THE STRUCTURE OF COMPACT DISJOINTNESS PRESERVING
OPERATORS ON CONTINUOUS FUNCTIONS

YING-FEN LIN AND NGAI-CHING WONG

ABSTRACT. Let T be a compact disjointness preserving linear operator from Co(X) into
Co(Y), where X and Y are locally compact Hausdorff spaces. We show that T' can be
represented as a norm convergent countable sum of disjoint rank one operators. More
precisely, T' =) 0z, ® hn for a (possibly finite) sequence {zn}n of distinct points in X
and a norm null sequence {hy}, of mutually disjoint functions in Co(Y). Moreover, we

develop a graph theoretic method to describe the spectrum of such an operator.

1. INTRODUCTION

In the setting of Banach lattices, a linear operator is a lattice homomorphism if and
only if it is positive and disjointness preserving (see, for example, [2, p. 88]). In [1],
Abramovich developed the basic theory of such operators. The concept of disjointness
preserving operators has been widely studied in the setting of continuous functions as a
good test case (see, e.g., [17, 3, 9, 6, 11]).

Let X and Y be locally compact Hausdorff spaces, and let Cyp(X) be the Banach algebra of
continuous (real or complex) functions on X vanishing at infinity. In this paper, we discuss
disjointness preserving (linear) operators T from Cp(X) into Co(Y'); namely, Tf - Tg = 0
in Cy(Y') whenever f-g =0 in Cp(X). Hence a disjointness preserving operator preserves
disjointness of cozeros of functions. Here the cozero of f in Cy(X) is defined to be the open
set coz f = {x € X : f(x) # 0}.

In case X is a compact Hausdorfl space, utilizing the Arzela—Ascoli Theorem, Kamowitz

[12, 13] showed that every compact algebraic endomorphism, and indeed every compact
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disjointness preserving operator, of C'(X) is of finite rank. For disjointness preserving

operators on locally compact spaces, however, the theory is much richer.

In Section 2, with a new approach, we show that every compact disjointness preserving
operator T from Cy(X) into Cy(Y") is indeed infinite nuclear, that is, carrying a countably
infinite or finite sum decomposition "= )", d,, ® h,, of disjoint rank one operators (The-
orem 2.6). As a consequence, compactness, weak compactness and complete continuity are
equivalent for disjointness preserving operators on continuous functions. However, we note

that this equivalences do not hold in the case of vector-valued functions as shown in [10].

In Section 3, we develop a spectral theory for compact disjointness preserving operators
on Cp(X). By using our characterization of such operators 7' =) 6., ® hy, on Cy(X), we
associate to T a graph G with countably many vertices {oo, x1, x2,...}. The structure of G
gives rise to a complete description of eigenvalues and eigenfunctions of T (Theorem 3.5).
Our results extend and generalize those of Kamowitz [13] and Uhlig [16], and also apply to

power compact bounded disjointness preserving operators of Cy(X) in [14].

In Section 4, we provide sufficient and necessary conditions for a disjointness preserving
operator between spaces of continuous functions to be compact. In line with the Bartle-
Dunford-Schwartz Theorem [4], Corollary 4.3 states that 7" is compact if and only if the
image of the dual unit ball of the range under the dual map T* of T is dominated by a
positive atomic measure. Moreover, if the image of T™ is controlled by a positive atomic
measure whose support is discrete and has compact closure in X U {oo}, Corollary 4.4
ensures that 7' is compact. In [7, 8], Jarchow showed that every weakly compact linear
operator T from Cy(X), or more generally a C*-algebra, into a Banach space F' can be
uniformly approximated by operators which factor through a Hilbert space. Some of his
tools rely on controlling and dominating measures. We hope our new results can be used

to lead to a better understanding of such operators that also preserve disjointness.

Finally, we would like to express our deep gratitude to the referees. Their suggestions

and comments help us to improve the presentation of this paper.
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2. A STRUCTURE THEOREM FOR COMPACT DISJOINTNESS PRESERVING OPERATORS

Let X be a locally compact Hausdorff space with one point compactification X U {oco}.
We find the following identification useful:

Co(X) = {f € C(X U{o0c}) : f(o0) = 0}

Let T be a bounded disjointness preserving linear operator from Cy(X) into Cy(Y'). Let §,
be the point mass at y in Y U {oo}, and thus 6, o T'(f) = T f(y) for all f in Cy(X). Set

Yoo ={yeYU{oo}:6y0T =0} and Ypr={yecYU{oo}:0,0T #0}.

