LEFT QUOTIENTS OF C*-ALGEBRAS,
II: ATOMIC PARTS OF LEFT QUOTIENTS

NGAI-CHING WONG

ABSTRACT. Let A be a C*-algebra. Let z be the maximal atomic projection in A*™*. By a
theorem of Brown, x in A** has a continuous atomic part, i.e. zz = za for some a in A,
whenever x is uniformly continuous on the set of pure states of A. Let L be a closed left ideal of
A. Under some additional conditions, we shall show that for any = in A**, x has a continuous
atomic part modulo L**, i.e. zox + L™ = za + L™ for some a in A whenever z*z and u*z,
Yu € A, are uniformly continuous on the set of pure states of A vanishing on L.

1. INTRODUCTION
Let A be a C*-algebra with the Banach dual A* and double dual A**. Let

QA)={pec A :p>0, [¢| <1}

be the quasi-state space of A. Q(A) is a weak® compact convex set. The extreme boundary of
Q(A) is the pure state space P(A)U{0} of A. In the Kadison function representation, elements
x of A™ are represented as bounded and affine functionals ¢ —— ¢(z) of Q(A) vanishing at

zero. x € A if and only if = is continuous on Q(A) (see, e.g. [16]).

Let z be the maximal atomic projection in A**. Note that A* = zA™ @ (1 — 2)A**; zA™
is the direct sum of type I factors and (1 — z)A™ has no type I factor direct summand of A**.
In particular, z is a central projection in A** supporting all pure states of A. In other words,
o(x) = @(zx) for all z in A** and all pure states ¢ of A.

zA** is called the atomic part of A**. An element x of A™ is said to have a continuous
atomic part if zz = za for some a in A (cf. [18]). In this case, x and a agree on P(A) U {0}
since p(z) = (zx) = @(za) = p(a) for all pure states ¢ of A. In particular, ¢ — () is
uniformly continuous on P(A)U{0}. The converse is also true. Shultz [18] showed that x in A**
has a continuous atomic part whenever z, z*x and xx* are uniformly continuous on P(A) U {0}.

Recently, Brown [7] got the complete result.

Theorem 1.1 ([7]). Let x € A*™. x has a continuous atomic part (i.e. zx € zA) if and only if
x s uniformly continuous on P(A)U{0}.
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In view of the Kadison function representation, Theorem 1.1 merely states that a uniformly
continuous functional of the extreme boundary P(A)U{0} of Q(A) can be lifted to a continuous
affine functional of the whole of Q(A).

Let L be a norm closed left ideal of the C*-algebra A. The Banach double dual L** of L is a
weak™® closed left ideal of the w*-algebra A**.

Definition 1.2. Let x € A**. xissaid to have a continuous atomic part modulo L** if zx+L** =

za + L** for some a in A.

We are interested in the question when x in A** has a continuous atomic part modulo L**. By
applying our tools developed in this paper to the case L = {0}, we shall get new and interesting
results. As a corollary of Theorems 1.1 and 1.7 below, for example, we have

Theorem 1.3. Let x € A*. x has a continuous atomic part (i.e. zx € zA) if and only if v*x
and a*z, Ya € A, are uniformly continuous on P(A)U{0}.

Theorem 1.3 supplements results of Shultz [18] and Brown [7] in the case A is non-unital.
More general statements appear in succeeding sections.

We are going to give a precise meaning of our assertions. Recall that a convex subset F' of
a convex set @ is called a face of @ if we can always infer that ¢ and ¥ belong to F' whenever
v, € Q and Ap + (1 — N\)yp € F for some A strictly between 0 and 1. Weak* closed faces of
Q(A) are in one-to-one correspondence with closed projections in A**. In fact, a projection p in
A** is closed if and only if the face

F(p) ={p € Q(A) : ¢(1 —p) =0}
of Q(A) supported by p is weak* closed [16]. Closed projections p in A** are also in one-to-one
correspondence with norm closed left ideals L of A such that

L=A"(1-pNnA.
Moreover, we have isometrical isomorphisms a + L —— ap and x« + L** —— zp under which
A/L>= Ap and (A/L)™ = A™/L™ = A*p
as Banach spaces, respectively [11, 17, 1].

In the following, p is always a closed projection in A**. We consider Ap as the left quotient
A/L of the C*-algebra A by the norm closed left ideal L = A**(1 — p) N A. Consequently, its
Banach double dual A**p is the left quotient A**/L** of the w*-algebra A** by the weak* closed
left ideal L™ = A™(1 — p).

Proposition 1.4. Let © € A™. x has a continuous atomic part modulo L** if and only if
zxp = zap for some a in A.

