigroup,
a general concept of so-called existence family was introduced in [9, 10]
and its extension for higher order differential equations was proposed in
[39]. In [9], an example was given to demonstrate that there are limita-
tions to both integrated semigroup and regularized semigroup approaches.
More precisely, for some equations, the operator A; generates neither an
integrated semigroup nor a regularized semigroup, especially in the case
when A; is formed by a matrix of operators. The reason is that the inte-
grated semigroup requires the operator to have the non-empty resolvent set,
while regularized semigroup involves commutative property of the operator
entries.

Using the concept of existence family from [39], we prove the solvability
of problem (1.1)—(1.3) under some conditions imposed on nonlinear multi-
valued map F'. Our method consists of the employing the fixed point tech-
nique for multivalued condensing maps and the typical assumption on F
is expressed in the terms of the measure of non-compactness. This tech-
nique was developed in [21]. The reader can find also the relevant appli-
cations of multivalued analysis to the theory of differential inclusions in
[3, 4, 6, 15, 19, 23].

At last, it is worth noting that the study of dynamical systems with
unbounded delay attracts the attention of many researchers, see, e.g., [18,
25, 13, 14, 27, 28, 31] and the references therein. Usually, it is assumed that
the distributed infinite delay belongs to a special seminormed functional
space, whose axioms were introduced by J.K. Hale and J. Kato [16], see
also [18].
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In the next section, we recall some basic facts concerning the notions of
the existence family, the phase space for delay differential equations and
inclusions, the measures of non-compactness, and the condensing multival-
ued maps. Section 3 is devoted to the local and global existence results
for problem (1.1)—(1.3). In the last section, we present an application to
the existence of solutions for some classes of nonlinear partial differential
equations.

2. PRELIMINARIES

2.1. Existence family

For a linear operator A in a Banach space (X, || - ||), we denote by D(A) and
R(A), the domain and the range of A, respectively. The notation [D(A)]
stands for the normed space D(A) endowed with the graph norm

[2llpeay = [zl + [[Azl, = € D(A).

Let L(X) be the space of all bounded linear operators on X. For B € L(X),
by [R(B)] we denote the Banach space R(B) with the norm

[z lr(my = mf{llyl] : By = =}

For a positive constant w, we say that G € LT,,—L(X) if G : (w,00) = L(X)
and there exists a continuous function H : [0,00) — L(X), ||H(t)|| = O(e“?)
such that for all A > w, we have

G Nz = / e MH(t)xdt, for all z € X.
0

The characterizations of the space LT, — L(X) can be found in [1, 37]. For

A € R, set
N-1

Py=AY+ > NA;, Ry = P!
i=0
if the inverse exists.
Let Ey € L(X) be injective. We recall the definition of the Ey-existence
family from [39].

Definition 2.1. The strongly continuous family of operators {E(t)}i>0 C
L(X) is said to be an Ejy-existence family for the collection of operators
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(ADNGE if for any z € X,t > 0, we have E()z € CV71((0,00); X),

1=

E(i—l)(t)x e D(4), AiE(i_l)(-)x € C((0,00); X),7i=0,...,N—1, and

N-1 t (¢ — s)n—ivl N1
where
. dJ
() = ;
E (t).%' - dtj (E(t).%'), J € N7

} t(p_ gl
B (1) = /0 %E(s)m, j e N\{0}.

For an example of the existence family, see [39]. Recall the connection of the
existence family to integrated and regularized semigroups in the case N =1
(see [9]).

Let C' € L(X) be injective. Assume that A is a closed linear operator
in X such that CA C AC. Then the C-resolvent set of A is defined by

pc(A) ={A € C: (A — A) is injective,

R(C) C R(M — A)and (M — A)~'C € L(X)}.

Definition 2.2. Let w,r € R,7 > 0. If (w,+00) C pc(A) and there exists
Sr(+) : RY — L(X) satisfying t — S,.(t)u € C(RT; X) for each u € X such
that
1S ()l nx)y < Me*', t >0, M >0,

and

+o0o

(M —A)~Cu = )\r/ e MS,(t)dt, X\ > w,u € X,
0

then we say that A is a subgenerator of an r-times integrated, C-regularized
semigroup {Sy(t)}t=0. If r = 0 (respectively, C = I), then {S,(¢)}i>0 is
called a C-regularized (respectively, r-times integrated) semigroup and A is
said to be a generator of {S,(t)}+>0.

The properties of r-times integrated, C-regularized semigroup can be found
in [9, 37]. Notice that, if € N, A\g € pr(A), then A is the generator of an r-
times integrated semigroup if and only if A is the generator of a (A\g/ —A)™"-
regularized semigroup (see for instance, [37, Theorem 1.6.7]). The following



204 T.D. KE, V. OBUKHOVSKII, N.-C. WoNG AND J.-C. YAO

assertion shows the relation between an existence family and a C-regularized
semigroup.

