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ABSTRACT. This paper is devoted to the study of orthogonality and disjointness
preserving linear maps between Fourier and Fourier-Stieltjes algebras of locally
compact groups. We show that a linear bijection ¥ : A(G;) — A(G2) (resp.
U : B(G1) — B(G2)) between two Fourier algebras (resp. Fourier-Stieltjes algebras)
of locally compact groups will induce a topological group isomorphism between G
and Go, provided that ¥ preserves both disjointness and some kind of orthogonality.
This improves earlier results of J. J. Font and M. S. Monfared, where amenability of
the groups or continuity of the linear maps are assumed. We also study the struc-
ture of bounded and unbounded disjointness preserving linear functionals of Fourier
algebras. In the development, general results about disjointness and orthogonality
preserving linear maps between C*-algebras, W*-algebras and their preduals are
obtained.

1. INTRODUCTION

For a locally compact Hausdorff spaces X, let Cy(X') denote the space of continuous
complex-valued functions on X vanishing at infinity. It is well known that if X and Y
are locally compact Hausdorff spaces, then every lattice isomorphism ¥ from Cy(X)
onto Cy(Y') gives rise to a homeomorphism o from Y onto X. Indeed, ¥(f) = \- foo
for all f in Cy(X), where the weight function A is continuous and everywhere positive
onY (see, e.g., [34, 1]). This is also valid for the space L*(X, i) of integrable functions
on a measure space (X, i), with o-set isomorphisms between the measure o-algebras

([35, Proof of Theorem 3.1]; see also [40] and [49, §15]).
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A linear map between vector lattices is a lattice homomorphism if and only if it
is positive and disjointness preserving (see, e.g., [3]). We are interested to see if a
weaker condition on W ensures the equivalence of X and Y. In [1, 5, 31, 21, 32, 25], it
is shown that a disjointness preserving linear bijection ¥ between continuous function
spaces is automatically continuous and carries a similar form ¥(f) = A- fo o as in

the case of lattice isomorphisms.

The same is true for the group algebras of locally compact groups (see, e.g.,
22, 23, 20, 45]). Let G be a locally compact group. Let A(G) be the Fourier al-
gebra of G. Then A(G) is the unique predual of the group von Neumann algebra
VN(G) of G. In particular, A(G) carries two natural ordering. One of them is the
pointwise ordering inherited from the space of bounded continuous complex-valued
functions Cy(G) and the other is the positive definite ordering induced as in the pred-
ual of a von Neumann algebra. Font [19, 20] shows that two locally compact amenable
groups GG; and GGy are homeomorphic if there is a disjointness preserving linear bi-
jection ¥ between the Fourier algebras A(Gp) and A(Gs). Font’s result is proved
by Monfared [45], where the amenability condition is replaced with the assumption
of boundedness on the linear map. However, neither the induced weight function A
nor the homeomorphism o respects the group structure. In [55], Walter shows that if
U : A(G) — A(Gy) is an isometric algebra isomorphism then Gy and Gy are topolog-
ically and algebraically isomorphic. Using this, Arendt and De Canniere obtain the
same conclusion if ¥ preserves both pointwise order and positive definite order [6, 7].
It is then natural to see what happens if ¥ preserves disjointness in ‘two senses’: the
one with pointwise ordering and the one using positive linear functionals arising from
the fact that A(G1), A(G2) are preduals of von Neumann algebras. Similarly, we also
ask the same question for the Fourier-Stieltjes algebras B(G1), B(G3).

Let M, N be von Neumann algebras (or W*-algebras), and let M,, N, denote their
unique predual spaces, respectively. Following Araki [4] and Bunce and Wright [11],
a linear map ¥ : M, — N, is said to be orthogonal decomposition preserving, or an
orthogonal decomposable homomorphism if ¥ preserves orthogonal decomposition of

every self-adjoint normal linear functional. In other words, W (p) = U(p,) — U(p_)
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is the (unique) orthogonal decomposition of ¥U(y) (into a difference of two disjoint
positive linear functionals) whenever ¢ = ¢, — ¢_ is the (unique) orthogonal de-
composition of a self-adjoint linear functional ¢ in M,. Plainly, ¥ is an orthogonal
decomposable homomorphism if and only if W is positive, i.e., sending positive normal
linear functionals to positive normal linear functionals, and orthogonality preserving
on positive elements, i.e., sending orthogonal positive normal linear functionals to
orthogonal normal linear functionals. In particular, ¥ is automatically continuous.
It is shown in [11] that ¥ : M, — N, is a bijective orthogonal decomposable homo-
morphism if and only if its dual map ¥* : N — M can be written as U* = zx for
a positive central invertible element z in M and a Jordan x-isomorphism 7 from N

onto M.

In order to show that the disjointness and the orthogonality structures are sufficient
to determine the topological group structures in the case of Fourier algebras, we need
to extend both the results of Bunce and Wright [11] and Font [20] in this paper.
In Section 2, we show that if a bounded bijective linear map between preduals of
two W*-algebras is left or right biorthogonality preserving, then it gives rise to an
algebra x-homomorphism. In Section 3, we drop both amenability and boundedness
assumptions and show that a disjointness preserving linear bijection between any two
Fourier algebras of two locally compact groups is automatically bounded and carries

a weighted composition operator form.

In Section 4, we shall present the proof of the main result in this paper:

Main Theorem. Let G; and Go be locally compact groups. Let A(Gy), B(Gy) and
A(Gs), B(G9) be the associated Fourier and Fourier-Stieltjes algebras of G1 and G,
respectively. Then, G1 and Gy are isomorphic as topological groups if and only if there
is a bijective linear map V : A(G1) — A(Gy) or ¥V : B(Gy) — B(G3), preserving

disjointness and satisfying any one of the following conditions.

(1) V is orthogonal decomposition preserving.
(2) W is left biorthogonality preserving.
(3) U is right biorthogonality preserving.
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(4) Y is left-to-right biorthogonality preserving.
(5) U is right-to-left biorthogonality preserving.

The proof of the Main Theorem will be based on some preliminary results in Sec-
tions 2 and 3, which have independent interests. A key step to obtain the Main
Theorem is to characterize the structure of (bounded and unbounded) disjointness
preserving linear functional of a Fourier algebra A(G). This is done by extending the
study of such functionals of an abelian C*-algebra Cy(X') developed in [10] in Section
3. In Section 5, we explore further into the general theory of unbounded disjointness
preserving linear functionals of Fourier algebras. In Section 6, applications of our
technique developed in Sections 3 and 5 are demonstrated in the study of extremely

left amenable semitopological semigroups.

All topologies considered in this paper are Hausdorff.

2. ORTHOGONALITY PRESERVING BOUNDED LINEAR MAPS BETWEEN

C*-ALGEBRAS, AND PREDUALS OF W*-ALGEBRAS

Linear orthogonality preservers between operator algebras have been well studied in
past two decades. They are basically an algebra or Jordan algebra homomorphism or
«-homomorphism followed by multiplications (see, e.g., [56, 51, 15, 57, 58, 12, 13, 14]).
Motivated by the beautiful work of Bunce and Wright [11], we will develop in this
section a theory of bounded orthogonality linear preservers between C*-algebras, and
preduals of W*-algebras. In [11], orthogonality preserving bounded linear maps are
always assumed to be positive. We shall relax this condition and work with C*-

algebras here.

Two elements a,b in a C*-algebra are said to be orthogonal if a*b = ab* = 0; in
other words, a and b have orthogonal left and right supports. A linear map ® : A — B
between C*-algebras is said to be orthogonality preserving on positive elements if ®(a)
and ®(b) are orthogonal (but not necessarily be positive) whenever a and b are positive
and orthogonal. A linear map 7w : A — B is a Jordan homomorphism (resp. Jordan

x-homomorphism) if it preserves Jordan products 7(ab + ba) = J(a)J(b) + J(b)J(a),
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or equivalently, w(a?) = m(a)? (resp. and involutions J(a*) = J(a)*), Va,b € A. A
Jordan homomorphism 7 is orthogonality preserving on positive elements (see, e.g.,
[58, Lemma 2.1]). As shown in [33, 52], if ab = ba in A then w(a)m(b) = 7(b)m(a).
In particular, 7 sends central elements in A to central elements in 7(A). Assume
that 7 is a Jordan *-homomorphism. Then, w(A) is a C*-subalgebra of B. Moreover,
m(ab*a) = w(a)w(b)*m(a) for all a,bin A. Consequently, 7 sends partial isometries to
partial isometries. When A, B are W*-algebras and 7 is weak* continuous, 7(A) is a

WH*-subalgebra of B.

Two normal positive linear functionals ¢ and 7 in M, are said to be orthogonal if
they have orthogonal support projections s(¢) and s(7), or equivalently, ||¢ £+ 7|| =
llell + ||7]|- In general, we say two normal linear functionals ¢ and 7 in M, are left

(resp. right) orthogonal if they have orthogonal left (resp. right) support projections
si(p) = s(l¢l) and (1) = s(|7]) (vesp. s,(¢) = s(|¢*[) and s,(7) = s(|7*])). Here,

©*(x) = p(z*) (complex conjugate) and |p| is the absolute value of ¢. Note that
si(p) and s,(p)) are the smallest projections in M such that

o(r) = p(si(p)zr) = p(rs.(p)), Vre M.

