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Abstract. The purpose of this paper is to investigate nonemptyness of the solution set for gener-
alized mixed quasi-equilibrium problems and investigate the asymptotic behavior of an iterative
algorithm for finding common solution of generalized mixed equilibrium problems and fixed
point problems of asymptotically nonexpansive mappings under mild conditions of iteration pa-
rameters. Our results improve and extend the recent known results of equilibrium problems,
variational inequalities and fixed point theory.

1. Introduction and formulation of the problem

Let C be a nonempty closed convex subset of a real Hilbert space H and T : C —
21 a multi-valued mapping. Let ¢ : C x C — R be a real-valued function and let
@ : H x C x C — R be the equilibrium-like function, i.e.,

(®0) D(w,u,v) + Dd(w,v,u) =0 forall (w,u,v) € Hx C x C.

Several problems arising in optimization, such as fixed point problems, (Nash)
economic equilibrium problems, complementarity problems, and generalized set valued
mixed variational inequalities, for instance, have the same mathematical formulation,
which may be stated as follows: Given a nonempty closed convex subset C of a real
Hilbert space H, real-valued functions ¢ : C X C — R, ®: Hx C x C — R,
T:C— 21,

findu € C and w € T(u) such that
D(w,u,v) + @(v,u) — @(u,u) >0 for allv e C. (L.1)
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It is said to be generalized mixed equilibrium problem (for short, GMEP). If T is
a single-valued mapping, then the problem (1.1) is to find u# € C such that

D(T(u),u,v) + o(v,u) — @(u,u) >0 forallve C. (1.2)

We denote Q for the set of solutions of GMEP(1.1).
Special cases.

(1) Given ®(w,u,v) = F(u,v), where F : C x C — R, then GMEP(1.1) reduces to
the following equilibrium problem:

find u € C suchthat F(u,v)+ @(v,u) — @(u,u) >0 forallve C.

Existence theorems for such problems were studied by Flores-Bazan [11].

(2) If @(x,y) = x, then GMEP(1.1) reduces to the following generalized equilibrium
problem:

(GEP) findu € C andw € T(u) such that ®(w, u,v)+@(v)—¢(u) >0 forallv € C.

The GEP was studied by Ceng, Ansari and Yao [3].

(3)If ¢(x,y) =0 and ®(w,u,v) = F(u,v), then GMEP(1.1) reduces to the following
equilibrium problem:

(EP) find u € C suchthat F(u,v) >0 forall veC.
(4) Given amapping N : Hx H — H ,let ¢(x,y) = x and ®(w,u,v) = (N(w,u),v—

uy forall (w,u,v) € Hx Cx C,then GMEP(1.1) reduces to the following generalized
set-valued strongly nonlinear mixed variational inequality:

findu € C and w € T(u) such that
(Nw,u),v—u) +o(v) —@(u) >0forallve C. (1.3)
It has been studied in Zeng, Schaible and Yao [30] in the case when C = H.

When T is single-valued and N(w,u) = T(u), problem (1.3) reduces to the
following problem considered by Dien [8] and Noor [20]:

find u € C suchthat (T(u),v—u) +¢(v) —¢(u) >0 forall veC.

(5) If o(x,y) =0 and ®(T(u),u,v) = (T(u),v —u) , then GMEP(1.2) reduces to the
classical variational inequality:

find u € C suchthat (T(u),v—u) >0 forall veC. (1.4)

In recent years, several numerical techniques including projection, resolvent and
auxiliary principle have been developed and analyzed for solving variational inequalities.
It is well-known that projection and resolvent type techniques can not be extended for
equilibrium problems. To overcome this difficulty, several authors (see, e.g. [2, 3, 4,



ON CONVERGENCE ANALYSIS OF AN ITERATIVE ALGORITHM 3

10, 21]) have applied the auxiliary principle technique introduced by Glowinski, Lions,
and Tremolieres [12] for approximating solutions of equilibrium problems.

The viscosity approximation method is one of the important methods for approx-
imation fixed points of nonexpansive type mappings. The viscosity approximation
method was first discussed by Moudafi [18]. There are already several viscosity-like
methods and the research is intensively continued which are very useful for finding a
common element of set of fixed points of nonexpansive type mapping and set of solu-
tions of variational inequality (1.4), when T =1 — f and f is a contraction mapping.
Recently, Hirstoaga [16] and Takahashi and Takahashi [27] applied viscosity approxi-
mation technique for finding a common element of set of solutions of an equilibrium
problem (EP) and set of fixed points of a nonexpansive mapping. In literature, there
exists a class of mappings which is essentially wider than the class of nonexpansive
mappings.

A mapping S : C — C is said to be asymprotically nonexpansive (cf. [13]) if for
each n € N, there exists a number k, > 1 with lim k, = 1 such that

n—o0

[5"(x) = "Wl < kallx —y[| forallx,y € C.

The following example shows that asymptotically nonexpansive mappings are not
necessarily nonexpansive.

EXAMPLE 1.1. (cf. [13]) Let By be the closed unit ball in the Hilbert space H = ¢,
and S : By — By a mapping defined by

S(x1,x2,%3,...) = (0,x3, arxy, asxs, . .. .),

where {a;} is a sequence of real numbers such that 0 < @; < 1 and [[5,a; = 1/2.
Then
1S(x) = SWII < 2[pe =yl forall x,y € By,

i.e., S is Lipschitzian, but not nonexpansive. Observe that

IS"(x) — S"(y)|| < 2Hai||x —y|| for all x,y € By and n>2.
i=2

Here k, = 2]}, a; — 1 as n — co. Therefore, S is asymptotically nonexpansive,
but not nonexpansive.

Note that every nonempty closed convex bounded subset of a Hilbert space H
has a fixed point for asymptotically nonexpansive mappings (see [13]). An iterative
method for approximation of fixed points of asymptotically nonexpansive mappings
was developed by Schu [24]. Indeed, he modified well known Mann iteration process
for asymptotically nonexpansive mappings and proved the following weak convergence
theorem:

THEOREM 1.2.  (Schu [24]) Let C be a nonempty closed convex bounded subset
of a Hilbert space H and S : C — C an asymptotically nonexpansive with sequence
{ku} such thar 372 (k, — 1) < co. Let {04} be a sequence in [0,1] satisfying the
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condition € < o, < 1 —¢€ forall n € N and for some € > 0. Then the sequence {x,}
generated from arbitrary x|, € C by

Xnp1 = (1 — a)xy + 0,8 (xn) forall neN (L.5)

converges weakly to a fixed point of S.

Iterative methods for approximation of fixed points of asymptotically nonexpansive
mappings have been further studied by authors (see e.g. [1, 5, 7, 17, 22, 23, 25, 28] and
references therein).