Theorem 2.1 ([9]). Suppose that {W (t)}+>0 is a C-reqularized semigroup,
generated by an extension of A. If fg W(s)xds € D(A) fort > 0,z € X
then {W(t)}+>0 is a C-existence family for A.

The condition ensuring that an Ep-existence family for (A;)N " exists, is
given in the next statement.

Theorem 2.2 ([39]). Suppose that the operators A;, i = 0,...,N — 1
are closed and Py is injective for A > w. Then the collection of operators
(A)NLE has an Eg-existence family {E(t)}=0 C L(X) satisfying

2

IEN=D@)|, |AEY ()| < Me*t, i =0,...,N —1,
if and only if R(Ep) C R(Py) and

(2.1) MAIRVEG, N AiR\Ey € LT, — L(X), i=1,...,N — 1.

)

For 0 <k < N —1, denote

k
(2.2) D; = {SC € ﬂ D(A;j) : Ajx € R(Ep) for all 0 < j < k:}
j=0

For the associated with (1.1)—(1.3) homogeneous problem

N-1
(2.3) uM(t) + > AuD () =0, t >0,
=0
(2.4) uD(0) =u;, i=1,...,N —1, u(0)=uy = ¢(0)

we have the following result for the existence of a classical solution, by which
is meant the function u(-) € CN((0,00); X) such that v (t) € D(4;),t > 0,
0 < i< N —1, satisfying (2.3)-(2.4).

Theorem 2.3 ([39]). Assume that there exists an FEy-existence family
{E(t)}i=0 for (4A; i]i_ol, then for ug € Dg,...,un_1 € Dx_1, problem
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(2.3)~(2.4) admits a solution given by

N-—

Z —'ul Z/ tl—_s; ] (s)vijds| , t >0,

=0

;_A

where v;; € X are such that
Aju; = Egvi,0 < j <,0<i <N — 1,

and the solution satisfies, for some locally bounded positive function R(t),
the estimates

N-1

25) [N Ol ™ ®)llipeayy < B(E) sl + D 1A 3 e )

i=0 j=0

forallt 20 and 0 < k<N —1.

2.2. Phase space

Let (B, |-|s) be a semi-normed linear space, consisting of functions mapping
(—00,0] into a Banach space X. The definition of a phase space B, intro-
duced in [16], is based on the following axioms stating that, if a function
v (—00,T] — X is such that v|p 7] € C([0,7]; X) and vy € B, then

(B1) v € B for t € [0,T];
B2) the function t — v; is continuous on [0, T';

(

(B3) |ols < K®)sup{lu(s)llx : 0 < s < £} + M(®)luols, where K, M :
[0,00) — [0,00), K is continuous, M is locally bounded, and they are
independent of v.

Let us give an example of phase space. Suppose that 1 < p < 400, 0 <

+o00 and g : (—oo,—r] — R is nonnegative, Borel measurable functlon on
(—oo, —r). Let CLY is a class of functions ¢ : (—oc,0] — X such that ¢ is
continuous on [—r,0] and g(0)||¢(0)|% € L'(—oco, —r). A seminorm in C'L}
is given by

26 lele = sw (e@l)+ | [ aolela]

77‘\ \ [e.9]
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Assume further that
(2.7) / g(0)df < 400, for every s € (—oo, —r) and
(2.8) g(s+0) < G(s)g() for s <0 and 0 € (—o0, —7),

where G : (—00,0] — R is locally bounded. From [18], we know that if
(2.7)—(2.8) hold true, then C'LY satisfies (B1)-(83). For more examples of
phase spaces, see [18].

2.3. Measures of non-compactness and condensing multivalued
maps

Recall some basic facts from multivalued analysis, which will be used in this
paper. For more details see [3, 4, 6, 15, 19, 21, 23].
Let Y be a Banach space. We denote

PY)={ACY:A#0},
Py(Y)={AeP(Y): Ais convex},
K(Y)={AeP(Y): Ais compact},
Ku(Y)=K(Y)nPu(Y),
CY)={AeP(Y): Ais closed},

o PO(Y)={AeP(Y): Ais bounded}.

We will use the following general definition of the measure of non-compactness
(see, e.g., [21]).

Definition 2.3. Let £ be a Banach space and (A, >) a partially ordered set.
A function 8 : P(€) — A is called a measure of non-compactness (MNC) in
Eif

B(eo Q) = B(NQ) for every Q€ P(E),
where ¢o (2 is the closure of convex hull of 2. A MNC g is called

(i) monotone, if 0y, Q1 € P(€) such that Qy C Qy, then B(Qp) < 5(21);
(ii) nonsingular, if S({a} UQ) = B(Q) for any a € £, € P(E);
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(iii) invariant with respect to union with compact set, if S(K U Q) = B(Q)
for every relative compact set K C £ and Q € P(€);

If A is a cone in a normed space, we say that 3 is
(iv) algebraically semi-additive, if B(Qo + Q1) < B(Q0) + 5(21) for any
Q0,1 € P(E);

(v) regular, if 3(©2) = 0 is equivalent to the relative compectness of €.