Bunce and Wright show:

Proposition 2.1 ([11, Corollary 2.9]). Let M and N be W*-algebras, and let ¥ :

M, — N, be a bounded bijective linear map. Then the following are equivalent.

(1) W : M, — N, is orthogonal decomposition preserving, i.e., V is positive and
orthogonality preserving on positive elements of M,.

(2) W* : N — M is orthogonal decomposition preserving, i.e., U* is positive and
orthogonality preserving on positive elements of N.

(3) U* = zm, where z = V*(1) is a positive invertible central element in M and

m: N = M is a surjective weak™ continuous Jordan x-isomorphism.

Recall that the multiplier algebra M (B) of a C*-algebra B can be identified with
the C*-subalgebra of B** as

M(B) ={x € B” : 2B + Bx C B}.
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Write Z(B) and Z(M (B)) for the centers of B and M (B), respectively. Let & : A —
B be a bounded linear map between C*-algebra. For simplicity of notations, we write

again ® for the bidual map ®** : A** — B**, which is also weak™-weak* continuous.

The following is a C*-algebra version of [11, Proposition 1.1] that we shall need.
However, rather than assuming ® to be positive, we require that ® has a dense range.
Meanwhile, we also extend the results in [57], where ®(1) (= ®**(1)) is assumed
to be a partial isometry and & is assumed to preserve all rather than just positive

orthogonal pairs.

Theorem 2.2. Let ® : A — B be a bounded linear map between two C*-algebras A
and B with dense range. Then ® is orthogonality preserving on positive elements if

and only if
o = P(1)m,

where ®(1) € M(B) with ®(1)*®(1) = &(1)®(1)* € Z(M(B)) and w: A — M(B) is
a Jordan x-homomorphism, such that ®(1)7(A) C B.

Moreover, ®(1) is invertible if and only if ® is surjective. In this case, 7(A) = B.

Proof. The sufficiency is trivial, and we will show the necessity below.

Let a € AT with spectrum X C [0, ||a||]. Identify the abelian C*-subalgebra of A**
generated by 1 and a with C(X). Let 0 = ap < a1 < -+ < ap1 < oy, = ||a]] + 1,
and X = |J, X be the partition of X with X, = X N [og_1,04). In particular,
1 =), 1x,, where 1y, is the characteristic function of X}, for £ = 1,...,n. Note
that some X might be empty, and thus 1x, = 0 in these cases. Indeed, 1y, is the
atomic part of the spectral projection E,(X}y) of a for the subset X} of its spectrum.
Below, we shall identify f(t) = t with a and 1x, with F,(Xj) as (atomic parts of
universally measurable) elements of A**. Note that ® sends universally measurable
elements to universally measurable elements, and universally measurable elements of
A** including spectral projections of elements of A, are determined by their atomic

parts (see, e.g., [47, Section 4.3]).
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For 1 < j < k, we can find two sequences of continuous non-negative functions
{fu}n and {gn}, from C(X) N A such that f,gmyp, = 0 for all m,p = 1,2,..,
fm — 1x;, and g, — lx, pointwisely on X, and hence in the weak™ topology of A**.

By the weak™ continuity of ® (= ®**), we see that
Ly, )@ (fn)" = 1M D(grip)(f)" =0, ¥m=12...
Thus
O(1x,)P(1x,)" = lm ®(1x,)P(frn) =0, V1<j<k.
m—r0o0

Similarly, we have

(I)(lxk)*q)(li) =0, V1 <] < k.

When j =1, set X1, = X1N[0, 224). As the (atomic part of the) spectral projection
E,(Xi,) of a for the open subset X3, of its spectrum, 1x, is (the atomic part of)
an open projection in A** for m = 1,2,.... Hence, there is an increasing net {a,}\
in At converging to 1y, in the weak* topology of A** (see, e.g., [47, Proposition

3.11.9] or [9]). Using an argument similar to above, we get
q)(le)q)(lem)* = q)(le)*CI)(lem) = 0, Vk = 2, e,y M= 1, 27 e
Letting m — oo, we have

P(1x,)®(1x,)" = ©(Lx,)"®(1x,) = 0.

Consequently, for each j = 1,2,...,n, we have

(1) O(1)0(Ly,)" = ®(1x,)2(1x,)",

(2) q)(l)*q)(lX]) = q)(lxj)*q)(lXj)’

for all j = 1,...,n. Note that a can be approximated in norm by step functions in

the form of 3, A;1x,. Thus, ®(a) can be approximated in norm by > . A;®(1x;). It
follows from (1) and (2) that

(3) ®(1)@(a®)" = ©(a)®(a)" = ®(a”) (1),
(4) ®(1)"®(a”) = ©(a)"®(a) = ®(a®)"2(1),

for all positive a in A. Since ® has a dense range, we see that (1) € M(B).
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Let p be a projection in A**. Let {ay}, be a net from A* such that ay — p in the
weak™ topology. Then (3) and (4) imply

(5) P(1)®(p)" = 2(p)2(p)" = (p)2(1)",
(6) o(1)*®(p) = @(p)*P(p) = ®(p)"P(1).
Consequently,

Hence,
O(a)" P(a)®(1)*®(1) = &(1)*P(1)P(a)*P(a), Vae A.

Since ® has a dense range, ®(1)*®(1) is a central element. By (7), we see that
O(1)*®(1) = ®(1)®(1)*. By (5) and (6), the support projection of ®(1) is e, the
identity element of B**.

Suppose that ®(1) is invertible in M(B) and b®(1) = e for some element b in
M (B). Inherited from ®(1), we have b*b = bb* € Z(M(B)). The bounded linear
map 7 : A — B defined by m(a) = b®(a) preserves again orthogonality of self-

adjoint elements. Moreover, m(1) = e. Here, again we write 7 for the bidual map

™% A* — B**. By (5) and (6), we have

m(p) =n(p)'r(p) and =(p)* = n(p)m(p)*,

and hence

m(p) = m(p)* = n(p)°

for all projections p in A**. This ensures that 7 is a Jordan *-homomorphism from A
into B. Note that ® = ®(1)7. Since ® has a dense range and 7w(A) is a C*-algebra,

7 is surjective. Furthermore, for any y in B, we have ®(1)~'y € B and thus there
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is an a in A with 7(a) = ®(1)~'y. This gives ®(a) = ®(1)7(a) = y, and hence @ is
surjective.

In the case that ®(1), or equivalently the central multiplier |®(1)] = \/®(1)*®(1),
is not invertible, we identify the abelian W*-subalgebra Z(B**) with C(Y") and |®(1)]
with an f > 0 in C(Y'), where Y is a compact hyperstonean space. Since the support
projection of |®(1)] is e, we see that {y € Y : f(y) > 0} is dense in Y. For each
n = 1,2,..., let K, be the closure in Y of the open set {y € Y : f(y) > 1/n}.
Then each K, is a clopen subset of Y. Let e, be the central projection in B**
arising from the characteristic function of K,. Clearly, {e,} is increasing with e, 1 e,
and e, ®(1) is invertible in e, B**. As discussed above, for the linear orthogonality
preserving map e, ® from A into the C*-subalgebra e, B of e, B** there is a Jordan
s-homomorphism m, : A — ¢,B** such that e,®(a) = €,®(1)m,(a), Va € A. As
e = e+ Y 5 (ent1 — €n), we have & = &(1)m where 7 : A — B*™ is a Jordan
*-homomorphism defined by 7(a) = e1mi(a) + 3, 5 (ens1 — en)ma(a), Va € A. Since
m(A) is a C*-algebra and ®(A) is dense in B, for any a in A it follows from

that 7(a) is a right multiplier of B. Because 7(a)* = 7(a*) is also a right multiplier,

m(a) is a multiplier of B. That is, 7 sends A into M (B).

Finally, assume that ®(A) = B. Let {e,} be an increasing positive approximate
identity in B. It follows from the open mapping theorem that there is a uniformly
bounded net {ay} in A such that ey = ®(ay) = ®(1)7(ay). Let b be a weak™ cluster
point of the bounded net {m(ay)} in B**. We have e = ®(1)b, and thus ®(1) is

invertible. As already discussed above, m maps A onto B in this case. O

Example 2.3. (a) Let ® : C0, 1] — Cy(0, 1] be the orthogonality preserving bounded
linear map defined by ®(f)(t) = texp(i/t)f(t). Then ® is not positive and the range
of ® is not self-adjoint. Anyway, ® has a dense range, and the conclusion of Theorem
4.1 holds. Note that the associative Jordan x-homomorphism 7(f) = f maps C|0, 1]
outside Cy(0, 1].
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(b) Consider the bijective linear map ® : My — M, between 2 X 2 complex matrices

defined by
o[ @ b\ (01 a b\ [cd
cd) (10 cd) \a b))’
Then ® is orthogonality preserving with ®(1)*®(1) = ®(1)®(1)* = 1. But ®(1) is

not central.