For each y in Y7, the linear functional ¢, o T' defined by 0, o T'(f) = T'f(y) is nonzero. By
the disjointness preserving property, the support of d, o' consists of a single point z in X.
Set ¢(y) = z. By Urysohn’s Lemma, we have ker d,,(,) C ker §,0T". Hence 0,07 = h(y)d,(,)
for some nonzero scalar h(y). Consequently, T'f(y) = h(y)f(¢(y)) for all y in Y. As a

result, T" is a weighted composition operator

(2.1) Tfly, =h-fop and Tfly. =0.

It is then routine to see that h is a non-vanishing scalar continuous function on the open
set Y and ¢ : Yp — X is continuous (see, e.g., [9, 6, 11]).

In this section, we assume that T : Cyo(X) — Co(Y) is a completely continuous disjoint-
ness preserving linear operator of the form (2.1). In other words, the operator T' sends
weak null sequences in Cp(X) to norm null sequences in Cyp(Y'). It is clear that compact
operators are weakly compact and completely continuous. For disjointness preserving linear
operators between continuous functions, we shall see in the following Theorem 2.6 that the

converses do hold. We start with an elementary result.

Lemma 2.1. Forn € N, let f,, be in Co(X) with ||fn|| = 1. If fnfm =0 for n # m, then
fn — 0 weakly.

Lemma 2.2. Forn € N, let x,, = ©(yn) be distinct points in o(Yr). Then lim h(y,) = 0.
n—oo

Proof. We first make an elementary observation.

Cramm. For any {u,} of countably infinitely many distinct points in X, there is at most

one point u in X such that every neighborhood of u contains all but finitely many wu,,’s.
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Indeed, if z is an other such point in X, then each neighborhood of z contains infinitely
many u,’s and thus intersects with every neighborhood of w. Since X is Hausdorff, z = w.

We now lead a proof by contradiction. Suppose there was an € > 0 such that |h(y,)| > €
for all n’s. Using the Claim and passing to a subsequence if necessary, we can assume that
each x,, has a compact neighborhood V;, such that V,, NV,, = 0 whenever n # m. Choose
fn in Cy(X) such that coz f,, C Vi, fn(zn) =1 and 0 < f, < 1. Then f,f,, = 0 whenever
n # m. By Lemma 2.1, f,, — 0 weakly. Since T is completely continuous, T'f,, — 0 in

norm. But

HTan > |Tfn(yn)‘ = ’h(yn)fn(xn” = ‘h(yn)‘ > €,

a contradiction. g
Lemma 2.3. For each = in o(Yr), o~ (z) is an open subset of Y.

Proof. Suppose ¢~ () was not open in Y, and thus not relatively open in the open set Y7,
either. Let yy € Y7\~ !(z) such that yy — yin ¢~ !(x) C Y. Then /\li_)rgo h(yx) = h(y) # 0.
By Lemma 2.2, the range of the net {¢(yx)} consists of only finitely many points in X.
However, z) = ¢(yx) — ¢(y) = x. This forces z) = z for all A eventually, a contradiction.

Hence ¢~ !(z) is open in Y. O
For each = in ¢(Y7), let

Vo=9¢ Yo)={y € Yr:oly) =}

={y e Y U{oo} : kerd, oT =kerd,}.
In comparison, we remark that

Yoo ={yeYU{oo}:§,0T =0}

={y e Y U{oo} :kerd, oT = kerdoo = Cp(X)}.

Note that Y = | Y, is a disjoint union.

zep(YT)
Let h; = hxy,, where xy, is the characteristic function of the set Y,. Then hzh,s = 0

whenever = # 2/ in ¢o(Yr).



COMPACT DISJOINTNESS PRESERVING OPERATORS 5

Corollary 2.4. EachY, is relatively closed and open in Yp. For each x in o(Yr), hy is in
Co(Y). More precisely, h, can be extended continuously to' Y U{oc} = Yoo U Yy by setting

hzly,, = 0.