An important example of a real-valued MNC is the Hausdorff MNC, defined
as
x(Q) = inf{e : Q has a finite e-net}.

It should be mentioned that, the Hausdorfl MNC satisfies all properties
given in above Definition, and, additionally, it has the following features:

e if L is a bounded linear operator in &, then x (L) < || L||x(€2);

e in separable Banach space &£, x(Q2) = lim;;, 00 SUp,cq d(x, &), Where
{&n} is a sequence of finite dimensional subspaces of £ such that &,, C
Emr1,m=1,2.. and U, _En =E.

Definition 2.4. A multi-valued map (multimap) F : X — P(Y") is said to
be

(i) upper semi-continuous (w.s.c) if F~5(V) = {z € X : F(z) C V} is an
open subset of X for every open set V C Y
(ii) compact if its range F(X) is relatively compact in Y;

(iii) quasicompact if its restriction to any compact subset A C X is compact.
In the sequel we will need the following assertion.

Theorem 2.4 ([21]). Let X and Y be metric spaces and F : X — K(Y) a
closed quasicompact multimap. Then F is u.s.c.

Definition 2.5. A multimap F : X C &€ — K (&) is said to be condensing
with respect to a MNC g (5-condensing) if for every bounded set Q C X
that is not relatively compact, we have

BF(Q)) Z B(Y).
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Suppose that D C £ is a nonempty closed convex subset and U is open set
in &£ such that Up :=U N D # (). We denote by Up and OUp, the closure
and boundary of Up in the relative topology of D, respectively. Let 8 be a
monotone nonsingular MNC in £ and

Fix(F):={x:z € F(z)}

the fixed point set of F.
The application of topological degree theory for condensing multimaps
(see [21]) yields the following fixed point results.

Theorem 2.5 ([21, Corollary 3.3.1]). Let M be a bounded convex closed
subset of &€ and F : M — Kv(M) a u.s.c. f-condensing multimap. Then
Fix(F) is a nonempty and compact set.

Theorem 2.6 ([21, Corollary 3.3.3]). Let U be a bounded open neighbour-
hood of 0 € D and F : Up — Kv(D) a u.s.c B-condensing multimap
satisfying the boundary condition

u & AF(u)
for all uw € OUp and 0 < X\ < 1. Then Fix(F) is a nonempty compact set.

Let X be a Banach space.

Definition 2.6. Let G : [0,7] — K(X) be a multifunction.Then G is said
to be

e integrable, if it admits a Bochner integrable selection. That is there
exists g : [0,7] — X, ¢g(t) € G(t) for ae. t € [0,7] such that
T
Jo llg(s)llxds < oo
e integrably bounded, if there exists a function ¢ € L'([0,7]) such that

IG(@)] :=sup{|lgllx : g € G(t)} <&(¢t) for a.e. t € [0,T].

The multifunction G is called measurable if G™1(V) measurable (with re-
spect to the Lebesgue measure in [0, 7)) for any open subset V' of X. We say
that G is strongly measurable if there exists a sequence G, : [0,7] — K(X),
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n =1,2,... of step multifunctions such that

lim H(G,(t),G(t)) =0 for a.e. t € [0,T],

n—oo

where H is the Hausdorff metric in K (X).

It is known that, in the case when X is a separable, the definitions of mea-
surable and strongly measurable multifunctions are equivalent and they are
equivalent to the assertion that the function ¢ — dist(x, G(t)) is measurable
on [0,7] for each z € X. Furthermore, if G is measurable and integrably
bounded, then it is integrable, that is the set of all Bochner integrable se-
lections

Sl ={ge LY0,T;X) : g(t) € G(t) for a.e. t € [0,T]}
is non-empty.
Definition 2.7. We say that the multimap G : [0,7] x X x B — K(X)

satisfies the upper Carathéodory conditions if

(1) the multifunction G(.,7,() : [0,T] — K(X) is strongly measurable for
each (n,¢) € X x B,

(2) the multimap G(t,.,.): X x B — K(X) is u.s.c for a.e. t € [0,T].

The multimap G is said to be locally integrably bounded if for each r > 0,
there exists the function w, € L'([0,T]) such that

1G(E,n, Ol = supllzllx = 2 € G(t,0, )} Swr () aetc[0,T]

for all (n,¢) € X x B satisfying ||n]|x + [¢|z < 7.

Assuming that the multimap G : [0,7] x X x B — K(X) satisfies the upper
Carathéodory conditions and is locally integrably bounded, for a function
u : (=00, T| — X such that uljgm € C([0,T]; X) and ug € B, consider the
superposition multifunction

®: 00,7 — K(X), ®(t)=G(t,u(t),u).