In [11], ® : M — N is assumed to be a weak* continuous orthogonality preserving
map between two W*-algebras sending positive elements to positive elements. The

following two results extend [11, Theorem 2.1].

Corollary 2.4. Let ® : M — N be a weak™ continuous linear map between two
W*-algebras M and N with dense range. Then ® is orthogonality preserving on
positive elements if and only if ®(1)*®(1) = &(1)P(1)* is central and there is a weak™

continuous surjective Jordan x-homomorphism m: M — N such that

O =P(1)m.

Proof. Arguing as in the proof of Theorem 2.2, we can work within M, N without
referring to M**, N** or the bidual map ®**. Moreover, (M) = N as ® has a dense
range. ([l

Corollary 2.5. Let ® : M — N be a weak™ continuous linear map between W*-
algebras with ®(1) > 0. Then ® is orthogonality preserving on positive elements if
and only if there is a weak™ continuous Jordan x-homomorphism © : M — N and a

central element z in M such that

b =7(z).

Proof. We verify the sufficiency only. Let Ng be the W*-subalgebra of N generated
by the range of . We argue as in the proof of Theorem 2.2 by considering ¢ as a map
from M into Ng. Since ®(1) > 0, it follows from (7) that (1) = |®(1)| is a central
element of Ng. We can then obtain a surjective Jordan homomorphism 7 : M — Ng
such that ® = #(1)w. Thus there is a central element z in M such that 7(z) = ®(1)
([54]). Consequently, ®(a) = 0(1)7(a) = w(2)7(a) = w(za),Va € A. O
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We can now sharpen Proposition 2.1 by reducing the positivity assumption on

U*(x) > 0 for all z > 0 to a single condition ¥*(1) > 0.

Theorem 2.6. Let M, N be W*-algebras with preduals M,, N,, respectively. Let

U : M, — N, be a bounded bijective linear map. Then the following are equivalent.

(1) U : M, — N, is orthogonal decomposition preserving, i.e., V is positive and
orthogonality preserving on positive elements of M,.

(2) ¥*: N — M is orthogonality preserving on positive elements, and W*(1) > 0.

(8) V* = zm, where z = V*(1) is a positive invertible central element in M and

7w : N — M is a surjective weak™ continuous Jordan x-isomorphism.

In the case W = ®* is the dual map of a bounded bijective linear map ® : A — B

between two C*-algebras, the above statements are also equivalent to

(4) ® is orthogonality preserving on positive elements, and ®**(1) > 0.
(5) ® = zm, where z = ®**(1) is a positive invertible central multiplier of B and

m: A — B is a Jordan x-isomorphism.

Proof. The equivalence between (1) and (3) follows from Proposition 2.1, while that
between (2) and (3) follows from Theorem 2.2 and its corollaries. If A, B are C*-
algebras, then A*, B* are preduals of the W*-algebras N = A**, M = B**, respec-
tively. It is plain that (2) implies (4), and (5) implies (3). Finally, it follows from
Theorem 2.2 that (4) implies (5). O

Next, we will develop a corresponding part of Theorem 2.6 for non-positive one-side
linear orthogonality preservers of normal linear functionals. Let M be a W*-algebra
with predual M,. Write s(¢) for the support projection of a normal positive linear
functional ¢ in M,. It is known that a projection p in M is o-finite if and only if
it is of the form s(y) for some positive normal linear functional ¢ in M, (see, e.g.,
(42, Proposition 1.14.7]). In general, every projection p in M is an orthogonal sum of

o-finite projections (see, e.g., [42, Proposition 1.14.10]).
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Lemma 2.7. Let M and N be W*-algebras with preduals M,, N,, respectively. Let
U M, — N, be a bounded bijective linear map. Then the following conditions are

equivalent.
(1) ¥ is right biorthogonality preserving, i.e.,
sr(@)si(1) =0 <= 5 (V(p))s:(¥(7)) =0, Ve, 7€ M,.

(2) W*(1) is an invertible element and there is a weak™ continuous algebra x-isomorphism

m: N — M such that
U = U (1)7.
In this case, if we write my : N — M for the inverse of m and write z = W*(1)

then
U (my(x)) = zz, Yz € M.

Proof. Let z = W*(1) and ¢’ = ®(y) for each ¢ in M,.

(2) = (1). Observe that for any ¢ in M, we have

' (xma(s:(9))) = (¥ (zmu(s,(9))) = p(zm(@mu(s,(¢))))
= p(zm(z)s:(p)) = p(zm(2))
=¢'(x), Vze M.

Hence, s,(¢’) < my(s.(¢)). Conversely,

p(am(s:(¢)) = @2z am(s:(¢)))) = o(P (mu (2 27 (s:(¢)))))
= ¢ (my(z7'2)s,(¢")) = ¢ (mu (2 7'2))
= (T (my(27'2))) = p(2(27"2))
= p(x), Vze M.
Hence, s.(¢) < 7(s:(¢')), and thus s,(¢’) = mg(s.(¢)). Consequently, ¥ is right
biorthogonality preserving.
(1) = (2). For any 7 in M,, let 4 = 7(-(1 — s,(¢))). Then s,.(m1)s.(¢) = 0.

Hence s,.(7])s,(¢’) = 0 as well. This gives

0 = 7i(zsr(¢) = (¥ (s () = T(V" (s (")) (1 = 5:())), V& € N, V7 € M.
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Consequently,
(8) U (zs.(¢") = U (xs,.(¢))s(¢), Vr € N, Ve M,.
Write 1 = s,(¢)+>_, s-(7;) as an orthogonal sum of o-finite projections in M. Assume
the orthogonal sum s,(¢') + 3=, 5.(7]) =1 — g and ¢ = >_; 5,(¢;) for some ¢; in M.
Since ®~! also preserves right orthogonality, s,(¢;)s.(p) = s-(¢;)s-(1;) = 0,Vi,j. It
follows ¢; = 0,Vj. In other words, ¢ = 0 and 1 = s,.(¢') + >_, s.(7/) in N. Now, (8)

(2

provides
U (s, (1)))sr(0) = O (s, (7))5,(7:)5, () = 0, Vi,
and thus
U (ws, () = U (ws ()5 () + Z (s, (77)) s ()
(9) W ()si(0), Vo€ N, Vo e M.,

In particular, setting x = 1 we have
(10) U (sr(¢') = W (1)s(), Vo € M..

We use an argument similar to the one given in [11, Theorem 2.6] to obtain the
representation ¥*(my(z)) = U*(1)z. Let 2 € M. We claim there is an element 2’ in N
such that U*(z') = U*(1)x. Such an 2’ is necessarily unique as U* is injective. Let p
be any projection in M, and write p = Y s,.({) as an orthogonal sum of right support
projections. Since W preserves right orthogonality, p’ = > s,({’) is a projection in N.
By the weak™ continuity of U* and (10), we have

) =) W () =) U (1) (¢) = U (L)p.
Now let € M with 0 < z < 1. We can write x = > (p,/2"), for certain spectral
projections p,, of . Let p/, be a projection in N such that ¥*(p/,) = ¥*(1)p, for each

n. Thus 2’ = > (p),/2") € N and
V(e =Y W)= —‘I’;(f%) = U ().

This shows the claim.

Define my : M — N by my(x) = 2’ as above. It is easy to see that my is a weak™

continuous Jordan x-homomorphism satisfying that
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(a) U*(my(x)) = U*(1)z, for all = in M.
(b) my(s-(¢)) = s.(¢'), for all ¢ in M,.

Since the range of my is a W*-subalgebra of N containing all s, (("), we have mg (M) =
N. Therefore, my maps M isomorphically onto N as Jordan x-algebras. Since
UH(1)M = U*(mg(M)) = U*(N) = M, we see that ¥*(1) is invertible.

Moreover, it follows from (9) and the argument deriving (a) above that for all y in

N we have
U (g (x)my(y)) = U (mg(x))y = V' (1)zy = V(g (zy)), Vo€ N.

By the injectivity of U* we have my(z)my(y) = me(xy) for all z,y in M. So 7y is a

weak*-continuous algebra #-isomorphism.

Let m: N — M be the inverse of my. Then W* = ¥*(1)r on N. O

We can also define left orthogonality preserving property for a bijective linear map
¢ — ¢ between preduals of W*-algebras. Even more general, we can define left-
to-right and right-to-left orthogonality preservers. Namely, they are those sending
normal linear functionals with disjoint left (resp. right) support projections to normal
linear functionals with disjoint right (resp. left) support projections. Note that a
linear map ¥ : M, — N, is left (resp. right, left-to-right, right-to-left) orthogonality

preserving if and only if

s(el)s(7)) =0 = s(l¢D)s(I7']) = 0
(resp. s(l")s(I7")) =0 = s([()"Ds(I(7')]) = 0,
s(leDs() =0 = s(I(@)Ds(I(7)]) =0,
s(le"Ds(IT) =0 = s(l()Ds(I(7)]) = 0)

In particular, if the map is positive, i.e., ¢ > 0 = ¢’ > 0, then all left, right,
left-to-right and right-to-left orthogonality preserving properties coincide on positive
elements with the orthogonal decomposition preserving property of Bunce and Wright

11].
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The following theorem supplements a result of Bunce and Wright (Proposition 2.1,
and see Theorem 2.6). It provides another positive answer to a question of Araki [4].