ProOOF. It suffices to observe the following equivalences: zx 4+ L** = za + L** if and only if
z(x —a) € L** if and only if z(x — a)p = 0. O

We also have a function representation of left quotients.
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Theorem 1.5 ([20]). Let xp € A™p. xp € Ap if and only if the bounded and affine functionals

p+— p(r*x) and ¢ — @(a*x), Ya € A, are continuous on F(p).

Note that the extreme boundary of F(p) is (P(A)U{0}) N F(p), i.e. the set of all pure states
of A supported by p together with the zero functional. Motivated by Theorem 1.1, we shall
attack the following

Problem 1.6. Let x € A*. Suppose that x*x and a*x, Ya € A, are uniformly continuous
on (P(A)U{0}) N F(p). Can we infer that x has a continuous atomic part modulo L**, i.e.
zap € zAp?

Problem 1.6 does not always have an affirmative answer (see counter examples in Section 4).
Our main result, proved in Section 2, states

Theorem 1.7. Let x € A*. = has a continuous atomic part modulo L** (i.e. zap € zAp) if
and only if zpx*xp € zpAp and zpa*xp € zpAp, Va € A.

An answer to Problem 1.6 should thus assert conditions on either x or p under which uniform
continuities of x*z and a*x, Va € A, on the extreme boundary of F(p) will ensure zpz*xp € zpAp
and zpa*zp € zpAp, Ya € A. We shall see (via Theorem 2.4) that this amounts to looking for
conditions under which uniformly continuous functionals of the extreme boundary of F(p) can
be lifted to continuous affine functionals of the whole of F(p). In Section 3, we shall present
some sufficient conditions to ensure the existence of such liftings, and thus Problem 1.6 can be
solved affirmatively. One of them assumes the universal measurability of z*z and a*z on F(p).
The others assume that p has either MSQC (this holds if, in particular, p is central) or p is

semi-atomic. Counter examples in Section 4 verify that our conclusions are sharp.

2. MAIN RESULTS

Recall the notion (T, {H;},T") of a continuous field of Hilbert spaces [12, 10]. The base space
T is a Hausdorff space, the fiber Hy is a Hilbert space (possibly different) for each ¢ in 7" and the
continuous structure I' is a family of vector sections a = (at)ier in the product space [ [, Hy
satisfying the following two conditions.

1. The norm ¢t — ||at||, is continuous on T for each a in T'.
2. The set {a; : a € I'} is norm dense in H; for each ¢t in T'.

A vector section x = (2¢)ier in [[,cp Hy is said to be bounded if the functional ¢ +——
(Tt,28) g, = ||a:t||12qt is bounded on 7. A bounded vector section z is said to be weakly con-
tinuous if the functionals ¢ —— (x4, a;) g, is continuous on T for every a = (at)ter in I'. A
weakly continuous vector section z is said to be continuous if, in addition, the functional ¢ —
(x4, T4) o= Hth%{t is continuous. The subspaces of bounded, weakly continuous, and continuous
vector sections in the product space [ [, H; equipped with the sup norm ||| = supyer [|2¢| 1,
are Banach spaces, respectively.
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Although the following elementary result should have been known, we provide a proof here
since we cannot find any in the literature.

Lemma 2.1. Let (T,{H;}+,I") be a continuous field of Hilbert spaces. Let (yi)ier be a weakly

continuous vector section. Then the map t — ||y:|| g, is lower semicontinuous on T'.

PRrOOF. For each tg in 7', since {uy, € Hy, : w € I'} is dense in Hy,, we have

HytoHHtO = sup{| <yto7ut0>Ht0 E ”utoHHtO <lue F}'

For & > 0, choose an a in I" so that [laz|/m,, <1 and

Wyto g = Ytos at0) gy, ) | < €/2-

Since t +—— |lat||u, and t — (yt, as)y, are continuous on 7', for those ¢ close enough to to we
have ||a¢||g, < 1 and

| e at) g1, = Yros to) pr,, | < €/2-
Now, if t, — tg in T, for a large enough,
1Ytallmree = sUP{| Yrar e )y, | uta |1, < Low € I}

> | W 010}, |

> | (s ), | — /2

> |lyeo ll e, — &
Consequently,

yeoll rry < Him|lye, || mr,, + &
Since ¢ is arbitrary,
1Yeo | 1y < Lim[ye, |,

and thus t — ||y¢||z, is lower semicontinuous on 7. O

Let A be a C*-algebra and L a norm closed left ideal of A. Let p be the closed projection in A**
related to L such that L = A**(1—p)NA. Moreover, A/L = Ap and (A/L)** = A* /L** = A**p
as Banach spaces. We are going to construct a continuous field of Hilbert spaces associated to
the left quotient Ap. The base space is F(p), the weak™ closed face of the quasi-state space
Q(A) of A supported by p. Note that

Fp) = {9eQ(4):p(l-p)=0}
= {peQ(A): ¢(x) = p(zp) = p(pz) = p(prp), Yo € A7}
Moreover, F(p) is itself a weak™ compact, Hausdorff and convex set.