Motivated by Moudafi [18], Shahazad and Udomene [26] extended strong conver-
gence theorem of Chidume, Liu and Udomene [6] as follows.

THEOREM 1.3. (Theorem 3.1, Shahazad and Udomene [26]) Let C be a nonempty
closed convex bounded subset of a real Hilbert space, f : C — C a contraction mapping
with constant o € [0,1) and S : C — C an asymptotically nonexpansive mapping
with sequence {k,} in [1,00). Let {t,} a sequencein (0,1) such that nlirglo th=1,

k, —1
tky < 1,372 1,(1 — 1,) = 0o and lim - = 0. Define the sequence {z,}
iteratively by z; € C, S
t I o
Tugl = <1 - k—)f(zn) + k_S (z2) forall n e N. (1.6)

Then, we have the following:
(a) for each n € N, there is a unique x,, € C such that

5 = (1 - i)ﬂm T g, (17)

ky ky
(b) if in addition
lim ||x, — S(x,)|| =0 and 1lim |z, — S(z,)|| =0, (1.3)

it follows that {z,} converges strongly to a fixed point of S.
In Theorem 1.3, the strong convergence of the almost fixed points

t"l t"l
Xy = <l - k_n> u+ k—nS”(x,,)

is applied for convergence of the iteration process (1.6). Now our concern is the
following:

QUESTION 1.4. Is it possible to develop an iterative algorithm for finding a com-
mon element of set of solutions of GMEP(1.1) and set of fixed points of an asymptotically
nonexpansive mapping S ?



ON CONVERGENCE ANALYSIS OF AN ITERATIVE ALGORITHM 5

The purpose of this paper is to provide necessary conditions for the solution set €
of GMEP(1.1) to be nonempty and develop an iterative algorithm so that it can generate
strongly convergent sequences. In Section 2, we will recall the useful definitions
and lemmas. Section 3 is devoted to deal with the problem of existence of solutions of
GMEP(1.1). Section 4 is devoted to develop an iterative algorithm for finding a common
element of set of solutions of GMEP(1.1) and set of fixed points of an asymptotically
nonexpansive mapping. The strong convergence of sequence {x,} defined by (1.7) is
not applied in our results. Our theorems significantly improve and extend corresponding
results of Ceng, Ansari and Yao [3], Ceng and Yao [4], Flores-Bazan [11], Noor [21],
Shahazad and Udomene [26] and Takahashi and Takahashi [27] and also provide an
affirmative answer to Question 1.4.

2. Basic definitions and preliminaries

Let H be areal Hilbert space with inner product (-, -) andnorm ||- ||, respectively
and let C be a closed convex subset of H. For every point x € H , there exists a unique
nearest point in C, denoted by Pc(x), such that

lx = Pc(x)|| < [lx—y| forall ye C.

P is called the metric projection of H onto C. We know that P¢ is a nonexpansive
mapping of H onto C. Itis also known that P¢ satisfies

[Pc(x) = Pc()> < (Pe(x) — Pe(y),x —y)  forevery x,y € H.
Furthermore, for x € H and u € C,
u="Pc(x) & (x—u,u—y) >0 forall yeC.

Let C be a nonempty subset of real Hilbert space H andlet T : C — H and
N : C x C — H be two mappings. Then T is called:

(i) n — monotone if

(T(x) —T(),nlx,y) >0 forall x,y€C;
(ii) n — strongly monotone if there exists a constant & > 0 such that
(T(x) = T(y),n(x,y)) > alx—y|* for allx,y € C:
(iii) Lipschitz continuous if there exists a constant 8 > 0 such that
IT(x) =TI < Bllx =yl forall x,y e C.

When n(x,y) =x—y forall x,y € C, then the definitions (i) and (ii) reduce to the
definitions of monotonicity and strong monotonicity, respectively.

The mapping 1 : C x C — H is said to be Lipschitz continuous if there exists a
constant A > 0 such that

MGyl < Allx =yl forall x,y e C.
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Let C be a convex subset of a real Hilbert space H and k¥ : C — R a Fréchet
differential function. Then x is said to be

(i) n — convex [15] if
k(y) — k(x) > (k'(x),n(y,x)) forall x,y € C,

where k’(x) is the Fréchet derivative of K at x;
(ii) n — convex strongly convex [20] if there exists a constant p > 0 such that
u
K(y) = k() = (k') n(y,x)) > Tl —y]* forall x,y e C.
In particular, if n(y,x) = y —x for all y,x € C, then k is said to be strongly
convex. The following result is proved in [4].

PROPOSITION 2.1. (Proposition 2.1, Ceng and Yao [4]) Let C be convex subset of
a real Hilbert space H and 1 : C x C — H a mapping such that n(x,y) +n(y,x) =0
forall x,y € C. If Kk : C — R is a differentiable 1 -strongly convex functional with
constant 4 > 0, then k' is 1 -strongly monotone with constant 4 > 0.

Let C be a nonempty subset of real Hilbert space H. The bi-function ¢(-,-) :
C x C — R is said to be skew-symmetric if

o(u,v) + o(v,u) — @(u,u) — @(v,v) <0 forall u,veC. (2.1)
If the skew-symmetric bi-function ¢(-,-) is linear in both arguments, then
o(u,u) >0 forall ue C.

A function y : C x C — R is called weakly sequentially continuous at (xo,yo) €
Cx C,if yw(xn,yn) — W¥(x0,y0) as n — oo foreach sequence {(x,,y,)} in CxC~...
converging weakly to (xo,yo). The function y(-,-) is called weakly sequentially
continuous on C x C, if it is weakly sequentially continuous at each point of C x C.
We will adopt the following notations:
1. — for weak convergence and — for strong convergence.
2. F(T) = {x € C: Tx = x} denotes the set of fixed points of a self-mapping T on
aset C.
Let A be a nonempty subset of a metric space X . For x € X, define

d(x,A) = inf{d(x,y) : y € A}.

Let CB(X) denote the set of nonempty closed bounded subsets of X .
For A, B € CB(X), define

0(A,B) = sup{d(x,B) : x € A},

H(A,B) = max{5(A,B),5(B,A)} = max{ilelgd(a,B), }s)t;gd(b,A)}.

S is called the Hausdorff metric on CB(X).
REMARK 2.2. Let A,B € CB(X) and a € A. Then d(a, B) < 5€(A,B). Indeed,

d(a, B) < max{d(a, B), 5(B,A)} < max{8(A, B),5(B,A)} = (A, B).
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LEMMA 2.3. (Nadler’s theorem, Nadler [19]) Let A,B € CB(X) and a € A. Then
for o > 1, there must exist a point b € B such that d(a,b) < pH(A,B).