Here we do not assume the orthogonality preserving maps are positive.

Theorem 2.8. Let M and N be W*-algebras with preduals M, and N,, respectively.

Let U : M, — N, be a bounded bijective linear map. The following are all equivalent.
(1) U is right biorthogonality preserving, i.e.,
Sr(@)se (1) =0 <= 5,.(¥(p))s.(¥(7)) =0, Vo, 7€ M,.
(2) W* is right orthogonality preserving, i.e.,
ab* =0 = U (a)(V*(b))" =0, Va,be M.

(3) U* = zm, where z = U*(1) is an invertible element in M and 7 : N — M is a

weak* continuous algebra x-isomorphism.

In the case W = ®* is the dual map of a bounded bijective linear map ® : A — B

between two C*-algebras, the above statements are also equivalent to

(4) ® is right orthogonality preserving.
(5) ® = zm, where z = ®**(1) is an invertible multiplier of B and 7 : A — B is an

algebra x-isomorphism.

Proof. The implications (3) implying (1) and (1) implying (2) follow from Lemma
2.7, while that (2) implying (3) follows from Schweizer [51, Theorem 4.7], see also
[41, Theorem 1.3(c)]. If A, B are C*-algebras, then A*, B* are preduals of the W*-
algebras N = A** M = B** respectively. The implication from (2) to (4) is clear.
The implication from (4) to (5) is due to Schweizer [51, Theorem 4.7] again. Finally,
the implication from (5) to (3) is trivial. O]

Remark 2.9. Theorem 2.8 has corresponding ‘left’; ‘left-to-right’ and ‘right-to-left’
versions, too. But ¥* is right-to-left (resp. left-to-right) orthogonality preserving
whenever ¥ is left-to-right (resp. right-to-left) biorthogonality preserving, and 7 is
an algebra x-anti-isomorphisms in these cases. Moreover, U*(-) = x(-)z for left and

left-to-right preservers.
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Let G be a topological group, i.e., G is a group with a Hausdorff topology, such
that the mappings z +— z~! from G into G and (z,y) — xy from G x G into G
are continuous. Let P(G) denote the collection of all continuous positive definite

functions on G, i.e., the collection of all continuous complex valued functions f on G

such that for any complex numbers A, ..., A\, and any aq,...,a, in G, we have
S A >0
i=1 j=1

Let B(G) denote the linear span of P(G). As shown in [36], B(G) can be iden-
tified with the predual of a von Neumann algebra W*(G) C B(H,,), where w is a
s-homomorphism of G into the group of unitary operators in B(H,), the space of
bounded linear operators from a Hilbert space H,, into H,,. Furthermore, B(G), with

the predual norm of W*(G) is a commutative Banach algebra called the Fourier-

Stieltjes algebra of G. (See also [37].)

Theorem 2.8 can be applied to obtain the following characterization of bounded

orthogonality preserving maps between B(G) and B(H) of two topological groups.

Corollary 2.10. Let G and H be topological groups, and ¥ : B(G) — B(H) be a
bounded bijective linear map. Then V is right biorthogonality preserving if and only
if there is a weak™ continuous algebra x-isomorphism © : W*(G) — W*(H) and an

invertible element z in W*(G) such that

U*(m(x)) = zx  for all x € W*(Q).

3. DISJOINTNESS PRESERVING LINEAR MAPS OF FOURIER ALGEBRAS

Let G be a locally compact group with a fixed left Haar measure m. Let Coo(G) be
the subspace of Cy,(G) consisting of all functions vanishing outside a compact set. Let
LP(G), 1 < p < 400, denote the Banach space of p-integrable functions with respect
to m, and let L>(G) be the space of essentially bounded measurable functions on
G (see, e.g., [29]). Then G is amenable if there exists a positive linear functional ¢
of norm one on Cy(G) satistying ¢(af) = ¢(f) for all f in Cy(G) and a in G, where
(af)(t) = f(at),Vt € G. This is equivalent to the space of bounded left uniformly
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continuous functions LUC(G) has a left translation invariant mean. Here LUC(G)
consists of all those f in Cy(G) such that the map a — af from G into Cy(G) with
the norm topology is continuous. See, e.g., [44, 29]. The class of amenable groups
includes all solvable groups and all compact groups. On the other hand, the free
group on two generators is not amenable, and so is every non-compact connected

semisimple Lie group (see, e.g., [46] for details).

For a in G, let p(a) € B(L*(G)), the space of bounded linear operators on L*(G),
defined by p(a)h(z) = h(a™'z). Let VN(G) denote the von Neumann algebra in
B(L*(@)) generated by {p(a) : a € G}. The Fourier algebra A(G) of G is the closed
linear span of P(G) N Cy(G) in B(G). Then A(G) can be identified with the unique
predual of VN (G) with

(11) (f,pla)) = fla), a€G,[feAG);

also f € A(Q) if and only if there are ¢,n in L?(G) such that

f(@) = (p(x)C;Mr2c), Vo €G.

The Fourier algebra A(G) is a closed ideal in B(G) C C,(G) with spectrum G given
by (11); A(G) has a bounded approximate identity if and only if G is amenable.
Furthermore, A(G) has an identity if and only if G is compact. (See [18] and [39] for

more details.)

The following elementary result in part (a) is stated in [18, 3.2 and 3.36]. One can
adapt a proof for (b) from, for example, [22, Lemma 1], although G is assumed to be
abelian there. The part (c¢) should be known, too. We provide a proof here, as we do

not find one handy in the literature.

Lemma 3.1. Let G be a locally compact group.

(a) Let U be an open set in G containing a nonempty compact set K. Then there is
an f in A(G) such that f =1 on K and f =0 outside U.

(b) Let {V1,...,V,} be an open covering of a compact set K in G. Then there exist
fisooos fnin A(G) such that >, fi =1 on K and coz(f;) CV; fori=1,...,n.
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(c) Let U be a neighborhood of a point x in G, and € > 0. Then there is a g in A(G)
and a neighborhood V' of x contained in U such that

g=1onV, g=0outside U, and |g|la) <1+e

Proof. (c¢) Without loss of generality, we can assume z = e. Let m be the left Haar
measure of G. Let W be a compact symmetric neighborhood of e such that e € W C
W3 CU. As0 < m(W) < 400, the regularity of m implies that there is an open set O
such that W C O C U with m(W) < m(0) < (1+¢)?>m(W). By the continuity of the
multiplication and the compactness of W, there is a neighborhood V' of e such that

VCWand W =eW CVW C O. In particular, m(W) < m(VW) < (1 +¢€)?*m(W).

Define g = WXVW * xw. Then
1 . ~ m(VIW nsW)
o) = i [l imly) = MRS e G

We have g =1 on V and g = 0 outside U. It follows from [18, Lemma 3.1] that

lglla < anmwznwm — mewwm(m <1t

O

In what follows, G will denote a locally compact group. Let x be a point in the

one-point compactification G U {oco} of G. Denote by

I, = {f € A(G): f vanishes in a neighborhood of z},
M, = {fe€AG): f(x) =0}
Notice that I, = Apo(G) and Mo, = A(G). Here, Agp(G) denotes the algebra of all
functions in A(G) with compact supports.

For a function f in A(G), let coz(f) be the cozero set of f, that is,

coz(f) ={r € G : f(x) # 0}.
An open subset V' of G is said to be a vanishing set for a linear functional ¢ of A(G)
if
cozf CV = p(f)=0, VfeAG).
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We call a linear functional ¢ of A(G) disjointness preserving if
fg=0 = o(f)e(g) =0, Vf.geAG).

Lemma 3.2. Let ¢ be a nonzero disjointness preserving linear functional of A(G).

The following are all equivalent for any x in G.

(a) ¢y, = 0;

(b) for each open neighborhood U of x, there is an f in A(G) with o(f) # 0 and
cozf CU;

(c) € G\ U{V C G :V is a vanishing set for ¢}.

Proof. The equivalence of (b) and (c) is obvious.

For the implication (a) = (b), suppose U is an open neighborhood of x such that
©(f) = 0 whenever f is in A(G) with cozf C U. Let V be a compact neighborhood
of z such that x € V. C U. Let g be in A(G) such that ¢ = 1 on V and vanishes
outside U (Lemma 3.1(a)). Then for all f in A(G), write f = fg+ f(1 —g). Now
cozfg C U implies ¢(fg) = 0. Meanwhile, f(1 — g);v = 0 ensures that f(1 —g) € I,
and thus ¢(f(1 —g)) = 0. Hence, we get a contradiction that ¢ = 0.

Finally, we derive (b) = (a). Assume g¢ in A(G) vanishes in a neighborhood U
of xz. We may assume that U is open. Hence there is a f in A(G) with ¢(f) # 0 and
coz(f) CU. So fg=0. As ¢ preserves disjointness, we have ¢(g) = 0. O

Given a disjointness preserving linear functional ¢ of A(G), we call the set supp(p)
of all points x in G such that one of the equivalent conditions in Lemma 3.2 holds

the support of p. We also allow oo € supp(yp) if ¢ |, = 0.