By the axioms of phase space, we see that t — u; € B is a continuous
function. Then & is integrable. The proof can follow the same way as in
[21, Theorem 1.3.5].
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As a consequence, for any 7 € (0,7], we can define the superposition muti-
operator

Po(u) := Sp = {¢p € L} (0,7, X) = ¢(t) € G(t,u(t),u;) for a.e. t € [0,7]}.
Let
Cx(—00,7) ={u: (~00,7] = X |ug € B and ulj ;) € C([0,7]; X)},
be the linear topological space endowed with the seminorm
[ullex (~o0,r) = luols + llullc(o,m:x)-

We have the following weakly closedness property for Pg, generated by
convex-valued multimap G, whose proof can be proceeded as in [21, Lemma
5.1.1].

Lemma 2.7 Let G: [0,7]x X xB — Kv(X) be a locally integrably bounded,
upper Carathéodory multimap and {u,} be a sequence in Cx(—oo0,T) con-
verging to us € Cx(—o00,7). Suppose that the sequence {¢,} C L'(0,7; X),
On € P (uy) weakly converges to a function ¢, then ¢, € Pa(uy).

3. MAIN RESULTS

Let X9 = [R(Ep)] C X. Let us consider the multimap F : [0,7] x X x B —
Kv(Xp) arising in problem (1.1)-(1.3). Recalling that the operator Ej is
injective, we define the multimap Fp : [0,7] x X x B — Kv(X) as

(3.1) Fy=E;'F.

We assume that the multimap Fj satisfies the following hypotheses:
(F1) Fy:[0,T] x X x B — Kv(X) is an upper Carathéodory multimap;
(F2) Fy is locally integrably bounded;
(F'3) For any bounded subsets Q C B and Q2 C X, we have

V(Fo(t 2, Q) < h(EX(Q) + k(HU(Q)  for aue. ¢ € [0,T),

where h,k € L'(0,T; X) and
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(3.2) $(Q) = sup x(Q(0))

0<0

is the modulus of fiber noncompactness of Q.

Remark 3.1. In the case X = R™, condition (F'3) can be deduced from
(F2). Indeed, the local integral boundedness property implies that the set
Fy(t,$2, Q) is bounded in R™ for a.e. t € [0,7] and hence it is precompact.
If dim(X) = +o0, then a particular case of the fulfilling (F'3) is the following:

Fo(t,.,.) : X x B— Kv(X)

is completely continuous for a.e. ¢t € [0, 77, i.e., Fy(t,.,.) maps any bounded
set in X x B to a relatively compact set in X.

Remark 3.2. If the operator E; ' is bounded, properties (F'1)-(F3) for the
multimap Fy easily follow from the corresponding properties for F'.

Motivated by [39], we give the definition of a mild solution for (1.1)—(1.3) in
the following way.

Definition 3.1. Let u; € D;,i = 0,...,N — 1 with ug = ¢(0). For a given
7 € (0,T], a function u € Cx(—o0,7) is called a mild solution to problem
(1.1)—(1.3) on interval (—oo, 7] if it satisfies the integral equation

(t

), for t <0,
(t) +/ E(t —s)¢p(s)ds fort € [0,7],
0

¥
u(t) =
w
where ¢ € Pg,(u) and w is the solution of homogeneous problem (2.3)-(2.4)
on [0, 7].

Since the family {E(t)}+>0 is strongly continuous, we are able to define the
operator S : L(0,7; X) — C([0,7]; X) by

(3.3) S()(t) = /0 E(t — 5)f(s)ds.

The following assertion can be proved by using the same arguments as in
[21, Lemma 4.2.1].
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Proposition 3.1. The operator S has the following properties:

(S1) There exists Cy > 0 such that

1S(H)(E) =SBl x < Co /Ot 1/ (s) = g(s)llxds

for every f,g € LY(0,7; X), t € [0,7];

(S2) for any compact K C X and sequence {f,} C L'(0,7;X) such that
{fn(t)} C K for a.e. t €[0,7], the weak convergence f, — f implies
S(fn) = S(f)-

The results of Proposition 3.1 lead to the following assertion, which is similar
to [21, Corollary 4.2.4].

Proposition 3.2 Let {¢,} € L'(0,7; X) be integrably bounded, i.e.,
1€ ()] < v(t), for a.e. t €]0,7],
where v € LY([0,7]). Assume that there exists ¢ € L*([0,7]) such that

x{& 1) < q(t), for ae. t €0,7].

Then .
V{SENH} <260 / 4(s)ds
0

for each t € [0, 7].

Definition 3.2. A sequence {&,} C L'(0,7; X) is called semicompact if it
is integrably bounded and the set {&, ()} is relatively compact in X for a.e.
te[0,7].

Following [21, Theorem 4.2.1 and Theorem 5.1.1], we have
Proposition 3.3. If {¢,} € LY(0,7;X) is a semicompact sequence, then

{€,} is weakly compact in L*(0,7;X) and {S(&,)} is relatively compact in
C([0,7]; X). Moreover, if &, — &y then S(&,) — S(&o)-
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For any function v € C([0, 7]; X) belonging to a closed convex subset
(3-4) Dy = {v € C([0,7]; X) : v(0) = (0)},
where ¢ is the initial function, define a function v[p| € Cx(—o0,T) as

(t), if t<0,
v(t), if t €[0,7].