Proof. 1t is clear that Y, is relatively closed and open in Y7y by Lemma 2.3. Thus h, is
continuous on Yp. Let {y)} be a net in Y, such that yy — y for some y in Y. If hy(yy)

does not converge to 0 then, passing to a subnet if necessary, there is an € > 0 such that

ITf ()l = [h(ya) F(e(ua)] = [he(yn) f ()] = €l f ()],

for all A and all f in Co(X). Hence |T'f(y)| > €| f(z)|. Since y € Yo, we have T'f(y) = 0,
and hence f(x) = 0 for all f in Cy(X), a contradiction. Therefore, h, can be extended

continuously to Y U {oo} by setting hz|y,, = 0. O

Lemma 2.5. Forn =1,2,..., the set {x € p(Y7) : ||ha| > L1} is finite. Thus, o(Yr) is
a countable set. Moreover, if there are infinitely many distinct points x,, in @(Yr), then

[z, || = 0.

Proof. Suppose our assertion was not true, then there exist n € N and infinitely many
distinct @1, 2, . .. in ¢(Y7) such that ||hg, || > L for all k. For each k, let yj, € Y7 such that
|ha, ()| > 2 and thus ¢(yx) = x5. But by Lemma 2.2, kh_)ngo ha, (yx) = 0, a contradiction.
Hence the set {x € @(Y7) : ||hg| > 2} is finite. Consequently,

> 1
o) = U {o € ot ol > 1}
n=1
is countable. O

Now we are ready for a structure theory of compact disjointness preserving operators.

Theorem 2.6. Let T : Co(X) — Co(Y) be a bounded disjointness preserving linear opera-

tor. Then the following assertions are equivalent.
(i) T is compact;
(ii) T is weakly compact;

(iii) T is completely continuous;
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(iv) There are at most countably many distinct points {x,} in X and mutually disjoint

functions {hyp} in Co(Y) such that
Tf=> f(an)hn foral feCo(X).

In case there are infinitely many such x,, and hy,, we have ||h,|| — 0 and thus the sum

converges uniformly.

Proof. The implications (i) = (ii) and (i) = (iii) are clear. The implication (ii) = (iii)
follows from the well known fact that Cy(X) has the Dunford-Pettis Property (see, e.g., [5,
p. 494]); that is, every weakly compact operator T from Cp(X) into a Banach space F is
completely continuous. Indeed, T is weakly compact on Cy(X) if and only if T" is completely
continuous by [15, Theorem 12]. For (iv) = (i), we note that as a countable sum of rank
one operators, T is compact.

Finally, for the implication (iii) = (iv), we assume that 7" is completely continuous.
In view of Lemma 2.5, we can write ¢(Yp) = {x1,x2,...} (this set can be finite). Each
Y, = ¢~ (z,) is relatively closed and open in the open set Y7 by Lemma 2.3. Let h, =
hxy, for all n = 1,2,..., we have hyh,, = 0 for all n # m. Moreover, h,, € Cy(Y) by
Corollary 2.4, and ||hy| — 0 by Lemma 2.5. Observe that for each z, in ¢(Y7) we have
(h- fop)xy, = f(zn)hy. Hence

Tflyp=h-fop=> (h-fop)xv, = flan)hn.
n

n

By Corollary 2.4 and Lemma 2.5, we can even write
Tf= Zf(wn)hm
n

where the sum converges uniformly on Y. O

3. A SPECTRAL THEORY FOR COMPACT DISJOINTNESS PRESERVING OPERATORS

In this section, denote by X a locally compact Hausdorff space of infinite cardinality and
by T : Co(X) — Cp(X) a compact disjointness preserving complex linear operator. Here

we have X =Y comparing to the previous section, and in particular,

Xoo ={r€ XU{0}:0,0T =0} and Xp=X)\ Xw.
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By Theorem 2.6, we have
Tf=>_ flan)hn forall feCo(X).

Here,

X, = cozh,

is a relatively open and closed subset of the open set X7 for all n =1,2,.... Note that we

always have oo € X, and that X = Un21 X, is a countable disjoint union.