Lemma 3.3. The support supp(p) of a nonzero disjointness preserving linear func-
tional ¢ of A(G) consists of exactly one point. That is, there exists a unique x in
G U {oo} such that ¢, = 0.

Proof. Suppose that supp(¢) N G is empty. Then

G = U{V C G : V is a vanishing set for ¢}.
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Let f be in A(G) with compact support. Then, the compact set cozf can be covered

by finitely many vanishing sets of ¢; namely,

coz(f) CViU---UV,.

By Lemma 3.1(b), there are fi,..., f, in A(G) such that """, fi =1 on coz(f) and
cozf; CV;for v =1,...,n. Therefore,

F=>Y 1k
=1

Since coz(f f;) € V;, we have o(ff;) =0 fori=1,...,n. Thus p(f) =0 for all f in
A(G) with compact support. Therefore, ¢ |;_= 0, and thus co € supp(yp).

On the other hand, let us suppose that r and ¢ are distinct members of supp(y).
If r = oo then the value of ¢ at every function in A(G) supported in a compact
neighborhood of ¢ is zero. This conflicts with the assumption that ¢ is a support
point of ¢. So we assume none of r and t is the point at infinity. Let U and V be
disjoint neighborhoods of s and ¢ in GG, respectively. Then there are f and g in A(G)
such that cozf C U, cozg C V and both ¢(f) and ¢(g) are nonzero. However, this

would contradict to the disjointness preserving property of . 0

Lemma 3.4. If ¢ is a nonzero bounded disjointness linear functional of A(G). Then

there is a unique x in G and a nonzero scalar \ such that o = \d,.

Proof. By Lemma 3.3, there is a unique  in G U {oo} such that ¢, = 0. Note
that the closure I, of I, is M, = {f € A(G) : f(x) = 0} (since {x} is a set of
spectral synthesis [18]). By the continuity of ¢, its kernel ker o O M,. This gives
o(f) =0<«= f(x) =0 for all fin A(G). Since ¢ is nonzero, x € G. Consequently,

f = Ad, for some nonzero scalar . [

Let G1, G2 be locally compact groups. Let U : A(Gy) — A(G2) be a disjointness
preserving linear map between two Fourier algebras, that is, fg = 0 in A(G;) implies
U(f)¥(g9) = 0 in A(Gy). For each s in G, let W*d; be the disjointness preserving
linear functional of A(G3) defined by

U*os(f) = W(f)(s), forall fe A(Gy).
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Denote by

G5° = {s € Gy : there is an f in A(G;) with compact support
such that U*ds(f) = ¥(f)(s) # 0}
= {8 S G2 : \11*53 ’10075 O}

Lemma 3.5. The set
supp(¥*d5) = G U {oo} \ U{V C Gy U{oo} : V is a vanishing set for W*és}

is a singleton o(s) for all s in Gy. Moreover, s € G3° if and only if o(s) € Gj.

Proof. 1t follows from Lemma 3.3 that supp(¥*d,) = {o(s)} is a singleton. Moreover,
the first paragraph of the proof of Lemma 3.3 shows that o(s) # oo if s € G3°. The

converse follows from the definition of G5°. O

Let 0 : Gy — G; U {00} be the support map of ¥ as defined in Lemma 3.5. In
other words,

supp U*os = {o(s)}, Vs € Gs.
Lemma 3.6. o is continuous on G5°.

Proof. Let a net s, — s converge in G5°. Let G; U {00} be the one-point compact-
ification of G;. Note that the point oo at infinity is isolated if and only if G is
compact. Now, o(s,) has a subnet o(s,,) — ¢ for some ¢ in G; U{o0}. Suppose that
o(s) # t. Let U,V be disjoint neighborhoods of ,0(s) in G U {oo}, respectively.
Since s € G5°, there is an f in A(G4) such that cozf C V and U*d,(f) = W(f)(s) # 0.
By the continuity of W(f) on G2 (and hence on G5°), ¥(f)(ss,.) # 0 for large
enough r. On the other hand, we can also assume o(s,,) € U. Choose g in A(G;)
such that ¥(g)(sa,.) # 0 and cozg C U. Tt follows from cozf N cozg = () that
U(f)(Sa,)¥(9)(8q,) = 0, a contradiction. O

The following theorem for disjointness preserving linear bijections between Fourier
algebras is stated for locally compact amenable groups in a paper of Font [20, The-

orem 4] (see also [19]). This is proved by Monfared in [45] without the amenability
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assumptions on the underlying groups, but he assumes the boundedness of the map
instead. We drop both the amenability and boundedness assumptions below. Our
proof is different from that in [20, 45|, and inspired by the one given in an earlier

paper of Font and Herndndez [22] and also by [31, 32].

Theorem 3.7. Let Gy and Gy be locally compact groups. Let V : A(Gy) — A(G2) be
a linear bijection preserving disjointness. Then there exist a non-vanishing continuous

bounded scalar function A on Gy, and a homeomorphism o from Gs onto G such that
U(f)=A-foo, VfeAG).
In this case, V is automatically bounded in both the uniform and Fourier algebra

norms.

Proof. We first recall that the support map o : Gy — G U {00} defined as in Lemma
3.5, by
supp¥*o, = {o(z)}, Vz € Go,
which is continuous on G5° (Lemma 3.6). It follows from Lemma 3.2 that
V() C L, Vo € Ga.
Set
Vi ={y € Ga: U(My(,)) = M,},
Y= {y € Go: W) # M},
Then G = Y; UY; as a disjoint union. Observe that
yeY, &  kerUd, = M,y is closed
& U0, is || - || acc,) bounded
(12) & W6, = A(y)ds(y) for some nonzero scalar A(y) (Lemma 3.4), and
yeY, <& ¥, is unbounded.
In this case, the || - || and [ - || ae,) boundedness for ¥*4, are equivalent. Moreover,
yeYy = oy #Foxo <= ooy eG <= yeiGy.

Thus, Gy \ G3° = 07 (o) C Y.
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Define a nonvanishing scalar function A on Y; by y — A(y) as in (12). In other

words, we have
(13) U(f)(w) =AW f(o(y), VfeAGL), Vy e

Claim 1. If {y,} is a sequence in G5 such that z,, = o(y,)’s are distinct points in

G then

limsup || U*0,, || < +oo.

Suppose on contrary that limsup, ||¥*6,, || = +oo. Passing to a subsequence, if

necessary, we can choose f, in A(G1) such that

1
anHA(Gl)§$ but ¥(f,)(y,) =1, Vn=12,....

We can also assume that the sequence {x,} contains no cluster point of itself. For
each n, choose a disjoint neighborhood U, of z,,. By Lemma 3.1(c), we can find a g, in
A(Gy) with ||g|| ae,) < 2 such that g, = 1 on aneighborhood V}, of x,, contained in U,,
and g, = 0 outside U,,. Since (1—g,)fn € I, , we have V(g, fn)(yn) = V(fn)(yn) = 1.

Since

00 0o 9
Z ||ngnfn||A(G1) S Z ﬁ < +00,
n=1 n=1

we can define
n=1

Now f — ng.f, = 0 on V,. Hence, we have V(f)(y,) = nV(gnfn)(y,) = n for
n =1,2,.... In particular, ¥(f) is unbounded on Gy. This contradiction establishes

the claim.

Claim 2. The set o(Y3) consists of at most finitely many points, and the scalar

function A is nonvanishing and bounded on Y; by some constant M > 0.
These assertions follow from Claim 1 and (13).

Claim 3. Y] is closed and Y5 is open in Gs.
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Observe that for any f in A(G) we have
sup{|¥(f)| : y € Y1} = sup{[¥(f)| : y € Y3}
= sup{[h(y)[|f (e ()| : y € Y1}

< M| flloo < M| flla)-

This ensures that U*d, is || - ||a(,) bounded for every y in Y;. By Lemma 3.4, we
have Y; = Y] is closed. Thus, Y = G5\ Y] is open.
Claim 4. Every point in o(Y3) is non-isolated in Gy U {oo}.
Let y € Y. If o(y) is isolated, then I,y = M. If 0(y) # oo then it follows from
U(Moqy)) = ¥(loq) € 1, © M,
that y € Y1, a contradiction. If o(y) = oo, we have
A(Ga) = U(A(Gh)) = V(M) € My,
which forces y = 0o, a contradiction again as co ¢ Yy C Go.
Claim 5. 0(Gs) is dense in Gj.
Otherwise, there is a nonzero f in A(G;) vanishing outside o(G5). In particular,
felyy, YweGy, = V(f)el,, VyeG, = ¥Y(f)=0 = f=0,
a contradiction.
It follows from Claims 2, 4 and 5 that
G1U{oo} = 0(Gy) U{oo} = o(Y1) Ua(Yz) U {oo} = o (1) U {oo}.
It follows from (13) that
V() =0 = floan=0 = f=0, VfecAG).

Since Y; is open, Y = () by Lemma 3.1(c) and the surjectivity of W. Therefore,

Go =Y, = G5° and 0 : Gy — (G is continuous with a dense range.