Let E be a topological vector space. The set of all nonempty subsets of E will be
denoted by 2E . For subset D of E, we denote by co(D), convex hull of D.

DEFINITION 2.4. Let C be nonempty subset of a topological vector space E. A
multi-valued mapping G : C — 2F is called a KKM-mapping if for every finite subset
{vi,v2,...,m} of C,

co({vi,va,...,v}) C U G(v;).
i=1

The following lemma was given in Fan [9].

LEMMA 2.5. Let C be nonempty subset of a Hausdorff topological vector space
E and G : C — 2F a closed-valued KKM-mapping. If G(xo) is compact for at least
one xo € C, then (), G(v) # 0.

In what follows, we shall make use of the following lemmas.

LEMMA 2.6. Let H be a real Hilbert space. Then
e+ 317 < %l +2(y,x+y) forall x,y € H.

LEMMA 2.7. (Proposition 5.3, Goebel and Reich [14]) Let C be a nonempty closed
convex subset of a strictly convex Banach space X and T : C — C a nonexpansive
mapping with F(T) # 0. Then F(T) is closed and convex.

LEMMA 2.8. (Theorem 1, Goebal and Kirk [13]) If C is a nonempty closed
convex bounded subset of a uniformly convex Banach space, then every asymptotically
nonexpansive mapping T : C — C has a fixed point in C.

LEMMA 2.9. (Lemma 1, Osilike and Aniagbosor [22]) Let {5,}, {B.} and {v.}
be three sequences of nonnegative numbers such that

ﬁn = I and 5n+1 < Bnén + Yn fOV all n€N.
IFY 2 (B—1)<ooand Y ° ¥, < oo, then lim &, exists.

n—oo

LEMMA 2.10. (Lemma 2.5, Xu [29]) Let {a,} be a sequence of nonnegative real
numbers such that

ani1 < (1= Aayn + A0, + &, forall n €N, (2.2)

where {A,}, {0,} and {&,} are sequences of reals numbers satisfy the conditions:
(i) {A} C[0,1], lim A, =0 and 3°°°, A, = o0;

(ii) limsup o, < 0;
(iii) & > 0 forall n € N and y° &, < cc.
Then lim a, = 0.

n—oo
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LEMMA 2.11. Let {a,} be a sequence of nonnegative real numbers such that
any1 < Oayb, + ¢, forall n € N, (2.3)

where 0 € (0,1) and {b,} and {c,} are sequences satisfy the conditions:
(i) by =1 forall n € N and Y _° (b, — 1) < 00,

>
(ii) ¢, 2 0 forall n € N and Z;; cp < 00.
Then lim a, = 0.

Proof. The inequality (2.3) reduces to the following inequality:
ayy < apby, + ¢, forall n e N.

Note that Lemma 2.9 implies that lim a, exists. Suppose lim a, = d for some
d > 0. The conditions (i) and (ii) imply that lim b, =1 and lim ¢, = 0. It follows
from (2.3) that

d < 0d.

Therefore, lim a, =0. [

n—oo

LEMMA 2.12. Let {x,} be a sequence in a normed space (X, ||.||) such that
[Ine1 — Xng2l| < Olxy — Xpt1||bn +¢n forall n € N, (2.4)

where 0 € (0,1) and {b,} and {c,} are sequences satisfy the conditions:
(i) by > 1 forall n € N and Y2 (b, — 1) < o0,

(ii) cp 20 forall n €N and y_° | ¢, < .
Then {x,} is a Cauchy sequence.

Proof. Set a, := ||x;, — Xp+1]|. From Lemma 2.11, we have lim a, = 0. From

n—oo

(2.4), we have, for m >n > 1

m—1 m—1
Z ai < Z (Bai_1bi—1 +ci—1)
i=n i=n
m—1
6(anflbnfl + anbn +...+ al1172bm72) + Z Ci—1

i=n

N

m—1

e(allbn+ e +am72bn172+am7lbmfl""anflbnfl_amflbmfl)"' Z Ci—1

i=n

N

m—1

6(anbn + .o am—2bp—2 + am—lbm—l) + 0a,—1by—1 + Z Ci—1

i=n

N
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m—1 00
g 0 <H bl) (an +...+tau—2 + amfl) + 6anflbnfl + Zcifl

00 m—1 00 B
< 0 <Hbi> (Za,) +0a, 1yt + Y _cio1,

i=n i=n

which implies that
m—1 0o
eanflbnfl Z»_ Ci—1
ai S =5+ e 2.5
; 1-6 (Hi:n bl) 1-06 (Hi:n bz) ( )
Note that the conditions (i) and (ii) imply that lim b, = 1, lim [[° b = 1,
lim ¢, =0 and lim ) ° ¢; = 0. Observe that
m—1 m—1
o =l <D i =il = D a
0 n— bnf O_Q i—
< L 2 i Ciml —0 as n— oo.

1—0 (175, 6)  1-60(I15,b)

Therefore, lim |jx, —x,]| =0. O

m,n— o0

3. Existence and uniqueness of solutions of auxiliary problems

Let C be a nonempty closed convex subset of a real Hilbert space H and T : C —
2f 3 multi-valued mapping. For x € C,let w € T(x). Let ¢ : C x C — R be a
real-valued function satisfying:

(ol) o(.,.) is skew symmetric;

(@2) for each fixed y € C, @(.,y) is convex and upper semicontinuous;

(03) o(.,.) is weakly continuouson C x C.
Let ¥k : C — R be a differentiable functional with Fréchet derivative k’(x) at x
satisfying

(k1) k' is sequentially continuous from the weak topology to the strong topology,

(k2) K’ is Lipschitz continuous with Lipschitz constant v > 0.
Let n: C x C — H be a function satisfying:

(n1) n(x,y) +n(y,x) = 0 forall x,y € C;
(n2) n(.,.) is affine in the first coordinate variable;

(n3) foreach fixed y € C, x — n(y,x) is sequentially continuous from the weak
topology to the weak topology.
To solve the generalized mixed equilibrium problem (1.1), let us consider the
equilibrium-like function @ : H x C x C — R which satisfies the following conditions
with respect to the multi-valued mapping T : C — 2:
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(®1) for each fixed v € C, (w,u) — ®(w,u,v) is an upper semicontinuous
function from H x C to R, i.e.,

w, —w and u, — u imply limsup ®(w,,u,,v) < ®(w,u,v);

n—oo

(®2) for each fixed (w,v) € H x C, u+— ®(w,u,v) is a concave function;

(®3) for each fixed (w,u) € H x C, v — ®(w,u,v) is a convex function.
Let r be a positive parameter. For a givenelement x € C and w, € T(x), consider
the following auxiliary problem for GMEP(1.1):

find u € C such that
D(wy, u,v) + @(v,u) — @(u,u) + (k' (u) — k'(x),n(v,u)) >0 forall v € C.
(3.1)
It is easy to see that if u = x, then u is a solution of GMEP(1.1).
For the case of single-valued mapping T, for given x € C, we consider the
following auxiliary problem for GMEP(1.2):

find u € C such that
{ O(T(x),u,v) + @(v,u) — @(u,u) + 1 (k' (u) — '(x),n(v,u)) >0 forall veC,
(3.2)
where r > 0 is a constant.
‘We now establish main existence theorem of this section.