We now define a graph G in X U{oo} associated to T" with the vertex set {oco, z1, z2,...}.
We assign a directed edge from x,, to z,, denoted by Zm >— Zn, whenever z,, € X,,. In
this case, we say that x,, is a parent of x,, (or x, is a child of z,,). We call z,, an ancestor
of x,, if ., is a parent of z,, or in case there are finitely many vertices ©,m;, = Tm,, Tma, - - - »

T, = Tp in G such that Tm; 1S a parent of Tm;_ 4 for all 1 < j < n — 1. Note that every

vertex in G has a unique parent but it may have many children or no child at all, and oo is
always the parent of itself. A branch B is a maximal connected family in G. Clearly, two
vertices T, T, are in the same branch in G if and only if they have a common ancestor.
The territory Xp of a branch B of G is defined to be the open set

Xp = U X, = U coz hy,.

zn€B rn€B

Then

Xr=|JXs
B
is a countable disjoint union of open sets. Write
(3.1) T=> Tg,
B
where

Tpf =Tflxs = Y fl@n)hn forall feCo(X).
rn€B
By Theorem 2.6, each Tp is again a compact disjointness preserving linear operator on

Co(X), and the graph of T is B U {oco}. Note that Tpf = 0 whenever coz f N Xp = 0.

Moreover,

(3.2) cozTpf C Xp forall fe Co(X).
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Hence Tp,,Tp, are disjoint whenever By # Bo, i.e.,
T, Tp, =TB,TB, = 0;

moreover,

TB1f Tp,g=0 for any f,g € CO(X)

By Lemma 2.5, the disjoint sum in (3.1) is norm convergent.

Lemma 3.1. The spectrum of T is the union of the spectra of Ts for all branches B of the
graph of T'. That is,

o(T) = | Jo(Tn).
B

Proof. We first note that 0 belongs to both sides of the equality since a compact operator
of the infinite dimensional space Cp(X) cannot be invertible. Let A € o(T) \ {0}. Then
there is a nonzero f in Co(X) with A\f = Tf = > f(xzn)h,. In particular, we have a

decomposition f =) fp, where

Clearly, coz fp € U, cpcozh, = Xp. Note also that the (possibly finite) disjoint sum
converges uniformly on X by Lemma 2.5. Since f # 0, there is at least one fp # 0. It
follows from Tpfp = Tpf =T f|x, = A\fp that A € o(Tp).

On the other hand, suppose Tgf = Af # 0. For any other branch B’ # B, we have
Te f =T Tpf =0. Consequently, Tf = Af and A € o(T). O

Definition 3.2. A vertex x in G is called noble if it has infinitely many ancestors or it has
oo as an ancestor. It is easy to see that, if a branch has a noble vertex, all its vertices are

noble. We call such a branch a noble branch. A branch is called active if it is not noble.
Lemma 3.3. For each noble branch B of G, we have o(Tgp) = {0}.

Proof. Suppose on the contrary that there was a nonzero eigenvalue A of Tz such that

A =Tpf = f(x)h, for some f # 0 in Co(X).

reB
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Then there is z; # oo in B such that f(z1) # 0 and f(z2)hs,(21) = Af(z1) # 0, where
00 # zg >— 21, and we have f(z2) # 0. Similarly, A\f(z2) = f(23)hs,(22) # 0, where

00 # z3>— z2>— 21 and f(z3) # 0. Continuing this process, we have

M (zn) = f(zn+1)hzn+1 (zn) # 0,

where Zn41>— 2Zp >— -+ >— 22 >— 21 is a chain in the noble branch B consisting of

distinct vertices none of which is co. On the other hand,

A f(z1) = AV f(22)hay (21)

= )\nizf(z?,)hzg (ZQ)hzz (Zl)

= f(2n+1)hzn+1(zn) v hgy (21).

h. n h hzn h,
Consequently, |f(z1)] = |f(zn+1) "*/{(Z 2. 2§Z1)\ < HfH” N”H . P\TH' As all z, are

distinct, ||k, || — 0 as n — oo by Lemma 2.5. It forces f(z1) = 0, a contradiction. Hence

o(Tp) = {0} O

In an active branch B of the graph G of T, every vertex has finitely many ancestors
and none of which is co. It is not difficult to see that there are finitely many vertices
Z1,%2,...,%n, say, in B such that xyy1 is the parent of zy for k=1,2,...,n—1 and x; is
the parent of x,,. We say that they form the (unique) primitive cycle of B and denote it

by [x1;x9;...;2y], which can be depicted as

xro T~ X
/42 3\

/ \

T
/
. 7

Tpn o Tn-1

Definition 3.4. Suppose B is an active branch of the graph G of T'. Let [z1;x2;...;zy] be
its primitive cycle. All vertices in the cycle are said to be of the 0th generation. A vertex
in B which is not in the primitive cycle is said to be of the first generation if it is a child of
a Oth generation vertex. For m > 1, a vertex in B is said to be of the (m + 1)th generation

if it is a child of an mth generation vertex.