It then follows from (13) that W' also preserve disjointness. As a result, there is
a continuous map 7 : G; — G4 and a bounded nonvanishing scalar function v on G
such that
U (g)(z) = a(x)g(r(x), Vze G
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Hence,

(14) = a(x)\(7(z)) f(o(r(x))), Ve Gy, Vf e A(G)).
This implies
x=o(r(x)), Vreaq.
Similarly, we have
y=1(0(y), Vye G
It amounts to say that ¢ is a homeomorphism from G5 onto GG;. Furthermore, it is

plain that A is continuous on Gy by (13) and Lemma 3.1(c).

Finally, it is clear that the uniform norm of ¥ is the bound of A. The Fourier algebra
norm continuity of ¥ follows from the closed graph theorem. Indeed, if f, — 0 in
|- llaey) and W(f,) = g in || - || a(c.) then they also converge in the respective uniform

norms. By the uniform continuity of ¥ we have g = 0. U

Remark 3.8. Let M(A(G>)) denote the multiplier algebra of A(G2) consisting of all
u in Cy(Gs) such that ug € A(Gs) if g € A(G2). Then in Theorem 3.7, A € M(A(Gy)).
When G, is amenable, M(A(G3)) = B(G2) ([16, Theorem 9]). It follows from (14)
that A is invertible in B(Gs). Consequently, the map f — f o o gives rise to an
algebra isomorphism from A(

of Font in [20] by Theorem 3.7.

(1) onto A(Gs). Therefore, we can recover the results

In a similar manner, we have

Theorem 3.9. Let Gy and Gz be locally compact groups. Let ¥ : B(G1) — B(G2) be
a linear bijection between the Fourier-Stieltjes algebras preserving disjointness. Then

there exist an invertible function X in B(Gs), and a homeomorphism o from Gy onto

Gy such that
(15) U(f)=A-foo, VfeB(Gy).

In this case, ¥ is automatically bounded in both the uniform and Fourier-Stieltjes

algebra norms. Furthermore, W(A(G1)) = A(Gs).
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Proof. The arguments in proving Theorem 3.7 can be used in this case too. Note
that ¥ will send exactly functions with compact supports to functions with support
supports due to (15) and the continuity of o and o~'. Since A(G;) and A(G,) are
closures of functions with compact supports, the last assertion follows by the Fourier-

Stieltjes norm continuity of W. ([l

4. DISJOINTNESS AND ORTHOGONALITY TOGETHER DETERMINE TOPOLOGICAL

GROUP STRUCTURES

We are now ready to prove our Main Theorem stated in Section 1. More precisely,
we provide below a detail description of a bijective linear disjointness preserving map
between Fourier algebras, which preserves also some kind of orthogonality. The Main

Theorem then becomes a consequence.

Theorem 4.1. Let G1, Gy be locally compact groups and A(G1), A(Gs) the associated
Fourier algebras. Let W : A(G1) — A(G2) be a linear bijection preserving disjointness.
Then U is orthogonality decomposition preserving (resp. left, right, left-to-right, or
right-to-left biorthogonality preserving) if and only if

(a) there is a positive (resp. nonzero complex) number «,

(b) there is a character ( of the group Gs,

(c) w = ey, the identity element of Gy (resp. there is a w in G), and

(d) there is a homeomorphic map o : Gy — Gy which is a group isomorphism or anti-
isomorphism (resp. group isomorphism for left or right biorthogonality preservers,
and group anti-isomorphism for left-to-right or right-to-left biorthogonality pre-

servers),

such that for all s in Gy we have

U(f)(s) = aB(s)f(wo(s))
(resp. W(f)(s) = aB(s)f(a(s)w) for left or left-to-right biorthogonality preservers).

The sufficient part is trivial. We shall provide a proof for the necessity part mainly

for the case W is an orthogonal decomposition preserver, while the other four cases
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for left, right, left-to-right and right-to-left biorthogonality preservers are similar and

easier. We divide the proof into several lemmas.

We first note that by Theorem 3.7, ¥ is automatically bounded with respect to
both the uniform norms and the Fourier algebra norms. For each s in Gs, we denote
by ps the left translate by s, that is,

psh = h(s™'t), Vh € L*G).
Note that the set {ps : s € G2} in VN(G3) is isomorphic to Go as groups. Moreover,

(ps,u) = u(s), Yue A(Gy).

By Theorem 3.7, we have
(16) U ps = AN(8)po(s), Vs € Go.

Here, X is a non-vanishing complex function on G5 and ¢ is a homeomorphism from
G5 onto G1. On the other hand, by Proposition 2.1 or Theorem 2.6 (resp. Theorem 2.8
and Remark 2.9 for other one-sided biorthogonality preservers), we also have W* = zx
for an invertible element z in VN(G7) and a Jordan *-isomorphism 7 from VN(G3)
onto VN(Gy). Let u be the unitary element in VN(G,) such that uz = |z|. Since
7(1) =1, by (16) we have

= \Ij*(l) = \I]*(pez) = )\(62)p0(62)7
where e, is the identity element of the group G,. It follows that
|Z| = Uz = )‘(62>up0(62)-

Since |z| > 0, we see that the spectrum of A(ez)ups(e,) consists of positive numbers
only. However, upy(c,) is a unitary element in the von Neumann algebra VN(G\).
This forces the spectrum of A(ez)up,(e,) to be a singleton {|a|} with o = A(ez) # 0.
Thus

a
17 UPs(es) = T 7P Pers
(17) Potes) = 1P
where e; is the identity element of the group G;. Consequently, u = %pw where

w = o(ez)” ! in Gy. In the case ¥ is an orthogonal decomposition preserver, z is

already positive and thus v =1, a > 0 and w = e;.
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Replacing ¥ by the map ¢ — V(p(u-)), we can assume z is positive. Note that if
the new map carries, by Theorem 3.7, the form

T(f)(s) = Ms)f(o(s)), Vf € A(G1),Vs € G,

then the original map carries the form

f %A(S)f(wa(S)), Vf € A(Gy),Vs € Go.

From now on, we assume the new form and z > 0. It follows from (17) with u =1

that
a>0 and o(ey) =ey.
Consequently,
2= Opey;
and hence,
U* = arm,
as pe, is the identity of VN(G4). By (16), we have

(18) A(8)po(s) = am(ps), Vs € Gs.

Lemma 4.2. For s,t in G, at least one of the following holds.

(a) o(st) =o(s)o(t).
(b) o(st) =o(t)o(s).

Proof. Since 7 is a Jordan *-isomorphism, we have

T(pspe + pips) = T(ps)m(pe) + 7(p)T(ps).-

By (18), we have

A[A(8t) po(sty + A(E8) pois)] = A(S)AE)[Po(s)Po(t) + Pot)Pos));

or

(19) AA(8t)po(st) + AN(ES) po(ts) = AS)AE) Do ()0 (t) T Po(t)o(s))-
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Suppose on the contrary that o(st) # o(s)o(t) and o(st) # o(t)o(s). If o(st) =
o(ts) then st = ts since o is a homeomorphism. In this case, by the linear indepen-
dence of p,’s,
al(st) = A(s)A(t) = 0.
This is impossible since A is non-vanishing. Hence o(st) # o(ts). But then o(st) is
distinct from o(ts), o(s)o(t) and o(t)o(s). By (19) and the linear independence, we
have again
aA(st) =0,

still a contradiction. O

Recall that o = A(ey), where e is the identity element of the group G,. A character

of G4 is a unital complex homomorphism of Gs.

Corollary 4.3. Define B(s) = A(s)/A(es) for all s in Go. Then B is a character of
the group Gs, and X\ = af3. Moreover,

(20) W(ps) = ﬁ(s)pa(s)a Vs € GQ-
Proof. By (19) and Lemma 4.2, we have
al(st) = A(s)A(t), Vs,t € Gs.

The last assertion follows from (18). O

We now follow an idea in [55] (see also [36]). For each s in Gs, let
Hy, ={teGy:0(st)=0(t)o(s)},
K, ={teGy:0(st)=0(s)o(t)}.

Lemma 4.4. Both H, and K, are subgroups of G for each s in Gs.

Proof. By a theorem of Kaplansky (see [33, Theorem 5]), the Jordan x-isomorphism
7w can be written as a sum of a *-isomorphism 7 and a *-anti-isomorphism . More

precisely, there are central projections p; in VN(G;) for i = 1,2 such that

T = T|VN(Ga)pz - VN(Gg)pQ — VN(G1>
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is a *-isomorphism onto VN(G1)p1, and
Ty = TVN(G2)(1-p2) * VN(G2)(1 = pa) = VN(G1)
is a *-anti-isomorphism onto VN(G1)(1 — py).
Observe that for each s in Go
(21) t € Hy if and only if [pspr — peps|p2 = 0,
(22) t € K, ifand only if [pspr — pips](1 — p2) = 0.
Indeed, suppose t € H;. Then
o(st) =o(t)o(s).
By (20),
T(pst) = B(st)po(sty = B(8)B(E) Po(t)Poys)-
In other words,
T(pspr) = m(p)7(ps)-
Hence
T((pspe — peps)p2) = 0.
Consequently,

(pspe — peps)pa = 0.