(3.5) vlel(t) = {

Then it is easy to see that the function u € Cx(—o0, 7) is a mild solution to
problem (1.1)—(1.3) if it can be represented as

u = vy,
where v € Dy is a fixed point of the multioperator
G : Dy — Dy
of the form
G(v) =w+ S o Pr(v]e]),

where w is the solution of homogeneous problem (2.3)—(2.4).

Lemma 3.4. Assume that Fy satisfies (F1)—~(F3). Then G is a closed mul-
tioperator with compact convex values.

Proof. It is clear that it is sufficient to prove the assertion for the multimap

G : Dy — C([0,7]; X),

G(v) = S o Pry (v]])-

Assume that {v,} C Dy converges to v* in Dy and 2, € g(vn) is such that
zn, — 2% in C(]0,7]; X'). We show that z* € G(v*)). Let &, € Pr,(vn[¢]) be
such that z, = S(§,). Then we have

En(t) € Fo(t,vn(t), vplp)s) for ae.t € [0, 7],

and by using (F2), we conclude that {&,} is integrably bounded. Further-
more, hypothesis (F'3) implies that

3.6)  x({&u()}) < MO)x({vn(®)}) + k()Y ({vnlpli}) for ae. t € [0,7].
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The convergence of {v,} in C([0,7]; X) implies that x({v,(¢)}) = 0 for all
t € [0,7]. On the other hand,

3.7) ({vnlgli}) = sup x({vn[e](t +0)}) = sup x({vn(s)}) = 0.

<0 s€[0,t]

Thus taking into account estimate (3.6), we arrive at

x({&.(t)}) =0 for a.e. t € [0, 7]

and so {&,} is a semicompact sequence. It follows from Proposition 3.3 that
{&,} is weakly compact in L'(0,7; X) and {S(&,)} is relatively compact in
C([0,7]; X), that is we may assume, w.l.o.g., that &, — &* in LY(0,7; X)
and z, = S(§,) — S(§*) = 2" in C([0,7]; X). Now applying Lemma 2.7, we
have £* € P, (v*[¢]) and then z* = S(£*) € S o P, (v*]p]) = G(v*).

It remains to prove that the multimap G has compact values. Let
{zn} C G(v) for any v € Dy. Then there exists {{,} € Pr,(v[p]) such that
zn, = S(&,). By using hypotheses (F2)-(F'3), we obtain that the sequence
{&,} is semicompact, and so {S(&,)} is relatively compact in C([0, 7]; X') by
Proposition 3.3. The convexity of values of G is obvious. [ |

Lemma 3.5. Under the conditions of Lemma 3.4, the multioperator G is
u.S.C.

Proof. Again it is sufficient to prove this assertion for G. Taking into
account Theorem 2.4 and Lemma 3.4, we will show that Gisa quasicompact
multimap. Let A ¢ C(]0,7]; X) be a compact set and {z,} C G(A). Then
zn, = S(&,) where &, € Pr,(vn[y]) for a certain sequence {v,} C A. We may
assume, w.l.o.g., that {v,} is convergent. By using the same estimates as
(3.6)—(3.7), we can see that {£,} is a semicompact sequence. Hence {S(&,)}
is relatively compact in C([0,7]; X) by Proposition 3.3. |
We are in a position to demonstrate that G is a condensing multioperator.
We first need a special MNC constructed suitably for our problem. Introduce
the damped modulus of fiber non-compactness defined as

v : P(C([0,7]; X)) — Ry,

Y(Q) = sup e Hy(Q1)),
te[0,7]

(3.8)
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where the constant L is chosen such that

t
(3.9 ¢:= sup (200/ e =3 [n(s) +k:(s)]ds) <1
t€[0,7] 0

and

modc : P(C([0,7]; X)) — Ry,
(3.10) modc () = limsup max  |jv(t1) — v(t2)]l,
5—0peQ [t1—t2|<d

which is called the modulus of equicontinuity of © in C([0,7]; X).
Consider the function
v: P(C([0,7); X)) — R3,

(3.11)
v(2) = maxpen (o) (v(D), modc (D)),

where A(€2) is the collection of all countable subsets of Q2 and the maximum
is taken in the sense of the (partial) ordering in the cone ]R%r. By the
same arguments as in [21], one can see that v is well-defined. That is, the
maximum is archived in A(f2) and v is a MNC in the space C([0,7]; E),
which obeys all properties in Definition 2.3 (see [21, Example 2.1.3] for
details).

Lemma 3.6 If the conditions of Lemma 3.4 hold true, then the multioper-
ator G : Dy — Kv(Dy) is v-condensing.

Proof. Let {2 C Dy be such that

(3.12) v(G(Q)) = v(Q).

Since clearly v(G(Q) = v(G(Q)), we have

(3.13) v(G(2)) = v(Q).

Our goal is to demonstrate that € is relatively compact in C([0,7]; X).