10 YING-FEN LIN AND NGAI-CHING WONG

We now introduce a grading to B. Write

(33) B=ByUBiUByU---,
where
(3.4) By ={x1,x9,...,x,} and By, = {Zm1,Tm2,. ..}

are sets of all Oth generation and mth generation vertices for m > 1, respectively. Similarly,

we decompose the territory Xp of B into a possibly finite disjoint union
Xp=Xp,UXp UXB,U---,
where the subterritory is defined by
XB, = U{coz hy : x is a kth generation vertex in B}

for k=0,1,2,....
Suppose f is an eigenfunction of Tp associated with a nonzero eigenvalue A arising from
an active branch B of the graph of T. We have
M =Tpf =) f@ih
z,€EB

Using (3.3) and (3.4), we write

n

F=> %f(wi)hz‘ = fo(ﬂfj)hj +> > %f(»’vij)hz‘j-

T, EB 7j=1 121 z;;€8;

—

We can thus decompose f as a disjoint sum

(3.5) f=fot+tfitfot--,

where
"1 1
fo=Y yf@phy and fi= Y S f(xij)hi
j:1 Tij eB;
have cozeros contained in Xp. for each ¢ = 0,1,2,.... Note that the sum in (3.5) converges
in norm by Lemma 2.5. We call (3.5) the generation decomposition of the eigenfunction f.

Moreover, we have

(3.6) cozTpfo € Xp,UXp, and cozTpf, C Xp,,, for n>1
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Remark that h,,(z,) # 0 exactly when Zm >— Zn. Hence

(3.7) Thy= Y hy(zn)hn.

Tm >—— Tn

Theorem 3.5. Let T be a compact disjointness preserving complex linear operator on
Co(X). A nonzero complex number X is an eigenvalue of T if and only if there is an active

branch B of the graph of T with the primitive cycle [x1;...;xy] such that

An ::hl(xn)hg(xl)---hn(xn_l)

Here, we assume Tp =, 05, ® h; as in Theorem 2.6. In this case, a nonzero eigenfunction
f of T associated to A with a generation decomposition f = fo+ f1 + fo + -+ can be
constructed as follows.
P (Tn—1) - - - h3(x2)ho(21)
Anfl
TFYT - \)
G

hn(xnfl)"'h3(x2)
An72

fo= hy + ho + -+ hp,

fr = fo forall k>1.

In fact, every eigenfunction of T associated to A must have this form up to scalar multiples.

Proof. If X\ #£ 0 is an eigenvalue of T', then A is an eigenvalue of Ts for some active branch
B of the graph G of T' by Lemmas 3.1 and 3.3. Let By = [z1;22;...;zy] be the primitive
cycle of B. Write Tp = Ty + Too, where Ty = Y i | 05, ® h; is the part arising from
all Oth generation vertices x1,xs,..., &y, and Ty, = ZzeB\Bo 0r ® hy is the part arising
from all other vertices in B. Note that Ty and T, are disjoint by (3.2), and are both
compact disjointness preserving linear operators on Cy(X) by Theorem 2.6. As a result,
o(Tp) = o(Th) Uo(Ts). By Lemma 3.3, 0(T) = {0} since the graph of T, consists of a

single noble branch. Hence,
O'(TB) = O'(To) U {O}

Consequently, the nonzero eigenvalue A\ of T is also an eigenvalue of Tj.

Let fo # 0 be an eigenfunction of Ty associated with A\. Write fo = 7" | a;h;. By setting

rg = x, and hg = h,, we have

Tofo =Y aihi(zi1)hi1 = Ao = Z/\az i
i=1
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It follows from the disjointness of h;’s that

[ 0 hQ(I‘l) 0 11 al ] [ al ]
: a a
2 —\ 2
0 0 B (Tp-1)
hl(xn> 0 0 Qn 07

Therefore,
A" = h1($n) h2(1'1) ce hn(l'nfl)a

and up to scalar multiples we must have

hp(xn—1) - -~ hg(z2)ha(x1) b hp(Tn—1) - - - hs(z2)
)\nfl 1 + )\n72

(3.8) Jo= ho + - - + hy.