Conversely, if t ¢ H, then ¢t € K, and thus with a similar argument we have

T(pst) = m(ps)m(pr)-
It follows
(pspe = pups)(1 = p2) =0,
or
(Pspt — peps)P2 = Pspr — Pips.
We are done if the right hand side is not zero. Otherwise, psp; — pips = 0 implies

st = ts. Since Jordan k-isomorphism preserves commutativity [33, Theorem 5|, we

then have

m(ps)m(pr) = m(pe)m(ps)-
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By (20), we have

In particular, t € Hg, an absurd.

From (21), it is easy to see that H; is a subgroup of G3. The proof that K; is a

subgroup of Gy is similar. 0J
Lemma 4.5. 0 : Gy — Gy is either a group isomorphism or anti-isomorphism.

Proof. We note first that for each s in Gs, either G, = H, or G5 = K,. By Lemma
4.2, we have Go = H, U K,. Suppose there were ¢; in H, \ K and t5 in K\ Hy. It
follows that t,t5 belongs to either Hy or K. Since tfl € H, and t;l € K, either
ty =ty (t1ty) € H, or t; = (t1t5)t; " € K,. This conflict establishes our assertion.
Let now
H ={se€Gy: Hy =Gy},
K ={seGy: K, =Gy}

It is easy to see that both H and K are subgroups Gs and Gy = H U K. Argue
similarly as above, we have either Go = H or Gy = K. This implies that either o is

a group anti-isomorphism or isomorphism. 0
Corollary 4.6. 7 is either a x-isomorphism or a x-anti-isomorphism.

Proof. By Lemma 4.5 and (20), we see that the action of 7 on the linear span of {p; :
s € Ga} is either multiplicative or anti-multiplicative. Since 7 is weak™® continuous
and left translations are weak™ total in group von Neumann algebras, we thus obtain

the result. O

Proof of Theorem /.1. At this point, we have established the proof of Theorem 4.1
for orthogonal decomposition preservers. Note that if o happens to be a group anti-

isomorphism then G and G5 are isomorphic through the homeomorphism s — o(s)™!.

For left, right, left-to-right and right-to-left biorthogonality preservers, the proofs

are easier and go merely the same. We simply mention that in these cases 7 is
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an algebra *-isomorphism for left and right biorthogonality preservers and an alge-
bra *-anti-isomorphism for left-to-right and right-to-left biorthogonality preservers by
Theorem 2.8 (see also Remark 2.9), and thus exactly one case of (a) and (b) in Lemma
4.2 always occur. Furthermore, for left and left-to-right biorthogonality preservers,

we have U*(:) = m(-)z with z = U*(1) instead. O

Proof of the Main Theorem. The Fourier algebra case is contained as a part in The-
orem 4.1. For the Fourier-Stieltjes algebra case, we shall verify the sufficiency only.
By Theorem 3.9, we know that ¥ induces a weighted composition operator ® sending
A(G) onto A(G3). Since A(G;) is translation invariant, it is an invariant subspace
of B(G;) as the predual of W*(G;) = B(G;)*. Hence by [53, Theorem 2.7], there
is a central projection p; in W*(G;) such that A(G;) = p;B(G;), where pu(x) =
u(piz), Vo € W*(G;), © = 1,2. Consequently, ® also preserves orthogonality (in any

of the five senses) as U does. Then the assertion follows from Theorem 4.1. O

In Theorem 2.8, we require that both the map ¥ and its inverse ¥~! are one-
side orthogonality preserving. It might be possible that the orthogonality preserving
property of ¥~! can follow from that of ¥. As an evidence, it is the case if the

underlying groups are abelian as shown in the following result.

Corollary 4.7. Let Gy and Gs be two locally compact abelian groups with dual groups
é\l and é\g, respectively. Let W : A(G1) — A(Gs2) be a bijective linear map, and let
U Ll(é\l) — Ll(é\g> be the associated bijective linear map defined through Fourier
transforms. Suppose that both U and T preserves disjointness, i.e.,
fg=01in A(G;) = V(f)¥(g) =0 in A(G3), and
(23) fg=0inI(G) = U(FUEG =0inL"G).
Then Gy and Gs are isomorphic as topological groups. More precisely, there is a
nonzero complex number «, a character B of Go, an element w in Go, and a topological

group isomorphism o : Go — G such that

(24) U(f)(s) = aB(s) f(wal(s)), Vf € A(G),s € Ga.
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Proof. By Theorem 3.7, ¥ is automatically bounded.

Assume first that the dual group é\l of G; is o-compact for ¢ = 1,2. Recall that
A(G;) is isomorphic to the algebra Ll(é\i) of integrable functions with respect to a
fixed o-finite (left) Haar measure, equipped with the convolution product, via the
inverse Fourier transform f +— ]/”\ In this setting, f,g in A(G;) are orthogonal as
normal functionals of VN(G;) = Loo(é\i) if and only if f§ = 0 in Ll(é\i), ie.,
f,@ have disjoint cozero sets in /G\z The condition (23) amounts to say that W is

orthogonality preserving.

On the other hand, noting that C?l is o-compact, we can apply [40, Corollary 5.6]
to the bounded disjointness preserving linear map U to get a measurable function A

on é\g and a Bj-measurable transformation ¢ : C/J; — é\l such that
(25) \Tl(]?) = h]?o ¢ almost everywhere on é\g, V]?E Ll(é\l).

Here, Bj is the (measure) completion of the Borel o-algebra By of G» with respect
to the Haar measure. By the injectivity of \/I}, we see that 671 \ ¢(é\2) is of measure
zero. Moreover, if z(h) is the zero set of h in G then the set ¢ (z(h)) in Gy is of
measure zero. Suppose U(f)U(g) = 0 for some f,§ in Ll(é\l). It follows from (25)
that hQ(fo ?)(g o ¢) = 0, and thus 73 = 0, almost everywhere on G,. Hence, U~

preserves disjointness, or equivalently, U~! also preserves orthogonality.

In general, if é\l is not o-compact, let K be a compact symmetric neighborhood of
the identity and let H = |J,—, K. Then H is a o-compact clopen subgroup of é\l
We can write é\l as a (possibly uncountable) disjoint union of cosets gy H of H, each

of which is o-compact and clopen. For every function fin Ll(é\l), we have
(26) 171l 2@y = DT lan, Mzt (an, 0,
for an at most countably subfamily of these cosets. Consequently,
LNG)) = '~ P L' (gaH).
A

Therefore,

VN(Gy) 2 LY(Gh)* = (° — P L= (g\H).



34 ANTHONY TO-MING LAU AND NGAI-CHING WONG

Note that due to the left translation invariance of Haar measures, every L'(gyH) =
L'(H) and L>(gyH) = L>(H). In this setting, we see again that f,g in A(G;) are
orthogonal as normal functionals of V N(G,) if and only if fg=0in Ll(é\l ). We can

decompose Ll(é\g) in a similar way. So (23) says that ¥ preserves orthogonality.

We check that U—! also preserves disjointness. Suppose f, g be in A(G;) such that
(I\l(f)ﬁl(fq\) = (0. Observing (26), we can assume that there is a o-compact Borel subset
X of G, such that f,ﬁ € LY(X). Here, X is a disjoint union of at most countably
many cosets of H. Since the bounded bijective linear map U preserves disjointness,
the induced map Uy : LY(X) — Ll(é\g> is also bounded, injective, and preserves
disjointness. It follows from an argument similar to the case G; being o-compact
above that

Ux(HUx@) =VHUG =0 = fg=0.
Hence, U1 also preserves disjointness, and thus ¥ is biorthogonality preserving. Note
that all one-side orthogonality preservers coincide in this case. The assertions follow

from Theorem 4.1. O

When G is a compact abelian group, we can perform convolutions in the Fourier
algebra A(G), as it is contained in L'(G). Applying Fourier and inverse Fourier
transforms we see that the condition (23) in Corollary 4.7 and the condition (27)

below are equivalent.

Corollary 4.8. Let G1,G5 be compact abelian groups. Suppose a bijective linear
map ¥ : A(Gy) — A(Gs) preserves both zero pointwise products and zero convolution

products, i.e.,
fg=01in A(G;) = VU(f)¥(g9) =0 in A(G3), and
(27) fxg=01in A(G1) = Y(f)*x¥(g) =0 in A(Gs).

Then Gy and Go are isomorphic as topological groups, and the conclusions in Corol-

lary 4.7 hold.

To end this section, we would like to mention a recent work of Lin [43]. Assume G

and G are locally compact amenable groups. Using operator space structure of the
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Fourier algebras [50, 17, 24, 30|, Lin shows that every completely bounded surjective
disjointness preserving linear map ¥ : A(G1) — A(G3) carries the form V(f)(y) =
Ay)f(o(y)). Here, X is invertible in B(G3), and o : Gy — G; is a continuous
piecewise affine proper map. Therefore, o induces a topological group isomorphism
when W is bijective. Since algebra *-isomorphisms and multiplications are completely
bounded, together with Theorem 2.8 Lin’s results apply in some cases of Theorem 4.1
concerning one-side biorthogonality preservers, provided that the underlying groups
are amenable. However, as pointed out in [30, Proposition 3.8], there are completely
bounded homomorphisms between non-amenable locally compact groups, which do
not give rise to piecewise affine maps between the underlying groups. Thus, Lin’s

results do not help when the amenability assumption is absent.