THEOREM 3.1. Let C be a nonempty closed convex bounded subset of a real
Hilbert space H and ¢ : C x C — R a real-valued function satisfying the conditions
(@l)~(@3). Let T : C — 2 be a multi-valued mapping and ® : H x C x C — R
be the equilibrium-like function satisfying the conditions (®1 )~ (D3 ). Assume that
N : C x C — H is a Lipschitz function with Lipschitz constant A > 0 which satisfies
the conditions (n1)~(n3). Let Kk : C — R be a n-strongly convex function with
constant U > 0 which satisfies the conditions (k1 )~(x1l). For each x € C, let
wy € T(x). For r > 0, define a mapping T, : C — C by

T.(x) ={u€ C: ®(wy,u,v) + @(v,u) — @(u,u) + %( K'(u) — k' (x),n(v,u)) =0
forallv € C}.

Then we have the following:

(a) The auxiliary problem (3.1) has a unique solution;

(b) T, is single-valued;

(c)if % < 1 and ®(wy, T, (x1), T, (x2)) + ®(wa, T (x2), T, (x1)) < O forall xy,
X2 € Candall wy € T(x1), wy € T(xa), it follows that T, is nonexpansive;

(d) F(T,) = Q;

(e) Q is closed and convex.
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Proof. (a) We divide the proof into the following steps.
Step 1. Existence of solutions of auxiliary problem (3.1).
The auxiliary problem (3.1) can be written as follows: to find # € C such that

r[®(wy, u,v) + @(v,u) — @(u,u)] + (k'(u) — k'(x),n(v,u)) >0 forall veC.
For each v € C, we define

Gv) = {2 € C: 1[B(we,2,v) + 0(1,2) — 9(2,2)] + (K'(2) — K'(x), n(v,2)) > O}
(3.3)
Note that for each v € C, G(v) is nonempty since v € G(v). First, we show
that G is a KKM mapping. Suppose, for contradiction, that there exists a finite subset
{vi,v2,...,vu} of Cand 0; >0 forall i =1,2,...,n with /', & =1 such that

f):Z(x,-v,- ¢ G(v;) forall i=1,2,...,n.
i=1

By the definition of G, we have
r[®(wy, D, vi) +0(vi, D) — (9, )]+ (k' (9) — k' (x), n(v;, 9)) < Oforalli=1,2,... n;

which implies that
Z OC,'V[CD(WX, ‘,}a Vi) + (p(via 9) - (p(ﬁv ‘,})] + < K/(ﬁ) - Kl(x)’ Z Ofin(vi, ﬁ)) <0.
i=1 i=1

Since @ is an equilibrium-like function, it follows that ®(w,, v, ¥) = 0. Note that
(®3) implies the convexity of functional v — ®(w,, 9, v). Since ¢(.,?) is convex and
n(.,?) is affine, we have

0 = r[@(wy, 9, 9) + @) — ()] + (k'(%) — k'(x),n(?, 7))
< D o[ @(wy, B, v1) + @(vi, D) — @(3, )] + (K (D) — k' (x), Y ein(v, D))
i=1 i=1
< 0,

a contradiction. Hence G is a KKM mapping.

Since G(v)W is a weakly closed subset of the bounded set C in a Hilbert space
H for each v € C, it follows that WW is weakly compact. Using Lemma 2.5, we
obtain that ﬂvecmw # 0. Suppose x* € ﬂvecmw # (). We now show that
WW = G(v) foreach v € C, i.e., G(v) is weakly closed. Let u € WW and {z} a
sequence in G(v) such that z; — u € C. From (3.3), we have

F®(wy, zi,v) + (v, 20) — (21, z)] + (k' (z1) — k' (x),n(v,z)) > 0. (3.4)
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y (n3), we obtain that {n(v,z;)} converges weakly to {n(v,u)} for each fixed
v € C. By (k2), one can see that ||k’(z;) — k'(u)|] — 0 as n — co. So, we have

(K@) — '), n(v,z)) = (' () = K'(x), (v, u)) |
= [{K'(z) = K'(w), n(v,z)) + («'() = '(x), n(v, z) = n(v,u)) |
16" (z:) = &' @) (v, 2) |1+ | (" () = ' (x), n(v,2:) = n(v,u)) |0

as n — oQ.

N

Since ¢(.,.) is weakly continuous on C x C, we have
a—u = lim (g, z) = @(u,u).

Further, (@1 )~ (®2) imply that the weak upper semicontinuity of the functional
Z — D(wy,z,v). It follows that ®(wy,z,v) > limsup @(wy, z;,v). Thus, from (3.4),

n—oo

we have

[ @(we, u,v) + @(v,u) — @(u,u)] + (k' (u) — x'(x), n(v, u))
> r[lim sup ®(N(wy, z;,v) + limsup @(v, z;) — hmlnf(p(z,,zl)]

i—00 i—00

+ lim sup( K/(Zi) - K'(X)a n(v,z))

i—00

> lilyliigp(r[@(N(wx,zi,V) +o(v,z1) — ¢(zi,z)] + (K'(z:) — K'(x),n(v,2)))

= 0.

This shows that u € G(v). Hence G(v) is a weakly closed, i.e., G(v)w = G(v). So,
x* € ),ecG(v),ie., x* is a solution of the auxiliary problem (3.1).

Step 2. Uniqueness of solutions of auxiliary problem (3.1).
Let u; and u, be two distinct solutions of the auxiliary problem (3.1). Then

r[@(wy, ur,v) + @(vour) — @(ur,u)] + (&' (ur) — &' (x), n(v,ur)) =20 (3.5)
and

r[®(wy, u2,v) + @(v,u2) — @(u2, u2)] + (k' (u2) — k' (x), n(v,u2)) >0 forall ve C.
(3.6)
Taking v = u; in (3.5) and v = u; in (3.6) and adding up these inequalities, we obtain

F@(wy, ur, uz) + ®(wy, uz, 1) + @(uz,ur) — @(ur, uy) + @(ur, uz) — @(uz, uz)]
+ (' (1) — x'(x), (w2, u1)) + (K" (u2) — k' (x), nur, u2)) = 0. (3.7)

From (®0), (¢1) and (n1), we have

D(wy, ur, uz) + ®(wy,uz, 1) =0,

Q(uz,ur) — @(ur,ur) + @(ur,uz) — @(uz,uz) <0
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and
N(ur, uz) + Nuz,u1) = 0.
It follows from (3.7) that
— (K" (ur) = &' (x), n(ur, u2)) + (k' (u2) — &'(x), N1, u2)) >0,

which implies that

(K'(ur) = K" (u2), n(u1,u2)) <O.