-
Indeed, by the definition of v, there exists a sequence {z,} C G(Q2) such
that

v(G(Q) = (V({za}), modc ({za}))-
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Take two sequences v, € Q, &, € Pg,(vn]p]) such that z, = S(§,). From
(3.13) we see that

(3.14) T{zn}) = v({vn}).

Using (F'3), we get

(3.15) X({&n(8)}) < h(s)x({vn(s)}) + k() ({(vn[e])s})

for a.e. s € [0,7]. By (3.2), we have

P({(valgl)s}) = sup x({vnlel(s +0)}) = sup x({vn(0)}).

0<0 o€[0,s]
Then (3.15) leads to

X({&a(9)}) < h(s)e e P x({vn(s)}) + k(s)e"® Sel[lop}e*L"x({vn(U)})

(3.16) < eP*[hls) + k(s)ly({vn})
for a.e. s € [0,7]. Therefore Proposition 3.2 yields
X({5(6)(1)}) < 200/ e [h(s) + k(s)lds - y({vn}).

0

So we have

(317) e x({m0)}) < 200/0 e M h(s) + k(s)]ds - y({va}).
Combining (3.14) and (3.17), we arrive at

Y({on}) <1({2n}) = Sup. e x({m®)}) < r({va)),

where £ is defined in (3.9). The last inequality yields v({v,}) = 0. Taking
into account (3.16), one observes that {&,} is semicompact and once again,
Proposition 3.3 guarantees that {S(&,,)} is relatively compact in C'([0, 7]; X).
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Hence, modc({z,}) = 0 and then
v(Q) = (0,0).

The regularity of v ensures that 2 is relatively compact in C([0,7]; X). We
have the desired conclusion. [ ]

Now we are in position to present the main assertions of this section. The
following result is a local existence theorem for problem (1.1)—(1.3).

Theorem 3.7 Let u; € D;, i =0,...,N — 1 with ug = ¢(0). Suppose that
conditions (F1)—(F3) are satisfied and there exists an Ey-ezistence family
for (A)NGY. Then there exists 7 € (0,T] such that problem (1.1)~(1.3) has
at least one mild solution on the interval (—oo, T].

Proof. Let p be a positive number such that

N—-1 )
p>RY <Huz‘H +y HAjuiH[R(Eo)]>
i=0 =0

where R = supycpo ) R(t), R(t) is the function in (2.5). Thus we deduce
that p > [lwllc(o,m;x), Where w is the solution of homogeneous problem
(2.3)—(2.4).

Denote

po=(K+1)p+ Mlplg, K= max K(t),M = sup M(t),
t€[0,T] t€[0,T7]

CE= sup ||E®)|rx)-
te[0,7

By the choice of p, one can take 7 € (0, 7] such that

t
(3.18) lolleqoi +CF /0 po ()ds < p,

for each t € [0, 7], where w,, € L'(0,T; X) is given in Definition 2.7.
Let B, be the closed ball in C([0,7]; X) centered at 0 with radius p.
Notice that from w(0) = ¢(0) and relation (3.18) it follows that

D,:=DyNB, # 0.
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Then for v € D, and z € G(v) = w + S o Pr, (v[g]), we have the estimates
t
I2®x < lwllegorx +/0 IE(t = 5)Fo(s, v(s), v]els)l|lxds

t
(3.19) < llwllcqom +CF [ (s <p,

for all ¢ € [0,7]. Here we have used assumption (F'2), taking into account
that

lo(s)llx + vlglsls < vllego,nx) + K ($)[vlleqo.sx) + M(s)lels

< (K + Dlvlleqo,:x) + Mlels = po,

for all s € (0, 7].
Evidently, (3.19) implies

21l (o,:x) < P

and so G maps D,, into itself. By applying Theorem 2.5, we conclude that G
has a fixed point v, € D,, which induces the desired solution u, = v.[p]. ®

In order to get the global existence result, we need to replace condition (F'2)
with a stronger one. Indeed, we impose the following assumption

(F2') There exists a function x € L'([0,T]) such that

[Eo(t,m, Ol == sup{[[fllx : f € Fo(t,n, )} < s@)(lInllx +[¢]s),

foralln € X and ¢ € B.
In addition, we need the following version of the generalized Gronwall-
Bellman inequality (see, e.g., [34]).

Lemma 3.8 Assume that f(-),g(+) and y(-) are non-negative integrable func-
tions on [0,T] satisfying the integral inequality

y(t) < g(t) + /0 f(s)y(s)ds, t € [0,T).
Then

v <o)+ [ n{ [ 10}, te 0.1
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Theorem 3.9 Let u; € Dy, i =0,...,N — 1 with uyp = ¢(0). Assume that
there exists an Eq-existence family for (ANt If assumptions (F1), (F2')
and (F'3) hold, then the set of solutions to problem (1.1)—(1.3) is nonempty
and compact.