5. UNBOUNDED DISJOINTNESS PRESERVING LINEAR FUNCTIONALS

This section is devoted to the study of unbounded disjointness preserving linear
functionals on the Fourier algebra A(G) of a locally compact group G. As we shall

see, there are many of them.

Lemma 5.1 ([10, Lemma 2.7]; see also [31] or [2, Lemma 2.7]). Let § be any free

ultrafilter on N. Then the algebraic dimension of the quotient space
loo/{y € U : y vanishes on an element of F}

1s at least the continuum.

Lemma 5.2. Let G be a locally compact group. If I, = M, for any x in G, then G
1s a discrete group. Indeed, when G is not discrete, the dimension of the vector space

M, /1, is at least the continuum.

Proof. Let K be a compact neighborhood of the identity element e in G. If G is not
discrete then K contains an infinite sequence {z, }, of distinct points. By translating,

we can assume x is a cluster point of {z,},.

We make an elementary observation.
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CLAIM. z is the unique point in G satisfying that every neighborhood of x contains

all but finitely many x,,’s.

Indeed if z is another such point, then each neighborhood of z contains all but
finitely many x,,’s and thus intersects with every neighborhood of z. But G is Haus-

dorff, and hence x = z.

It follows from the Claim that, by passing to a subsequence if necessary, we can

choose an infinite disjoint sequence {V,,} of compact neighborhoods of z,, for n > 1.

For each n > 1, let f,, € A(G) such that 0 < f,, <1, fu(x,) = 1, cozf, C V, and
|| fullacy < 2 (Lemma 3.1(c)). Let U, = cozf, €V, for n =1,2,.... Construct an
ultrafilter § on N as follows.

AegF if and only if there is a neighborhood U of x
intersecting exactly those U, with n in A.

Then § is free since it contains no finite subsets of N; for else x would not be a
cluster point of {x,},. For any bounded sequence y = (y,) in l, define f, =
> Ynfn/2" € A(G). Then f,(z) = 0. Note that f, vanishes in any neighborhood
of z, if and only if, the set A = {n € N : y,, = 0} belongs to §. Consequently,

dim M, /I, > dim({w/{y € {~ : y vanishes on an element of F}),

which is at least the continuum by Lemma 5.1. U

Let S be an ideal of a commutative ring R. The radical of S is defined to be
r(S)={reR:r" €S forsomen=1,2,...}.
The following elementary lemma can be found in a standard algebra textbook, e.g.,
[3].
Lemma 5.3. S = r(S) if and only if S is the intersection of all prime ideals of R
containing it.

Lemma 5.4. Let G be a locally compact non-discrete group G and x be in G. Then
there is a prime ideal P of A(G) such that

I, C P C M,,
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where all inclusions are strict.

Proof. Note first that M, is the unique maximal ideal of A(G) containing I,. Since
r(I,) = I, we have by Lemma 5.3 that

I, = ﬂ{P : P is a prime ideal of A(G) containing I, }.

By Lemma 5.2, I, # M,. It follows that there is some prime ideal P of A(G) lying
strictly in between I, and M,. O

Lemma 5.5. Let G be a locally compact group. Let ¢ be a linear functional of A(G).

Then ¢ is disjointness preserving if ker ¢ contains a prime ideal P of A(G).

Proof. Let fg =0 in A(G). Since P is prime, at least one of f, g belongs to P. Thus
©(f) =0or o(g) =0. [

Theorem 5.6. Let G be a locally compact infinite group and f in A(G) with infinite
support. Then there is an unbounded disjointness preserving linear functional ¢ of
A(G) such that o(f) # 0. Indeed, we have at least ¢ linearly independent choices of

such @, where ¢ is the cardinality of the continuum.

Proof. Let z,, in G be distinct such that f(z,) #0 forn=1,2,....

Suppose first that G is not discrete and {x,, },, has a cluster point in G. By Lemma
5.4, there is a prime ideal P of A(G) such that the following strict inclusions hold

I, Cc PCM,.

We can also assume f ¢ P. Let ¢ be any linear functional vanishing on P but not on
M, and f. Since {z} is a set of spectral synthesis, we have I, = M,. Consequently, ¢

is unbounded as its kernel is not closed. By Lemma 5.5, ¢ is disjointness preserving.

To enumerate all such ¢, let {P,}, be a chain of prime ideals containing I, but
not f and ordered by theoretical set inclusion. Let R be the cardinality of this chain.
When X is less than the continuum, one of the quotient space M, /P, must have
dimension at least the continuum by Lemma 5.2. Conversely, 8 must be at least
the continuum when all M, /P, have dimension less than the continuum. In both

situations, we will have at least ¢ linear independent choices of such .
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For the case x,, — oo (this always happens when G is discrete), using the argument
in the proof of Lemma 5.2 we see that the dimension of A(G)/Aw(G) is at least
the continuum. Then a similar reasoning as above will give us again at least the
continuum many linearly independent choices of unbounded disjointness preserving

linear functionals ¢ of A(G) with ¢(f) # 0. O

6. DISJOINTNESS PRESERVING LINEAR FUNCTIONALS ON LUC(S)

A semitopological semigroup is a semigroup (S, -), or simply S, with a Hausdorff
topology such that for each a in S the mappings s — s-a and s — a - s from
S into S are continuous. Let C,(S) denote the C*-algebra of bounded complex-
valued functions f : S — C with norm || f|| = sup{|f(x)| : x € S}. Let LUC(S)
denote the C*-algebra of all f in Cy(S) such that the mapping s +— £, f from S into
(Co(S), ||  |lso) is continuous, where (¢5f)(t) = f(st), t € S. When S is a topological
group, LUC(S) is precisely the space of bounded left uniformly continuous functions
on S (see, e.g., [44, 29]). Then LUC(S) is a C*-subalgebra of C}(S) invariant under
left and right translations containing constants. S is called extremely left amenable
if there is a multiplicative linear functional m in LUC(S)*, m > 0, ||m| = 1, and
(m,lsfy = (m, f) for all s in S and f in LUC(S). When S is discrete, S is extremely
left amenable if and only if whenever a,b € S there exists ¢ in S such that ac = bc = c,
i.e., any two elements in S has a common right zero divisor (see [26], and also [3§]
for a different proof). In particular, if S is right cancellative, then S must be trivial.
Also if G is a locally compact group, then G is extremely left amenable exactly when
G is trivial (see [27]). On the other hand, there are important amenable topological
groups G such as U({s), the group of unitary operators on the Hilbert space ¢, with
the strong operator topology, or more generally, Levy groups (see [28, 37], or the
beautiful monograph of V. Pestov [48] for more details).

As shown by T. Mitchell [44], a semitopological semigroup S is extremely left
amenable if and only if S has the following fixed point property: whenever S acts
on a compact Hausdorff space X such that the mapping S x X — X, (s,z) — sz,

s € 8, x € X, is jointly continuous, then X contains a common fixed point for S.
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The following is a new characterization of extremely left amenable semitopological

semigroups in terms of disjoint preserving functionals.

Proposition 6.1. Let S be a semitopological semigroup. Then S is extremely left
amenable if and only if there is a nonzero disjointness preserving linear functional ¢

on LUC(S) such that ker ¢ is left translation invariant.

Proof. One direction is clear. Assume ker ¢ is left translation invariant, let z € X,
the spectrum of LUC(S) such that ¢|;, = 0 (as in Lemma 3.3). Then I, C ker ¢,
where sz € X defined by (sz, f) = (z,{f) for all sin S and f in LUC(S) by the left
translation invariance of ¢. Since x is unique, sz = z for all s in S. In particular, S

is extremely left amenable. 0

Corollary 6.2. Let G be a locally compact group. If LUC(G) has a nonzero disjoint-
ness preserving linear functional ¢ such that ker o s left translation invariant, then

G s trivial.
Proof. This follows from Proposition 6.1 and [27]. O

Let G be a topological group, and AP(G) be the C*-subalgebra of C(.S) consisting
of all almost periodic functions on G, i.e., those f in Cy(G) such that LO(f) = {{.f :
a € G} is relatively compact in the norm topology of Cy(G). As a well known fact,
f € AP(G) if and only if RO(f) = {r.f : a € G} is relatively compact in the norm
topology of Cy(G), where (r.f)(t) = f(at), t € G.

Proposition 6.3. Let G be a topological group. If AP(G) has a disjointness preseruv-
ing linear functional p : AP(G) — C such that ker o is left translation invariant then
AP(G) =C.

Proof. Let A denote the spectrum of the C*-algebra AP(G), and my € A such that
ker ¢ C kermg. Then A is a compact topological group with multiplication defined
by

(m-n,f)=(m,n-f), Ymmnel, feAP(G),
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where
n-flg) = (ntyf), Vged.
Consequently,
g-mo=mo, Vg€G,
where g in A is defined by

(9,f) = [f(g), VfeAP(G).

But {g : g € G} is dense in A. Hence m - mg = my for all m in A. Since A is a group,

A must be trivial. O
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