Since k' : C — H is n-strongly monotone with constant u > 0, we obtain

lur = wo* < (&' (u1) = & (u2), n(ur,u2)) <0

Hence solution of the auxiliary problem (3.1) is unique.
(b) It is easy to see from Steps 1 and 2 of part (a) that T, is a single-valued.

(c) We claim that 7, is nonexpansive. For this, let us consider x; and x, be two
elements in C such that w,, € T(x;) for i = 1,2. By the definition of T,, we have

@y, Tr(01),v) 4 @(v, Tr(x1)) = @(T(x1), Tr(x1))]
+ (K1) = €'(x),n(v, Te(x1))) 20 (3.8)

and

@y, Tr(0),v) + 0, Tr(x2)) = @(Tr(x2), Tr(x2))]
+ (KT (x)) = K'(x2), n(v, T(x2))) 20 (3.9)

forall v € C. Taking v = T,(x;) in (3.8) and v = T,(x;) in (3.9) and adding up these
inequalities, we obtain

r®(wy,, Tr(x1), Tr(x2)) + ®@(wy,, Tr(x2), Tr(x1)) + @(T,(x2), Tr(x1))

— @(Tr(x1), Tr (x1))+0(T,(x1), T (x2)) = 9(T1 (x2), T1(x2))]
(K (T (x1)) — k' (x1), (T (x2), Tr (1))
(K'(Tr(x2)) — K'(x2), n(T(x1), Tr(x2))) = 0. (3.10)

+ o+

By assumption, we have
D(wy,, T, (x1), Ty (x2)) + ®(wy,, Tr(x2), T(x1)) < 0.
From (1) and (nl), we have
O(Tr(x2), To(x1)) — @(T;(x1), Tr(x1)) + @(T,(x1), Tr(x2)) — @(T;(x2), T;(x2)) <O

and
N(T (), Tr(x2)) + 0(Tr(x2), Tr(x1)) = 0.
It follows from (3.10) that

0 < —(K'(Tr(x1)) =« (x1), 0(T: (x1), Tr(x2))) (K (T, (x2)) = K" (x2), (T (1), T2 (x2)))
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which implies that
(K(Tr(x1)) = K (Tr(x2)), n(T,(x1), Tr(x2))) < (K'(x1) = K" (x2), 0(T(x1), T (x2))) -
Since x’: C — H is n-strongly monotone with constant u > 0, we obtain

HIT,(x1) = T ()P < (K/(T(x1)) = &' (To(x2)), n(T; (1), T (x2)))
< (K'(n) = &' (x2), n(Tr(x1), Tr(x2))) - (3.11)

Since k' and 7 are Lipschitz continuous with constants u and v, respectively; we
conclude that

Av
IT,(x1) = Tr(02) || < THM — x| < [lx —xl,

since

(

% < 1. Therefore, T, is nonexpansive.

d) Observe that

xeF(T,) & Tx=x
< [ @(wy,x,v) + @(v,x) — @(x,x)] 20 forall ve C
& D(wy,x,v)+@(v,x) —@(x,x) >0 forall ve C
& xe Q.

(e) Since F(T,) = Q, it follows from Lemma 2.7 that Q is closed and convex. [

COROLLARY 3.2. Let C be a nonempty closed convex bounded subset of a
real Hilbert space H and ¢ : C x C — R a real-valued function satisfying the
conditions (@l )~(@3). Let T : C — H be a mappingand ® : H x C x C —- R
be the equilibrium-like function satisfying the conditions (®1 )~ (D3 ). Assume that
N : C x C — H is a Lipschitz function with Lipschitz constant A > 0 which satisfies
the conditions (n1)~(n3). Let Kk : C — R be a n-strongly convex function with
constant U > 0 which satisfies the conditions (K1)~ (xl). For r > 0, define a
mapping T, : C — C by

1,00 = {u € C DT, u3) + 0(v.) — pla) + LK) — K (). m(v.10)) >0
forall ve C}, xeC.

Then we have the following:
(a) The auxiliary problem (3.2) has a unique solution;
(b) T, is single-valued;
(c)if % < 1 and ®(wy, T, (x1), T, (x2)) + ®(wa, T, (x2), T, (x1)) < O forall xy,
X2 € Candall wy € T(x1), wy € T(xa), it follows that T, is nonexpansive;
(d) F(T,) = Q;

(e) Q is closed and convex.
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COROLLARY 3.3. Let C be a nonempty closed convex bounded subset of a real
Hilbert space H and @ : C x C — R a real-valued function satisfying the conditions
(@l)~(@3). Let T : C — 2 be a multi-valued mapping and ® : Hx C x C — R be
the equilibrium-like function satisfying the conditions (®1 )~ (®3 ). For each x € C,
let w, € T(x). For r > 0, define a mapping T, : C — C by

1
T,(x) ={uecC: ®w,uv)+ov,u)—@u,u)+—(u—x,v—u) >0 forall v e C}.
r
Then we have the following:
(a) The auxiliary problem (3.1) has a unique solution;
(b) T, is single-valued;

(c)if D(wy, Tr(x1), Tr(x2)) + DP(wa, Tr(x2), Tr(x1)) < O forall x1,x, € C and all
wi € T(x1), wy € T(xa), it follows that T, is firmly nonexpansive;

(d) F(T,) = Q;

(e) Q is closed and convex.

Proof. If k(x) = ||x||>/2 and n(x,y) = x —y, then Corollary 3.3 follows from
Theorem 3.1. O

4. Iterative algorithm and convergence analysis

Let C be a nonempty closed convex subset of a real Hilbert space H, T : C —
CB(H) a multi-valued mapping, f : C — C a contraction mapping with Lipschitz
constant @ € [0,1) and S : C — C an asymptotically nonexpansive mapping with
sequence {k,}. Let {c,} be a sequencein (0,1) and {r,} a sequencein (0, 00). For
given elements x; € C and wy € T(x;), from Theorem 3.1, we know that the auxiliary
problem (3.1) has a unique solution u; = T, (x;) € C, i.e.,

1
D(wy,uy, v)—|—(p(v,u1)—(p(u1,u1)—|—r—< K'(u))—x'(x1),n(v,u;)) >0 forallve C.
1

For u; € C, we define
xp = onf (x1) + (1 — o) S(uy).
Since w; € T(x;), by Nadler’s theorem, there exists w, € T(xz) such that
[lwi —wa| < (1 4+ 1) (T(x1), T(x2)).