For each ¢ in F(p), the GNS construction yields a cyclic representation (m,, H,,w,) of A. In
particular, p(z) = (Tp(2)wy, wy) ,, Vo € A™, where (-, ), is the inner product of the Hilbert
space H,. Set H, to be the zero dimensional Hilbert space when ¢ = 0. Note also that for each
¢ in F(p), my(p)wy = wy, since <7T<p(p)www<p>@ =¢(p) = (1) = ||W90H2'

Notation. Write zw, for 7, (z)w, in Hy,, Vo € A**, Yy € F(p).
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In this way, there is an embedding A**p — [] Hgo defined by associating each zp in

PpEF(p
A™p to the vector section (zwy)per(p) I [l epp) He- A continuous structure of [T ¢ p(,) Hy
can be defined by the image of Ap under this embedding. In fact, the functional ¢ — |law,||? =
(awy, awy) , = ¢(a*a) is continuous on F(p) for every ap in Ap. Moreover, my(A)w, = {aw, :

a € A} is norm dense in H,.

In the continuous field (F(p), { H,}, Ap) of Hilbert spaces, a bounded vector section (zy,),cr(p)
in the product space [ [ ¢ () Hy is weakly continuous if ¢ — (2, awy) , is continuous on F(p)
for all a in A. A weakly continuous vector section (z,),cr(p) 18 continuous if, in addition,
© — (T, x@w is continuous on F'(p). Since F(p) is a convex set, we have an additional affine

structure.

Definition 2.2. Let (2,),er(p) be a vector section in [ cp,) Hp- (Tp)per(p) 18 said to be

pEF(
affine if the functionals ¢ — (z, awq,}‘p, Va € A, are affine on F(p). In other words,

(T, awy) , = MA@y, awy),, + (1 = A) (25, aw))
whenever ¢ = Ay + (1 — A)pin F(p), 0 < A< 1anda€ A.

p°

In [20], we showed that every bounded and affine vector section (7,),cr(p) arises from an xp
in A*p, i.e. v, = zwy,, Vo € F(p). More precisely, we have

Theorem 2.3 ([20]). Let A be a C*-algebra and p a closed projection in A**.

1. A™p is isometrically linear isomorphic to the Banach space of all bounded and affine vector

sections in [[ e p,) Hy equipped with the norm supyep(y) 2w, = SuPyer(y) o(x*x)l/2,

2. Ap is isometrically linear isomorphic to the Banach space of all continuous and affine

vector sections in [[,epg,) He-

Theorem 1.5 is a corollary of Theorem 2.3. In fact, xp in A**p defines a continuous vector

section in [] ¢ p(,) Hy if and only if the affine functionals ¢ +— (zwy, zwy), = ¢(z"z) and

0 — (TWy, awy)

P

, = ¢(a’z), Va € A, are continuous on F(p). The meaning of this translation
can be more precise with the help of the following result of Brown, where Ay, (resp. A%Y) is the

self-adjoint part of A (resp. A**).

Theorem 2.4 ([6, 3.9]). pAsap (resp. pAXip) is isometrically linear and order isomorphic to
the Banach space of all continuous (resp. bounded) affine functionals of F(p) which vanish at

ZETro.

Let W, denote the Banach subspace of A**p of all weakly continuous affine vector sections in
Hwe #(p) Hp- When p =1, W, coincides with the set RM (A) of right multipliers of A. However,
W, # RM(A)p in general [20].

In summary, Theorems 2.3 and 2.4 imply
Corollary 2.5. Let xp € A*.

1. The following are all equivalent.
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(a) zp € W,

(b) The affine functionals ¢ — @(a*x) = p(pa*zp), Ya € A, are continuous on F(p).
(c¢) pa*xp € pAp, Ya € A.

2. The following are all equivalent.

(a) xp € Ap.

(b) The affine functionals ¢ — @(z*x) = @(pr*zp) and p — p(a*x) = p(pa*zp),
Va € A, are continuous on F(p).

(¢) pr*xzp € pAp and pa*zp € pAp, Ya € A.

Recall that xp in A**p is said to have a continuous (resp. a weakly continuous) atomic part

modulo L** if zxp = zyp for some yp in Ap (resp. in W,).

Lemma 2.6. Let x,y € A™. zxp = zyp if and only if zw, = yw, in H, for every pure state ¢
in F(p).