Let f be nonzero in Cy(X) such that Tgf = Af. Assume that f has the generation

decomposition form, then by (3.6) and the disjointness of h,, up to scalar multiples,

f=fo+htfot-

as asserted in the statement of this theorem. Clearly, we have T'f = \f.

Conversely, suppose B is an active branch of the graph of T" with the primitive cycle
[x1;29; ..., 25] and X" = hy(zy) ho(x1) -+ hp(zp—1). Then the nonzero function fy given

by (3.8) is an eigenfunction of Tp = Y .- | 6z, ® h;. Define

TF=HT — A
fk:#fo forall k=1,2,....
A
It follows from (3.7) that f; = w is a linear sum of finitely many disjoint functions
hi; of the first generation, and fo = T/{l = ijl %fl (x25)ho; is a linear sum of disjoint

functions of the second generation. In general, fi is a linear sum of disjoint functions of

the kth generation. Let
Ck = max{||hyj|| : hg; is of the kth generation} for every k=0,1,2,....

From the disjointness of hy;, we have |T*~!f1|| < aC1Cy- - Cy for some constant a > 0
and all £ > 1. By Lemma 2.5, C, — 0 as k — oo. For every € > 0 there is an ig such that

C; < %‘e for all i > ig. We obtain

T+ f]] L WG -G (6)"”0

‘)\‘k—l = Wk—1 9
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Th=1(T—)\

for some positive constant A and all £ > iy + 1. Therefore, >, G ) fo converges in

norm in Co(X). And it is clear that

k—1 _
f=ro S p= e O g

k>1 k>1

is an eigenfunction of T' with T'f = Af. The proof is now complete. U

Remark 3.6. We note that there might be more than one (but finitely many) active
branches B of G giving rise to the same \. All such functions constructed as above for all
these branches form a basis of the (finite dimensional) eigenspace of T associated with this

nonzero eigenvalue A.

Example 3.7. Let T : Cyp(N) — Cy(N) be defined by

T(x1, 2,23, T4, T5, T, T7, T8, L9, - - )

T3 T1 T1 X2 X3 Ta T5 Te

= (x272a37475)67778797"')'
Then Tf = >>°, f(n)hy, is a compact disjointness preserving linear operator on Cy(N),
where

1 1 1 1 1

hy = - - hy = - hs = = -
1 3X3+4X% 2 X1+5X& 3 2X2+6X&

and

1
= n+3xn+3 for all n > 4.

n

As usual, y,, denotes the (continuous) characteristic function of the closed and open subset
{n} of N. Here the graph of T consists of two branches — the noble branch {occ} and the

active branch B

1 40— 70— -+
gk B 8 -

§F 6>— 9>— -
We note that the primitive cycle of the unique active branch B depicted above is [1;2; 3],

Theorem 3.5 ensures that all nonzero eigenvalues A of T" arise from the equation

A = h1(3)ha(1)h3(2) = 1/6.
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For each one of those three A\, we may set

fo — h3(2})\§2(1) hl _|_ h3§2) h2 _|_ h3 — ﬁhl + %hQ + h3

:%X1+%X2+6%X3+8%X4+ﬁ><5+%x&

and, for n > 1,

=_ 3 1 _____p. 1
fn ~ 47--(Bnt1)an-T h3n+1 + 258 (3n+2)AnF1 hdn—i—? + 6-9--(3n+3)An h3n+3

3 1 1
T3t A)An—1 X3n+4 + 2:5-8(3n+B5) AT T X3n+5 + 69 (3nto)A" X3n+6-

Consequently, the eigenspace of T' associated with this eigenvalue A is spanned by

- 1 1 1 1 1 1
- 2)\X1+2X2+6)\2X3+8>\2X4+ 10)\X5+6X6
+ > e e + ety + Fo—ree
n=1 | 17 @ntdan—1 X3n+4 T 358 @ 5)anTT X3n+5 T 5.9, .(3nt6)an X3n+6