For element x, € C and w, € T(x;), again from Theorem 3.1, we know that the
auxiliary problem (3.1) has a unique solution u, = T, (x2) € C, i.e.,

1
D(wy, up, v)+@(v,up) — @(uz, uz) + r_< K (u2) — k' (x2),n(v,uz)) >0 forallve C.
2

For u, € C, we define

X3 = OQf(Xz) + (1 — OCQ)SZ(MQ).



16 D.R. SAHU, N.C. WONG AND J.C. YAO

Since w; € T(xz), by Nadler’s theorem, there exists w3 € T(x3) such that
lwa — ws|| < (14 1/2)7(T(x2), T(x3)).

Inductively, we can develop the following algorithm for finding a common element of
set of fixed points of asymptotically nonexpansive mapping S and set of solutions of
GMEP.

ALGORITHM 4.1.  For given x; € C and wy € T(x), there exist a sequence
{wn} in H and two sequences {x,} and {u,} in C such that

W € T(xn), [[Wn — war || < (1 + %)%(T('xi’l)v T(Xn11))s
D(wy, ty,v) + O(v, 1) — O(un, uy)

+i< K'(up) — ' (x4),M(v,u,)) >0 forallv € C;
Xn1 = Of (%) + (1 — )8 (u,) forallm € N.

(4.1)

If S = I, the identity mapping and r, = r for all n € N, then Algorithm 4.1
reduces to the following algorithm.

ALGORITHM 4.2. For given x| € C and wy € T(x), there exist a sequence {w,}
in H and two sequences {x,} and {u,} in C such that

Wy € T(xn), [Wn — Wapa]| < (1 + %)%(T(xn), T(Xu11));
CD(Wn, Up, V) + (P(V, un) - (P(Mn, un)

+1(K' (tn) — K’ (%), N(v,un)) =0 forallv e C;
Xnt1 = Of (xu) + (1 — o4)u, forallnm € N.

(4.2)

We now prove strong convergence of iterative sequences {x,}, {u,} and {w,}
generated by Algorithm 4.1.

THEOREM 4.3. Let C be a nonempty closed convex bounded subset of a real
Hilbert space H, T : C — CB(H) a multi-valued S¢ -Lipschitz continuous mapping
with constant L > 0, f : C — C a contraction mapping with Lipschitz constant
o €[0,1). Let ¢ : C x C — R be a real-valued function satisfying the conditions
(pl)~(@3)andlet ® : H x C x C — R be the equilibrium-like function satisfying
the conditions (®1 )~ ( D®3 ) and (P4 ):

(@4)  O(w, T(x), T;(y) + @W, Ts(y), Tr(x)) < —¥[T,(x) = ()|

for all x,y € C and r,s € (0,00), where ¥y > 0, w € T.(x) and w € Ti(y).
Assume that 1 : C x C — H is a Lipschitz function with Lipschitz constant A >
0 satisfying (n1)~(n3). Let k : C — R be a n-strongly convex function with
constant U > 0 satisfying (k1 )~(K2) and % <1. Let §: C — C be an
asymptotically nonexpansive mapping with sequence {k,} suchthat %> (k,—1) < oo
and F(S)NQ # 0. Let {x,}, {un} and {w,} be three sequences generated by
Algorithm 4.1, where {0y} is a sequence in (0,1) and {r,} is another sequence in
(0, 00) satisfying conditions:

(Cl) nlirgoocn =0, > 0y =00 and Y 2 |0 — Opy1| < 00
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(C2) liminfr, >0 and 3.7, |ry — rat1| < o0;

(C3) -2 (1 — a)ey < 00, where &, = sup,cc [|S"(x) — S"" ! (x)||.
If T, is firmly nonexpansive, then we have the following:
(a) there exist x* € F(S)NQ and w € T(x*) such that

X, — X" u, —x* and w, — W as n— oo,

(b) x* is the unique solution of variational inequality:
find x € F(S)NQ suchthat ((I —f)(x),x—p)) <0 forall p € F(S)NQ.
Proof. (a) Itis easy to see from (@4 ) that
O(w, T, (x), T;(y)) + @, Ts(»), T+(x)) < ~7[ITo(x) = T,(»)|* < 0

forall x,y € C and r,s € (0,00), where y > 0, w € T.(x) and w € T,(y). Since all
the assumptions of Theorem 3.1 are satisfied, all the conclusions (a) ~ (e) of Theorem
3.1 hold. Since F(S) N Q is a nonempty closed convex subset of C, there exists the
metric projection mapping Pr(s)nq from C onto F(S) N €. Since f is contraction, it
follows that Pr(s)naf : C — F(S) N Q C C is also a contraction mapping. In fact,

1Prsnef (¥) = Prsynef W < [If () =f () < efx =y forall x,y € C.

Hence there exists a unique element g € C such that ¢ = Pg(s)naf (¢). Note that
f(q) € C and Ppgnof (q) € F(S) N Q, it follows that g € F(S) N Q.
We now divide the proof into the following three steps:

Step 1. ||x;, — xu41]| — 0 and ||uy — upt1]| — 0 as n — oo.
Observe that

X1 = xall = [[otf (o) +(1 — O‘n)Sn(”n)_O‘nfo(xnfl)_(l_anfl)snil(”nfl)”
= [Jof (xn) = of (Xn—1) + Cf (Xn—1) — Cu1f (Xn—1)

+(1 = 04,)8™ () — (1 — 04,)S" (1)

+(1 - arz)sn_l(”nfl) —(1- O‘nfl)sn_l(”nfl)”

O lf (n) —f Con )| + [0t — Gt [(IF G| + 18"~ (2t )1])

+(1 = o) [|5™ (un) — Snil(”nfl)”

o0 || Xy — Xp—1|| + 2|04 — ay—1|diam(C)

+(1 = a)([|S" (un) — Snil(”ﬂ)” + |‘S’171(”11) - Snil(”nfl)H)

00 || %y — Xn—1]] + 2|04 — ty—1|diam(C)

+(1 — o4) (kn—1]|ttn — tn—1]| + €1—1)- (4.3)

N

N

N

Note that u, = T}, x, and u,+1 = T, x,+1. Hence from (4.1), we have

Tnt1

D Wy, ty, V) + OV, ) — @, ) + l< K'(tn) — K (%), N(v, 1)) =0 (4.4)

T'n
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and

q)(wn+1aun+1av) + (P(Va ”n+1) —(P(Mn+1,un+1)

1
+ —V ) <Kl(un+1) - K/(Xn+1), n(V, un+1)> 2 0 (45)
n+

for all v € C. Taking v = u,4; in (4.4) and v = u, in (4.5) and adding up these
inequalities, we obtain from (2.1) and ( ®4 ) that