PRrROOF. Let zxp = zyp. Since m,(2) = 1 and 7, (p)wy = Wy, Twy = Tu(T)wy, = Tp(22P)we =
To(2yp)wy = T (y)wy = yw,, for every pure state ¢ in F(p). For the converse, we note that for
every 1 in Q(A), the atomic ¢(zp - p) can be written as a countable sum of pure positive linear
functionals in F'(p) [13]. Now, 2w, = yw,, implies p((z—y)*(x—y)) = ((z — y)w,, (z — y)w@(p =
0. If this holds for all pure states ¢ in F(p) then ¢ (zp(x — y)*(x — y)p) = 0 for all ¢ in Q(A).
Consequently, zp(x — y)*(z — y)p = 0 and thus zzp = zyp. O

Theorem 2.7. Let x € A*™. x has a weakly continuous atomic part modulo L** (i.e. zzp €

2Wp) if and only if zpa*xp € zpAp for all a in A.

Proor. For the necessity, we assume that zxp = zyp for some yp in W,. Then pa*yp € pAp
by Corollary 2.5, and thus zpa*xp = pa*(zxp) = pa*(zyp) = z(pa*yp) € zpAp, Ya € A.

For the sufficiency, let X = F(p) N P(A), the set of all pure states of A supported by p.
We want to find a yp in W, such that zw, = yw, for all ¢ in X. In this case, we shall have
zxp = zyp € zW, by Lemma 2.6.

Since pure states are also supported by the central projection z, we have
() = p(pzp) = p(zpap), Yo e A™ Ve X.
For each a in A, by the hypothesis, zpa*zp = zpv,p for some v, in A. And thus
(1) (2w, awy) , = p(a*z) = p(2pa*zp) = (2pvap) = (va), Vi € X.
Let X be the weak* closure of X in F(p). If 1, € X and ¢ = lim, € X then we have, by (1),

(2)  [¥(va)l = lim [oa(va)| = lim | (zwy, , awy, ), |

< Nl tim awy, llp, = ll2llllavylly = |zl (a*a)'’>.

Note that X U {0} is the extreme boundary of the compact convex set F'(p). Thus each

continuous affine functionals of F(p) assumes its maximum modules at a point in X. From
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Theorem 2.4 we know that there is an order-preserving linear isometry from pAg,p into the
Banach space Cr(X) of continuous real-valued functions defined on X. Hence, as a positive
linear functional of pAs,p, each ¢ in F(p) has a (non-unique) Hahn-Banach positive extension
my, in the space M (X) of regular finite Borel measures on the compact Hausdorff space X. Thus

we can write

B o) = elpap) = [ dan)dme() = [ dadmo(w), Vo€ Ao € Flp)
Motivating by (1), we define a vector section (yy)per(p) it [ cp () He by the conditions

(o), = ole) = | (o), (), Va€ Ao € Flp)
Observe that
), | < [ otonldm ()

< / lel(a*a) 2dmy(¥) (by (2))
X

1/2
< || [/Xw(a*a)dmw(w} (since my(X) = [lpl| < 1)

= [lzllp(a* )’ (by (3))

= [lzl[[lawg |-

Therefore, the definition of y, (as a bounded linear functional of the Hilbert space H,) makes
sense and [|(yp) e F(p) lloo = SUPuerp) 1Vella, < [[z]|. Clearly, the definition of y,, is independent
of the choice of my, and v,. Since ¢ — (y,, aw,), = ¢(vq) is a continuous affine functional
of F(p) for each a in A, (y,)eper(p) is @ bounded and weakly continuous affine vector section
in H(peF(p) H,. By Theorem 2.3, there is a yp in W, such that yw, = y, for each ¢ in F(p).
Finally, for each pure state ¢ in F(p) and a in A we have (yw,, aw,), = ¢(va) = (2wy, awy) ,
by (1). Since {aw, : a € A} is norm dense in (indeed, equal to) H,, yw, = zw, for every pure

state ¢ in F(p). Thus, zxp = zyp. O

Beside Theorem 1.3, the following result supplements Theorem 1.1 in another interesting way.
Note that W, = RM(A) when p =1 (Corollary 2.5).

Corollary 2.8. Let x € A™. zx = zy for some right multiplier y of A in A if and only if
a*y, Ya € A, are uniformly continuous on P(A)U{0}.

Now we are ready to present the proof of our main result, Theorem 1.7, which says that
for each x in A**, x has a continuous atomic part modulo L** (i.e. zap € zAp) if and only if
zpx*rp € zpAp and zpa*xp € zpAp, Va € A.