— (L i1 1 1 1.3 1 1 )
— \2X> 27 6A2> 8322 T0X? 67 287 80AZ> 54X " *

4. MORE PROPERTIES OF COMPACT DISJOINTNESS PRESERVING OPERATORS

Let T : E — F be a bounded linear operator between Banach spaces. It is well known
that T is compact if and only if 7" has a compact factorization through a closed subspace
of ¢y (see, e.g., [18, Theorem 19.4]). A result of Terzioglu states that 7" has a compact
factorization through the whole of ¢y if and only if there exists a sequence (7,) in cg, an
equicontinuous sequence { f, },, in the dual space E* of E' and a summable sequence {yy }»

in F' such that
Tz = Znn (x, fn)yn forall z€FE,
n
where (-, -) is the dual pair of E and E* (see, e.g., [18, Theorem 19.6]).

Corollary 4.1. Let T : Co(X) — Co(Y) be a bounded disjointness preserving linear oper-

ator. Then T is compact if and only if T has a compact factorization through cg.

Proof. Let T be a compact disjointness preserving linear operator of Cy(X). The case that
T is of finite rank is trivial. Therefore, by Theorem 2.6, we suppose T'f = > 02| f(2n)hn,

where x,, # x,, in X, hphy, = 0in Cy(Y') whenever n # m, and h,, is nonzero but convergent
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to zero in norm. Let

S(f) = (f(@n)|[ha]M?) forall fe Co(X),

[ee]

R(z) = Zznuhhﬂll/? for all z = (z,) € co.
n=1 n
Then T'= RS factors through cg. The other direction is trivial. O

Corollary 4.2. Let T : Co(X) — Co(Y) be a bounded disjointness preserving operator of
the form (2.1). Then T is compact if and only if the following conditions hold.

(i) The image of ¢ is a countable set (Y1) = {x1,22,...} such that each Y, = ¢~ ' (x,)
is open; and

(ii) h € Co(Y7), that is, h can be continuously extended to the whole of Y U{oc} by setting
h = 0 outside Y.

Proof. The necessity follows from Theorem 2.6. We verify the sufficiency. For each n =
1,2,...,1et hp(y) = h(y) on Y, and 0 on Y U{co}\Y,,. Then h,, = hxy, is continuous on Y U
{oo}t and T'f(y) = >_,, f(xn)hn(y) pointwise on Y. We claim that the sum T' = ), 0, @hy,
converges uniformly. To this end, let € > 0 and observe that the set {y € Y7 : |h(y)| > €} is
a compact subset of Y = |J,, Y5,. Hence there is a positive integer NV such that |h(y)| < €
whenever y ¢ Uivzl Y,. In other words, ||h,|| < € for all n > N. Thus the sum converges

uniformly, and so T is compact. (|

Let M (X) denote the Banach dual space of Cyp(X) consisting of bounded Radon measures
on X. A subset S of M(X) is said to be controlled by a finite positive measure p on X if
every v in S is absolutely continuous with respect to p. The set S is said to be dominated
by w if for all € > 0 there is a § > 0 such that for any Borel subset B of X with u(B) < 4,
we have |v(B)| < € for all v in S. It is clear that a dominating measure of S is also a
controlling measure of S. By the Bartle-Dunford-Schwartz Theorem [4], a bounded linear
operator T' from Cj(X) into a Banach space F' is weakly compact if and only if the image

T*Up+ of the dual unit ball of F' under the dual map 7™ has a dominating measure.

Corollary 4.3. Let T : Co(X) — Co(Y) be a bounded disjointness preserving linear oper-

ator. The following two assertions are equivalent.

(i) T is compact;
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(ii) T*Ucyyy+ s dominated by a positive bounded atomic measure on X.

Proof. Assume T is compact. By Theorem 2.6, we write T'f = > > f(xn)hy,. Without

loss of generality, we can assume ||T|| < 1 and thus 0 < ||hy|| <1 for all n. Let
Py = {apn : 277 < ||hn <271,

and p,, = #P,, be the finite cardinality of P,, (Lemma 2.5). Define a bounded atomic

measure on X by

1
2"pn

for all 1 <n < N with p,, # 0. Then for all Borel subsets A of X with u(A) < §, we have

For all € > 0, there is a positive integer IV such that Z::NH Qm%l <e Let 0<d <

(4.1) ANP,=0 forall 1<m<N.