Proof. Using Theorem 2.6 and Lemmas 3.4, 3.5 and 3.6, we have to prove
that the set of all functions v € C([0,T]; X) satisfying the family of inclu-
sions

v € AG(v) = Aw + AS o Pr, (v]¢])

for A € (0,1] is a priori bounded.
Applying condition (F2'), we observe that

lo@)lx < Allw(®)llx + A Sup IE@)] . x)/ [Fo(s; v(s), vlels)l xds

(3.20) < lwlleqo,rx) +CE/O r(s)(lv(s)llx + [vlels|s)ds

where CL = supyepo,r] [1E(®)|lL(x)- By (B3), we have the following estimate

(3.21) [o(s)llx + lvlglsls < (K + Dv(s)lx + Mlgls,

for s € [0,],0 <t < T, K = max;c[o,7) K(t), M = supscjo 1 M (1)
It follows from (3.20)—(3.21) that

T
lo@)llx < llwllogorx + CEM|gls /O (s)ds

t

L CB(K 1) / w(s) [u(s) | x ds,
0

for all ¢t € [0,7]. Applying Lemma 3.8 with
T T
a(t) = go = llwllogozon + CEMols /0 (s)ds,

() = Cua(t), y(t) = [v(®)llx,

for t € [0,T], we obtain
llvlleo,11:x) < Ro,
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where

Ro = g0 [1 +CLexp {cg /OT m(t)dt} /OT n(t)dt} .

Finally, taking &4 = B(0,R) in C([0,7T]; X) with R > Ry, we consider the
multioperator G as a map from Up, # 0 to Kv(Dy), where Dy is defined in
(3.4) with 7 = T. Tt satisfies the hypotheses of Theorem 2.6 and so Fix(G)
is a nonempty compact set, obviously yielding the desired result. [ |

4. APPLICATION

Let o = (a,..., ) € N m > 1. Denote

la| = ;ai, De = (%)al (%)am.

Given a complex polynomial of degree k in R™

(4.1) P(z) =) an(iz),
lal<k
we define
P(D)= > aaD"
|| <k

In this section, taking X = LP(R™),1 < p < oo, and
D(P(D)) ={f e L’(R™): P(D)f € LP(R™)},

we consider the following Cauchy problem in LP(R™)

0?u(t, ) ou(t, )
02 + P(D)T + Q(D)u(t,x)
@2 =[] K — ). uls = ty)dyds,

xeR™ te|0,T],
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(4.3) u(0,2) = up(z), u(0,x) = ui(x),
(4.4) u(s,z) = ¢(s,z), s € (—o0,0],

where P and @ are polynomials as in (4.1) with degrees k and ¢, respectively.
We assume that
K:R™x R™ - R,

is a smooth function and
€: (—00,0] x R™ - R,
is a continuous function satisfying
(4.5) 1£(0,y)| < Ceel®? for all (0,y) € (—o0,0] x R™,

where C¢ and hg are positive constants. In addition, assume that the func-
tion
f:00,T] x R* - R

is such that f(-,u,v) is measurable and f(t,-,-) obeys the Lipschitz type
property:

(4.6) |f(t,ur,v1) — f(E ug,v2)[ < C()|ua — ua| + p(t)|vr — v

for all t € [0,7] and u;,v; € R, j = 1,2, where ¢, € L*(0,7).

It is worth noting that the homogeneous form of (4.2)—(4.4) was pre-
sented in [38], where the nonlinearity and delay term were absent. For our
problem, we use the phase space B = CL} defined by (2.6) with g(§) = e,
h € (0, ho]. It is obvious that g satisfies conditions (2.7)—(2.8).

We first show that, under suitable hypotheses, there is an existence
family for (P(D),Q(D)). To this end, we recall some definitions and results
from [38].

Let C' € L(X) be injective, Ay and A; be closed linear operators on X.

Definition 4.1. A pair {Sy(t), S1(t) }+=0 of strongly continuous families of
bounded operators on X is called strong C-propagation family for (Ag, A1) if

(i) C commutes with Sy(t), S1(t) for each t > 0;

(ii) for each x € X, S1(-)z € C1([0,00); X), S1(t)X C D(A1),(t = 0) and
A151(1)z € C([0,00); X);
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(iii) for each x € X and t > 0, fot Si(s)zds € D(Ap) and
t
AO/ S1(s)xds = Cx — Sy(t)r — A1S1(t)x, S1(0) =0,
0

where q
1)z = —S1(t)z;
Si(t)e = 51 ()

(iv) there exist constants M,w > 0 such that
1So@)II, AL Sy @I, 181 ()| < Met, ¢ > 0;
(v) any solution u(-) of the problem
(4.7 u’ + Ay + Agu = 0,
(4.8) u(0) = ug, v’ (0) = uq,
with initial values ug,u; € R(C') can be expressed in the form
u(t) = So(t)C lug + S1()C tuy, t > 0.

Cauchy problem (4.7)—(4.8) is said to be strongly C-well-posed if there exists
a strong C-propagation for (Ag, A1).

Proposition 4.1 ([38, Proposition 1.6]). If Cauchy problem (4.7)—(4.8) is
strongly C-well-posed then

)\R,\C.%', A1R\Cx € LT, — L(X), z e X.