PrROOF OF THEOREM 1.7. Only the sufficiency demands a proof. By Theorem 2.7, x has a
weakly continuous atomic part modulo L**, i.e. zap = zyp for some yp in W,. By hypothesis,
we also have zpx*zp = zpup for some v in A. Because pAip = (pAp)+, we can assume v to
be positive. By Lemma 2.1, ¢ — p(y*y —v) = ||yw¢||%{v — ¢(v) is a lower semicontinuous
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real-valued affine functional of the compact convex set F(p), which vanishes at all pure states
in F(p). Now the desired assertion follows from a result of Pedersen [15, 3.8]. However, for the
convenience of the readers we present below a somewhat elementary argument. We note that
the scalar function ¢ — p(y*y — v) attains its minimum value at an extreme point ¢ of F'(p),
i.e. a pure state ¥ in F(p). But ¢(y*y —v) = ¥ (2p(y*y — v)p) = 0 for all pure states ¢ in F(p).
Hence, py*yp > pup. On the other hand, it follows from the Krein-Milman Theorem that every
¢ in the compact convex set F'(p) is a weak™ limit of convex combinations ¢, of pure states
(and 0) in F(p). Therefore, we always have ¢(y*y) < limgp,(y*y) = limp, (v) = ¢(v) by Lemma
2.1. Thus, py*yp < pup. Consequently, py*yp = pvp € pAp. Hence, yp € Ap by Corollary 2.5.
Finally, zxp = zyp € zAp. O

In Section 3, we shall investigate conditions under which our main result, Theorem 1.7, can
be translated into an answer of Problem 1.6.

3. SOME APPROACHES TO THE PROBLEM

3.1. Universally measurable elements . Let A be a C*-algebra and p a closed projection
in A**. Recall that A7} consists of all limits in A of monotone increasing nets in Ay, and
(Asa)m = —AT. While Ay, consists of continuous affine real-valued functionals of Q(A) (the
Kadison function representation), the norm closure (A7)~ of A7 consists of lower semicontinu-
ous elements and the norm closure (Agg)m of (Asq)m consists of upper semicontinuous elements
in A**. Accordingly, an element x of AZ* is said to be universally measurable if for each ¢ in
Q(A) and € > 0 there exist a lower semicontinuous element | and an upper semicontinuous
element u in A™* such that u <z <!l and p(l —u) < & [15].

We note that pAg,p consists of continuous affine real-valued functionals of the weak™ closed
face F(p) of Q(A) supported by p (Theorem 2.4). Analogously, pxp in pA%ip is said to be
universally measurable on F(p) if for each ¢ in F(p) and € > 0, [ in (A2L)” and u in (Asq)m
exist such that pup < prp < plp and ¢(l — u) < e. pxp in pA**p is said to be universally
measurable on F'(p) if both the real and imaginary parts of pxp are.

Lemma 3.1. Let z € A and X the weak™ closure of X = F(p)N P(A) in F(p). If pxp is

universally measurable on F(p) and continuous on X then pxp € pAp.

PRrROOF. First, we note that the continuity of prp on X means that whenever ¢y — ¢ weak*
in X we have () — @(x). In view of Theorem 2.4, we need to verify these convergences for
nets arising from the whole of F'(p).

Suppose there were @), ¢ in F(p) such that ¢y — ¢ weak™ but ¢)(z) did not converge to
¢(x). Without loss of generality, we can assume there exists a 6 > 0 such that |¢(x) —¢@a(x)| > 0
for all A\. As in the proof of Theorem 2.7, we can embed pAg,p as a closed subspace into the
Banach space Cr(X) of continuous real-valued functions defined on X. Let m, be any positive
extension of ¢y from pAg.p to Cr(X) and ||my]| = ||ea|] < 1. Hence, (my)y is a bounded net
in M(X), the Banach dual space of Cg(X), consisting of regular finite Borel measures on the
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compact Hausdorff space X. Then, by passing to a subnet if necessary, we have my — m in the
weak* topology of M (X). Clearly, m > 0 and MipA,p = - On the other hand, prp is assumed

to be universally measurable on F'(p). So for each ¢ in F(p) and € > 0 there exist a u in (Asq);,
and an [ in (A7!)~ such that

pup < prp < plp and ¢(l—u) <e.

It follows from the semicontinuity and the affine property of w and [ (cf. [5, p. 19], or by a direct
argument) that u and [ satisfy the barycenter formula of ¢ in F(p), i.e.

= [ bt dmge) and o) = [ v

where my in M (X) is a positive Hahn-Banach extension of ¢ to Cr(X). Since pup < pxp < plp,

we have
/ vla)dmo(¥) < [ () dmo0) < | o) dma(w) = 6. Vo€ Fp)
X X
As ¢p(u) < ¢(x) < ¢(1), we have
o0) [ v dma)| <o -0 <z o O
Because ¢ is arbitrary, = satisfies the barycenter formula of ¢ in F(p) as well, i.e.
= [ v dmyw). voe ).

Note again that ¥ (z) = 1 (pxp) for each ¥ in F(p). Now pxp € Cr(X) implies

/X (a) dma () = /X b (pep) dmi () — /X (pp) dm(y) = /X () dm(y)

Consequently, @) (x) — ¢(x), a contradiction. O

In the proof above, what we actually need on x is that pxp satisfies barycenter formulas of
elements of F(p) and are continuous on X = P(A) N F(p). Indeed, we have proved

Proposition 3.2. For every pxp in pA**p satisfying barycenter formulas of elements of F(p),
pxp € pAp if and only if prp is continuous on X.