On the other hand, let v be any Borel measure on Y with ||v|] < 1 and f € Cp(X). We

have
o) = [ Trav= [ 3 fanav
=> flxn) | hndv = f(xn) | hndy.
Z”: /Y pgoz,;m /Y
Hence,
() =| [ xadrn| - xa(n) | hndv
/X ! pgoxn%;m ! /Y
<SS walw U
PmF#0 Tn € Py,
= 2271—1 Z |v|(coz hy,)
Pm #0 T EANP,
1
S Z 2m—1
ANPy#D

since hy, has disjoint cozeros and ||v| < 1. If u(A) < 6, then
* - 1
@A) < Y gy <

m=N-+1
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by (4.1). Therefore, the sufficiency is verified. The converse follows from Theorem 2.6 and

the theorem of Bartle, Dunford and Schwartz [4]. O

Corollary 4.4. Let T : Co(X) — Co(Y) be a bounded disjointness preserving linear opera-
tor. Suppose the range of the dual map T™* is controlled by a finite positive atomic measure
B=> 0 A, . If {x1,22,...} is a discrete subset of X with compact closure in X, then T

18 compact.

Proof. By assumption, for every y in Y, we have T*4, < p. The Radon-Nikodym Theorem

ensures 1%, = > > | hp(y)ds, for some scalars hy,(y). So we have

Tf=Y" f(zn)hn.
n=1

Since T is disjointness preserving and {x1,x9,...} is discrete, we obtain h, € Cy(Y") and
hphy = 0 for n # m by the complete regularity of X. Let f € Cy(X) such that f =1 on
suppp = {zp:n=1,2,...}. Then Tf = > h, € Co(Y). For € > 0, the compact set
{lyeY  |Tf(y)|>et C{yeY  :Tf(y) # 0} =,_, cozh,. Thus there is an integer N
such that

N
{y €Y :sup|h,(y)| > €} C U coz hy,.
" n=1

Since coz hy, N coz hy, = 0 for n # m, we have (U, ycozh, C {y € Y : sup, |hn(y)| < €}.
Hence, ||hy|| < € for all n > N. Consequently, {h,}, converges to zero in norm. Therefore,

T =310z, ® hy, is compact from Cy(X) into Cp(Y). O

We close the paper with some examples. The first two examples show that both the
discreteness and the compactness in Corollary 4.4 are essential. The second one also shows
that Corollary 4.2 is sharp. The third one shows that the converse of Corollary 4.4 does
not hold.

Example 4.5. (a) Let X = [0,1] and Y = (J0° 4[5, 5-5] U {0}. Let ¢ : Y — X be the

continuous map defined by
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Define T': C(X) — C(Y) by

Then T is bounded and disjointness preserving with 7%v < dp+> %1120 g1 all bounded

n 2n

Borel measures v on Y. It is easy to see that Yy =Y, h =1 € C(Yr), and ¢(Yr) =

{0,1/2,1/4,1/6,...} with 0 as its unique cluster point. Set ho = xo} and h, =

XL 1 €C(Y)forn=12,... Note that hg ¢ C(Y), ¢~ 1(0) = {0} is not open in
2n’2n—1

Y,and Tf = f(0)ho + Y .~ f(1/2n)hy pointwise. But 7" is not compact.
(b) Let T : Co(R) — Cy(R) be defined by

Tf(x)= Z f(n)(sinmx)x(nniny(x) foral zeR.
n=1

Then T is disjointness preserving such that T%v < Y 7, g—’; for all bounded Borel
measures v on R. But 7' is not compact on Cy(R). Note that {1,2,...} does not have
compact closure in R and h = sinmz ¢ Cp(R).

(c) Enumerate the rational numbers Q = {rq,r2,...}. Let {hy,}, be a sequence of disjoint
nonzero functions in Cy(R) with nango |lhn|l = 0. As a uniformly convergent sum of rank

one operators,

S e,
n=1

is a compact disjointness preserving operator on Cy(R). Note that

o0

Ty =Y </ hndy> 6., forall v e Cy(R)*

n=1
It is easy to see that neither the condition {1, zo, ...} being discrete nor the closure of
{z1,22,...} in R being compact is satisfied by any atomic controlling measure » |, Andy,

of the range of T*. O
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