1
_YHun_u11+1H2 - r_<K/(Mn)_ Kl(xn)vn(ullaull+1)>

n

1

Tnt1

<K/(M,H_1) - Kl(x'H-l)a n(u'lv un+1)> 2 Oa

it follows that

'n

N

(K" (tns1) — K (%nr1)), Nttns1, )

¥l — un+l||2 { K'(ttn) — K'(Xn) —

nt1
(K (tn) = & (1), Nttnser, 1n)) + (6 (1) — (o)

T () — K (1)) M1t 100))

N

T'n+1 )
_“H”n - un+1H2 + < (”n+1) (xn+1) + K/(xn+1) - Kl(xn)
)

T (1) = K (1)), Mt 1, 1))

N

nt1
— W foan — “n+1|\2 + (I’ Gonrr) — & (xa) |

N

+ ’1 - 1" (1) = 6 ) DM (a1, )|

Tnt1

N

~ Wl = [ + AV (a1 — x|

7, — I
Pl = Dl — (46)
nt1

since 1 and K’ are Lipschitz continuous with Lipschitz constants A and v, respectively.
Note that liminfr, > 0, there exists a constant 7 > 0 such that r, > 7 > 0 for all

n—o0

n € N. From (4.6), we have
g (A e et ) )
which implies that
(1 + g) litn — tnstl] < (oo — ]l + % diam(C).  (47)
From (4.7), we have

I'n —In .
et =ttt ]| < 8l — x| +% § diam(C), (4.8)
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r

where § = 1;77 Set 6 := max{w, 5} = max {oc, 1—_} From (4.3), one can see
+V +M

that
n rn
Hanrl_xn” OCOCnHXn Xp— 1||+(1 - an) n—1 <5|xn —Xn— 1||+% 5d1am(C))
+2|0t, — 04—1|diam(C) + (1 — ;) €n—1
< (oo +(1—04)0kn—1)]|Xn —xn_1|\+(1—ocn)kn_1@ 0 diam(C)
+2|0t;, — O4—1|diam(C) + (1 — o) €—1
< 00+ (1=t )kn—1) %0 —xn—1||+(1 — an)kn,lm 6 diam(C)
r
+2|oy, — 0y—1|diam(C) + (1 — ;)€1
< Ok [ — X || + kn_lw § diam(C)
+2|0t;, — Oy—1|diam(C) + (1 — o) €p—1- (4.9)
From conditions (C1) and (C3), we have
Z(l - an+1)€n = Z[(l - an)en + (an - an+1)8n]
n=1 n=1
< Z[(l — 0) € + |0ty — Oty | SUP €,] < 00.
—1 neN
Set ay := ||xn — Xut1l| s by := kn and
o |rn - rn+1| . .
¢p = ——— & diam(C) supk, + 2|04, — 0411 |diam(C) + (1 — 41)En-
neN

Thus, the inequality (4.9) reduces to
any1 < apb, +c¢, forall n € N. (4.10)

Note that the conditions > %, [0 — Cyy1]| < 00, D% [rn—rps1| < 0o and 302, (1—
Oui1)€, < oo imply that Y ° ¢, < oco. Applying Lemma 2.11, we obtain that
lim ||x, — xu41|| = 0. Hence from (4.8), we get lim ||u, — u,41|| = 0.

n— oo n—oo

Step 2. There exists x* € C such that x, — x*, u, — x* and w, — W as
n — oo, where W € T(x").

Since hm o, = 0, we know from (C3) that lim g, = 0. It follows that

Bt = S s )l < et — S"Gan) | + 157 (tn) — ™ (i)
< Ollf (o) — 8" () || + (18" (un) = S™ (s |
S Gtns) — S (i) |
< opdiam(C) + ky|juy — tps1|| + €2 —  as n— oo.
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For p € F(S) N Q, we have

2 2
lun —p|I° = T (xn) — T, ()|
< (T, (xn) = T0,,(P)s Xn — P)
< <un PsXn — >
1
< §(||un—P||2+||xn—PH2— [t = xa 1),
and hence
[|un —p||2 (| —p||2 — |un _an2

<
< o —pl? (4.11)

By the convexity of ||.||?, we have

[|Xns1 —p||2 < onllf () _sz + (1 — a)[|S" (un) —p||2
< O‘nW(xn)_PHZ"'(l _O‘n)kn”"‘n_P”2
< Otndiam(C)2 + k(|| xn —p||2 — [Jun — xn||2)v
it follows that

llttn — x> < oudiam(C)? + (K — 1)llxa = pl* + ([xn = pI* = [xns1 = pI*)

< |
< (0 + (ky = 1)diam(C)* + (|lx, — pl| + [Pows1 = Pl Pen — xa1 |
< (0 + (ky — 1))diam(C)? + 2(1x, — X1 || diam(C).

Since o, — 0, k, — 1 and ||x, — x,41]] — 0 as n — oo, we have |lu, —x,| — 0 as
n — oo. By (4.10) and Lemma 2.12, we see that {x,} is a Cauchy sequence in C and

there exists an element x* € C such that x, — x*. Since ||, — x,|| — 0 as n — oo,
it follows that u, — x*.

We now show that {w,} is a Cauchy sequence. From (4.1), we have

||Wn - Wn+1|| < (1 + %) %(T(xn), T(xn+1))
2%(T(xn)v T(xn+1))

2LH)C,1 — Xn+1 ||

NN

For m > n > 1, we have from (2.5) that

m—1

Wi — wall < ZHWi_WiHH
i=n

m—1
< 2LZ [l — x|
i=n

< 2L< 6an—lbn—l Zi:n Ci—1

=0 (50  1-0(155)

>—>O as n — oo.
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Thus, lim |w,, —wy| =0, i.e., {w,} is a Cauchy sequence in H and hence there
m,n— o0

exists an element W in H such that lim w, = W. Since w, € T(x,), we obtain from
n—oo
Remark 2.2 that

< D —wal 4+ d(wa, T(x))
< W= wall + (T (wn), T(x"))
<

W — wy|| + L{jw, —x*|| = 0 as n — oo,
ie., dw,T(x*)) = 0. Since T(x*) € CB(H), we conclude that w € T(x*).

Step 3. x* € F(S)N Q.

Since

" = ST <l = sl A fan = xall + [0 = S" () [| + 118" (24) = " ()|

(1 + k) [|X" — wn | + [l — x| + [0 — $"(n)|| — O asn — oo.