Theorem 3.3. Let v € A** and X = F(p) N P(A) with weak* closure X in F(p).

1. xp € W, if and only if pa*xp, Ya € A, are universally measurable on F(p) and continuous
on X.

2. zp € Ap if and only if px*xp and pa*xp, Ya € A, are universally measurable on F(p) and
continuous on X.

PROOF. We note that the real and imaginary parts of pa*zp both satisfy the assumptions of
Lemma 3.1 for any a in A. Hence, the assertions follow from Lemma 3.1 and Corollary 2.5. [
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3.2. p has MSQC . Let A be a C*-algebra. Recall that a projection p in A** is closed if the
face Fi(p) = {p € Q(A) : p(1 — p) = 0} of Q(A) supported by p is weak® closed. p is said to
be compact if F(p) N S(A) is closed [6], where S(A) = {p € Q(A) : ||¢]| = 1} is the state space
of A. Let p be a closed projection in A**. h in pA%*p is said to be q—continuous on p [2] if the
spectral projection Er(h) (computed in pA**p) is closed for every closed subset F' of R. h is said
to be strongly q—continuous on p [6] if, in addition, Er(h) is compact whenever F' is closed and
0 ¢ F. It is known from [6, 3.43] that h is strongly g—continuous on p if and only if h = pa = ap
for some a in Ag,. In general, h in pA*™*p is said to be strongly q—continuous if both Reh and
Imh are.

Denote by SQC(p) the C*-algebra of all strongly q—continuous elements on p. We say that
p has MSQC (“many strongly q—continuous elements”) if SQC(p) is o—weakly dense in pA**p.
Brown [8] showed that p has MSQC if and only if pAp = SQC(p) if and only if pAp is an
algebra. In particular, every central projection p (especially, p = 1) has MSQC. We provide a
partial answer to Problem 1.6 by the following

Theorem 3.4. Let p have MSQC and xp € A**p. Let Xg = (F(p)NP(A))U{0} be the extreme
boundary of F(p).

1. x has a weakly continuous atomic part modulo L** (i.e. zaxp € 2W,,) if and only if pa*zp,
Ya € A, are uniformly continuous on Xj.

2. x has a continuous atomic part modulo L** (i.e. zxp € zAp) if and only if px*xp and
pa*xp, Ya € A, are uniformly continuous on Xjg.

PROOF. The necessities are obvious and we check the sufficiencies. Note that pAp is now a
C*-algebra with the pure state space P(pAp) = F(p)NP(A). The maximal atomic projection of
pAp is zp. By Theorem 1.1, zpa*xp € zpAp for all a in A. In case pzr*zp is uniformly continuous
on Xy, zpx*xp € zpAp as well. The assertion follows from Theorems 2.7 and 1.7. O

Corollary 3.5. Let p have MSQC and xp € A**p. If pa*xp is continuous on X = F(p) N P(A)
for all a in A then zxp € 2W,. If, in addition, pr*xp is continuous on X then zxp € zAp.

PROOF. We simply note that either 0 belongs to X or 0 is isolated from X = F(p) N P(A)
in F(p). Consequently, continuity on the compact set X ensures uniform continuity on Xy =
(F(p) N P(A)) U{0}. Thus, Theorem 3.4 applies. O

3.3. p is semiatomic . Let A be a C*-algebra and p a closed projection in A**. Recall that
A is said to be scattered if Q(A) C zQ(A) [13, 14] and p is said to be atomic if F(p) C zF(p)
[8]. If A is scattered then every closed projection in A** is atomic. Moreover, A is said to be

semiscattered [3] if P(A) C zQ(A).

Analogously, we say that a closed projection p is semiatomic if the weak™ closure of F'(p)NP(A)
contains only atomic positive linear functionals of A, i.e. F(p) N P(A) C zF(p). It is easy to
see that if A is semiscattered then every closed projection in A** is semiatomic. We provide
another partial answer to Problem 1.6 by the following
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Theorem 3.6. Let p be semiatomic and xp € A**p. Let X = F(p) N P(A).

1. x has a weakly continuous atomic part modulo L** (i.e. zaxp € 2W,) if and only if pa*zp,
Ya € A, are continuous on X.

2. x has a continuous atomic part modulo L** (i.e. zxp € zAp) if and only if px*xp and
pa*xp, Ya € A, are continuous on X.

To prove Theorem 3.6, we need the following generalization of [7, Theorem 6] in which p = 1.

Lemma 3.7. Let x in zpA**p be uniformly continuous on Xog = (F(p)NP(A))U{0}. Then x is
in the C*-algebra B generated by zpAp. In particular, x = zy for some universally measurable

element y of pA*™p.