Using Theorem 2.2 and Proposition 4.1, we see that if problem (4.7)—(4.8)
is strongly C-well-posed, then there exists a C-existence family for (Ag, A1).
The following assertion gives a sufficient condition for the strong C-well-

posedness of (4.7)—(4.8).

Theorem 4.2 ([38]). Let P(x), Q(z) be complex polynomials of degrees k, ¢
respectively. Assume that

(4.9) sup Re( — P(x) ++/P?(z) — 4Q(:C)> < 0.

reR™
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Let Ay = P(D), Ay = Q(D). Then Cauchy problem (4.7)—(4.8) is strongly
(I — A)™7-well-posed for

1
(4.10) v Z(np + 1)dp
where n, = n|s — —| and dp = max{2k,¢}. In addition, if there exists
r € (0,dp] such that
(4.11) |P(2) — 4Q(2)| = Cola[", |2| > L

for some Cy, Ly > 0 then v can be improved as

1
(4.12) v > = (npdar +dar — 7).

W

Denoting by W*P(R™) the usual Sobolev space, we obtain the solvability
result for problem (4.2)—(4.4) in the following way.

Theorem 4.3 Assume that the hypotheses of Theorem 4.2 hold. If we have
(I = A)K(z,y) € LP(R™; LP (R™)),

where p' is the conjugate of p, and conditions (4.5)—(4.6) hold true, then
problem (4.2)—(4.4) has at least one mild solution with initial data

ug € W27+2,p(Rm)7ul e W2'y+max{k,€},p(Rm).

Proof. By Theorem 4.2, one can see that (P(D),Q(D)) has an (I —A)™"7-
existence family in LP(R"™). For problem (4.2)—(4.4), set

F(t, u,ur) / [ K(@w)6(s = L) f(tult.y) uls = t.y))dyds.
Then F' may be considered as the map
F: [0,T] x LP(R™) x B — LP(R™),

Fltn o)) = [ [ K001 6n0). 00,0
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Thus in this case,

0
Folt, n, &) () = / Kol 9)E(0.9)F (£, 1(y). (6. y))dyd8

—00 Rm

where Ko(z,y) = (I — Agz)"K(x,y). We have the following estimates by
using (4.5), (4.6) and the Holder inequality:

‘Fo(tvnlv ¢1)($) - FO(tJ]% ¢2)(1’)’

0
</_ RmCs\/Co(x, )"0 [C(t)[m (y) — n2(y) |+ (1) 610, y) — d2(0,y)|] dydd

0

< Ce((t) /

—00

eho‘s'ale/]R 1Ko, y)|lm (y) — n2(y)|dy

0
+Ceut) [ [ Kol )61(6.) ~ 6206, )]y

L
7

1 /
< h—CéC(t)Hm - 772”19(/ [Ko(z,y)[P dy) !
0 R™

+ Cgﬂ(t)(/

—00

0 1
7

61(0) — 620) ) ([ o)y
]Rm
where || - ||, :== || - [| »@&m). Then

|1Fo(t,m, ¢1) — Fo(t,m2, 92)llp

1
ho

(4.13) 0
Ol =l +u®) [ P01(6) ~ 62(6) ).

—0o0

< Cgclc{

where

ce=[ [ ([ wotwra)” w)"

Notice that, by the Holder inequality, we get
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[ 1@~ enoan < [E=3) 7 ([ oo - aon)”

p—

p—11"%
< [pho — h} |¢1 — 2|,

for 0 < h < hg. Putting this together with (4.13), we obtain

(4.14) [[Fo(t,m, 1)(x) = Fo(t, n2, d2)llp < Co@)lm —1allp+ p0(8)|d1 = P25,

where

Go(t) = -CeCilt) mlt) = e[ 221" e

0 —hoglc y HO _5Kph0—h nir).
One can check that inequality (4.14) produces conditions (F1), (F2') and
(F3). Finally, we have

R((I — A)™7) = W?PP(R™),
and therefore

Dy = W2’Y+€,p(Rm)’
D, = W2’y+max{k,€},p(Rm)

due to (2.2). The proof is completed. ]
Let us give some examples to the hypotheses of Theorem 4.2. Taking

we see that (4.2) turns into a semilinear wave equation. In this case we have

Q(z) = |z[* and
—P(z) + v/ P?(z) — 4Q(z) = 2i|z|.
Hence relation (4.9) is obvious. Moreover, (4.11) is satisfied with r = 2,

then following (4.12) we can choose vy > %np. If, in addition, p = 2 then
v = 0 is suitable and we have an [-existence family for (P(D),Q(D)).
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As the second example, we can take
P(D) =iA, Q(D)=1-A,

then
—P(x) + /P2(z) — 4Q(x) = 2i(|z|® + 1).

This ensures (4.9). Evidently, (4.11) is also fulfilled with » = 2 and then
(P(D),Q(D)) has an (I — A) "V-existence family with v > n,,.
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