NN

By the continuity of S, one can easily see that x* = S(x*). Since u, = T}, (x,), we
have

1
CD(Wn, Up, V) + (p(V7 ”n) - (P(Mn, un) + ;< Kl(un) - Kl(xﬂ)a 71(‘4 ”n)> = 0.

Since x,, u, — x*; it follows that k’(u,) — k’(x,) — 0. Hence from (®1) and ( @1),
we have

D(w,x*,v) + o(v,x*) — o(x",x*) > 0,
i.e., x* € Q. Therefore, x* € F(S)NQ.
Step 4. x* =¢q.
Since ¢ = Pp(snaf (q), we have (f(q) —q,p —q)) <0 forall p € F(S)NQ.

Note that x,, — x*, we have

lim (f(q) — ¢,x. —q) = (f(q) —q,x" —¢q) <O0.

n—oo

By Lemma 2.6, we have

aer =gl < (1= ) (1" () = ql* + 206, (f (%a) = ¢, %011 — q)
< (1 an)zan”n - CIH2 +206(f (x2) —f(q) +1(q) — ¢, Xn+1 — q)
< (1- an)zan”n - qH2 + 20 |20 — ql| [|%n1 — 4|
+200,(f (q) — g, Xnt1 — q)
< (1- an)zan”n - CIHZ + o o ([ xn — CIHZ + {1 — 51“2)

+2an<f (q) — 4 Xnt+1 — q> )
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it follows from (4.11) that

1 — 04)%k, + 0 0 20,
01—l o T ey — g+ e (F(0) ~ e )
20, (ky,— ) s 204(ky—a) [ otk
< (1= ) - 0
(1- 2B ) g 2B | e g
+ l <f(Q)_van+1_q> +(kn 1)Supw
kn—O( I‘LEN k -
Set
204, (k, —
2, = 2ol —a)
1—a o
6 = PN up i, — gl + ——(f(q) )
= sup ||x, — — 4, Xnt+1 — 4q)
kn_anegx q kn_a q qx+1 q
2
—q
gn: = (kn_l) p”kiH
neN -

Then lim A, =0, >°°, A, = oo, limsupo, < 0 and > ° & < co. Applying

Lemma 2.10, we obtain that lim x, = g. By the uniqueness of strong limits of {x,},
n—oo

we conclude that x* = g. This completes the proof. [

REMARK 4.4. In Theorem 4.3 different technique form Shahazad and Udomene
[26] is used and strong convergence of almost fixed points defined by (1.7) is not applied.
Theorem 4.3 provides an affirmative answer of Question 1.4.

In case of nonexpansiveness of S, the condition (C3) is not required. Indeed, we
have

COROLLARY 4.5. Let C be a nonempty closed convex bounded subset of a real
Hilbert space H, T : C — CB(H) a multi-valued ¢ -Lipschitz continuous mapping
with constant L > 0, f : C — C a contraction mapping with Lipschitz constant

€ [0,1). Let ¢ : C x C — R be a real-valued function satisfying the conditions
(@pl)~(@3)andlet ® : H x C x C — R be the equilibrium-like function satisfying
the conditions (®1 )~ ( ®3 ) and (P4 ):

(®4)  @(w,T(x), T;(y) + (W, Ts(v), T,(x)) < —¥[ITo(x) = ;)|
forall x,y € C and r,s € (0,00), where y >0, w € T,(x) and w € T,(y). Assume
that ) : C x C — H is a Lipschitz function with Lipschitz constant A > 0 satisfying
(nl)~(n3). Let Kk : C — R be a n-strongly convex function with constant u > 0
satisfying (k1 )~ (K2) and % < 1. Let §: C — C be a nonexpansive mapping
with F(S)NQ # 0. Let {x,}, {u,} and {w,} be three sequences generated by the
following algorithm

Wi € T(x), [Wa = waia[| < (1+ 1) (T (%), T(x11))3
D(wy, tty,v) + O(v, un) — O, up)

—l—%ﬂ( k' (un) — k' (x,), n(v,u,)) =0 for allv € C;
Xnt1 = Of (x,) + (1 — o,)S(u,) forall n e N,

(4.12)
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where {a,} is a sequence in (0,1) and {r,} is another sequence in (0,00) satisfying
conditions:

(Cl) nlirgoocn =0, E,fil o, = oo and Z;il lon, — ] < 005

(C2) 1inrggcl)frn >0 and Y2 |ra — ras1] < 00;

If T, is firmly nonexpansive, then we have the following:
(a) there exist x* € F(S)NQ and w € T(x*) such that

X, — X" u, —x* and w, — W as n— oo,

(b) x* is the unique solution of variational inequality:
find x € F(S)NQ suchthat ((I —f)(x),x—p)) <0 forall p e F(S)NQ.

COROLLARY 4.6. Let C be a nonempty closed convex bounded subset of a real
Hilbert space H, T : C — CB(H) a multi-valued 5€ -Lipschitz continuous mapping
with constant L > 0, f : C — C a contraction mapping with Lipschitz constant
o €1]0,1). Let ¢ : C x C — R be a real-valued function satisfying the conditions
(pl)~(@3)andlet ® : H x C x C — R be the equilibrium-like function satisfying
the conditions (®1 )~ ( DP3 ) and (P4 ):

(@4)  Ow,T,(x), T,(y) + @7, Ts(y), T, (x)) < ~7[|T,(x) = Tu()|?

forall x,y € C and r,s € (0,00), where y >0, w € T,(x) and w € Ty(y). Assume
that 1 : C x C — H is a Lipschitz function with Lipschitz constant A > 0 satisfying
(nl)~(n3). Let Kk : C — R be a n-strongly convex function with constant u > 0
satisfying (k1 )~ (K2 ) and % < 1. Let §: C — C be a nonexpansive mapping
with F(S)NQ # 0. Let {x,}, {un} and {w,} be three sequences generated by the
following algorithm

wy € T()Cn), Hwn - Wn+1|| < (1 + %)%(T(xn); T(xn+l));
(I)(wn, Up, V) + (P(Va un) - (p(una un)
+%<un—xn,v—un> >0 forall veCc;

Xpo1 = Of (x,l)”—k (1 —ot,)S(uy) forall nmeN,

(4.13)

where {a,} is a sequence in (0,1) and {r,} is another sequence in (0,00) satisfying
conditions:

(Cl) nlirgoocn =0, E,fil o, = oo and Z;il lon, — ayrr| < 005

(C2) 1inrggcl)frn >0 and Y2 |ra — ras1] < 00;

Then we have the following:
(a) there exist x* € F(S)NQ and w € T(x*) such that

X, — X" u, —x* and w, — W as n— oo,

(b) x* is the unique solution of variational inequality:

find x € F(S) N Q such that {(I —f)(x),x —p)) <O0for all p€ F(S)NQ.
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Proof. Since T, is firmly nonexpansive by Corollary 3.3, Corollary 4.6 follows

from Corollary 4.5. [

[26]
27]

28]
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