Proor. Utilizing a similar argument in [7], we can prove that z € B. Moreover, the last
assertion can be deduced from [4, 2.1] and the fact that By is a Jordan algebra [9)]. O

Lemma 3.7 merely says that if x € A™ such that z is uniformly continuous on the extreme
boundary (F(p) N P(A))U{0} of F(p) then = has a universally measurable atomic part modulo
L*.

PROOF OF THEOREM 3.6. We prove the sufficiencies only. Let xp in A**p satisfy the stated
conditions. For each a in A, zpa*zp is thus uniformly continuous on Xo = (P(A)N F(p)) U{0}.
By Lemma 3.7, there is a universally measurable element y of pA**p such that zpa*xp = zy.
Since p is assumed to be semiatomic, each o in X = P(A) N F(p) is atomic and thus p(a*z) =
o(zpa*xp) = ¢(zy) = ¢(y). In particular, the universally measurable element y is continuous
on X. It follows from Lemma 3.1 that y € pAp. As a consequence, zpa*xp € zpAp for each a
in A. It should be clear that we can also deduce zpz*zp € zpAp in the same manner if px*xp is
assumed to be continuous on X. Now, Theorems 2.7 and 1.7 apply. 0

4. SOME COUNTER EXAMPLES

In this final section, we shall provide some counter examples to Problem 1.6 to show that the
conclusions in Section 3 are sharp. Recall that X = (P(A)NF(p))U{0} and X = F(p) N P(A).

First of all, Example 4.2 below tells us that the continuity assumptions in Lemma 3.1 on X
cannot be replaced by the uniform continuity on Xy. Moreover, we shall see in Example 4.1
that the conditions on universal measurability is also necessary. One may notice that uniform
continuity of an element pzp in pA**p on Xy ensures that pxp is universally measurable on X
(Lemma 3.7). Unfortunately, even in this case (i.e. prp is continuous on X and thus universally
measurable on X() we can have zpxp ¢ zpAp as shown in Example 4.3. Consequently, without
assuming the universal measurability of px*zp or pa*zp on F(p), Theorem 3.3 fails to give us
any new result about the atomic part of x.

We now turn our attention to the MSQC assumption on the closed projection p. If p does
not have MSQC then the conclusion of Theorem 3.4 may not hold. In fact, without assuming p
has MSQC we have counter-examples; in one of which px*xp and pa*xp, Va € A, are universally
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measurable on F'(p) and uniformly continuous on X (Example 4.2), and in the other one pz*xp
and pa*xp, Va € A, are continuous on X (Example 4.3). But zzp ¢ 2WV, in both cases.

Finally, we shall see in Example 4.2 that the continuity assumption on X in Theorem 3.6
cannot be replaced by the uniform continuity on X even when the C*-algebra A is scattered.
On the other hand, Example 4.3 tells us that the conclusion of Theorem 3.6 can be wrong if p

1S not semiatomic.

Example 4.1. This example tells us that measurability conditions in Theorem 3.3 are necessary.

Let A = C(Y), the abelian C*-algebra of continuous (complex-valued) functions defined on
a compact Hausdorff space Y. A* = @ {L'(p) : u € C} @1 £1(Y), where C is a maximal
family of mutually singular continuous measures on Y of total variation one. Accordingly,
A = P AL>®(n) : p € C} Boo £°[0,1]. Let p = 1 in A*™. Pure states of A are exactly
evaluations at points in [0,1]. The maximal atomic projection z = 0 @ 1 in the above direct
sum decomposition of A**. The embedding of A into A** is given by g — (Duec 9u) ® Ga,
where g, = gq, ¢t almost everywhere in Y, for all  in C, and f, = f everywhere in Y. Write
f = fa+ fo € A, where f; is the diffuse part of f which comes from @ {L>(u) : p € C}
and f, is the atomic part of f which comes from ¢>°(Y). Set fy = 0 and f, to coincide with
any nonzero continuous function on Y. f is not universally measurable (and neither satisfies
barycenter formulas of elements of QQ(A)). Although f is continuous on P(A) 2 Y, f does not
belong to A. O

Example 4.2. This example tells us that p having MSQC is necessary in Theorem 3.4 and
continuity on X is necessary in Theorem 3.6.

Let A be the scattered C*-algebra of sequences of 2 x 2 matrices = (z,,),.; such that

_ [ an bn . _[a 0 t .
m={. g Too =\ o) entrywise,

and equipped with the £*°—norm. Note that the maximal atomic projection z = 1 in this case.

Let
1/1 1 1 0
pn—2(1 1),71—1,2,..., and poo—<0 1).
Then p = (pn),—; is a closed projection in A**. An element xp = (z,pn),—, of A*p with
_ [ an bn _ _{a O
a:n—(0n dﬂ),n—l,Q,..., and acoo—<0 d>’

belongs to Ap if and only if a,, + b, — @ and ¢, + d,, — d. Moreover, W, = Ap in this case.
We claim that p does not have MSQC. In fact, suppose x = (z,,),-; in A is given by

an by . _f(a O
mn—<0n dﬂ),n—l,Q,..., and xoo—(o d)

such that x, — Zoo. Then (pzp), = Aupn, n = 1,2,..., and (pzp)e = < > where A\, =

a 0
0 d

2
W — %1. Consequently, (pzp)2 = X2p,, n = 1,2,..., and (pzp), = <% ;2> If
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(pxp)? € pAp we must have \2 — %. This occurs exactly when a = d. In particular, pAp is

not an algebra and thus p does not have MSQC.

On the other hand, the set X = P(A) N F(p) of all pure states in F'(p) consists exactly of ¢y,
11 and 9 which are given by

Son($) = tr(xnpn)) n=12...,
and
Yi(z) =a, o(x) =d,

0 . :
8 d)' Since ¢, — 3(¢1 +12) # 0, Xo = X U {0} is
discrete. Consider yp = (ynpn),—; in A**p given by

0 0 10
yn—<0 O),n—1,2,..., and yoo—(o 1>.

Now, the universally measurable elements pa*yp and px*xp are uniformly continuous on X for
all a in A but yp ¢ Ap =W,. O

where © = (z,,),-, € A and z =

Example 4.3. This example is based on the ones in [18] and [3]. It tells us that without
assuming p has MSQC or p is semiatomic, continuity on X cannot ensure zap € zAp.

Let A be a C*-algebra given by the exact sequence
0— @M, — A— C[0,1] — 0,

where M, is the C*-algebra of n x n matrices, n = 1,2,.... More precisely, if
1/n 0
2/n
hyn = . , m=1,2,...,
0 n/n)

then we can implement A as the family of bounded sequences a = (a,)52; such that ax = f €
C0,1], an € Myp, n=1,2,..., and ||an— f(hy)| — 0. Moreover, A** = (o M) @B C[0, 1]**.

11 ... 1
1o
Let p,, be the projection — | . . . in M, n=1,2,..., and po, = 1 in C[0, 1]**.
L
11
nxn
It is not difficult to see that p = (pp)52; is a closed projection in A** but p does not have

MSQC. Moreover, X = P(A)NF(p) = {pn :n=1,2,...} U{xs : t € [0,1]}. Here p,(a) =
tr(anpn), n=1,2,..., and x¢(a) = f(t), t € [0,1], for every a = (a,)22, in A with as = f in
C'[0,1]. Since

n

I

k=1

k
n

1
() = = 1) — [ sy

for every f in C10,1], we have

1
%@%Aﬂwt
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for every a = (an)go 1 in A with aso = f in C[0,1]. Let po = limep,. Note that for z =
( n)ol in A, oo (T fo gm(t) dt where zo, € C[0,1]* and g,, is the component of x in

L*>([0,1], m) for the Lebesgue measure m on [0,1] (cf. Example 4.1). It is then obvious that
X =P(A)NF(p) = X U{ps}. Since oo is diffuse, p is not semiatomic.

Consider the element © = (z,)72, of A** in which z, = 1in M,, n =1,2,..., and z in
C'[0, 1]** is such that the atomic part of o is 0 and the diffuse part of z is 1. It is easy to see
that for every a = (ay)22, in A, (pa*zp)n = (pa*p)n,n =1,2,..., the atomic part of (pa*zp)sc
is 0 and the diffuse part of (pa*zp)s is the same as (pa*p)o. In particular, pa*xp defines a
continuous function on X for each a in A and so does px*zp. But  does not even have a weakly

continuous atomic part modulo L** .

In fact, if there were a yp in W, such that zzp = zyp. It follows that the atomic part of
Yoo 18 0. For every continuous function f in C[0,1], we define an a = (a,)%; in A by setting
aso = f in C[0,1] and a,, = f(hy) in M,,n =1,2,.... Since yp is weakly continuous on F(p),
pa*yp = pbp for some b = (b)) in A. In particular, bs, = 0 in C]0, 1] since poo = 1 in C[0, 1]**
and the atomic part of a*y is 0. Hence

on(pa*yp) = pn(b) — @oo(b) = 0.

However,

en(pa*yp) = pn(pa*zp) = pn(a*w) = pn(a”)
since each (¢, is a pure state in F( ) and z, = 1 in Mn, n = 1,2,.... Now, the last term
of the equalities approaches to fo t) dt. Hence, fo dt = 0 for every continuous function

f in C|0,1] with complex conjugate f ( ), an absurdlty! Therefore, xp does not have a weakly
continuous atomic part. ]
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