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Abstract

The purpose of this paper is to construct two superimposed optimization meth-
ods for solving the mixed equilibrium problem and variational inclusion. We show
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1 Introduction

Let H be a real Hilbert space with inner product (-,-) and norm || - |. Let C be a
nonempty closed convex subset of H. Let B : C — H be a nonlinear mapping and
K : C x C — R be a bifunction. The equilibrium problem is to find an x in C such that

K(z,y)+ (Bz,y—z) >0, VyeC.

The theory of equilibrium problems provides us a natural, novel and unified frame-
work to study a wide class of applications. The ideas and techniques involved are being
used in a variety of diverse areas and proved to be productive and innovative. It has
been shown by Blum and Oettli [1] and Noor and Oettli [15] that variational inequal-
ities and mathematical programming problems can be viewed as special realizations of
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abstract equilibrium problems. Equilibrium problems have numerous applications, in-
cluding but not limited to problems in economics, game theory, finance, traffic analysis,
circuit network analysis and mechanics. There are a great number of numerical methods
for solving equilibrium problems under various assumptions on K and B. Please see,
e.g., [2,4,5,7, 11, 12, 13, 17, 18, 21, 24, 27, 28, 29, 31, 32, 33, 34].

In 1997, Combettes and Hirstoaga [6] introduced an iterative method solving equi-
librium problems, and proved a strong convergence theorem. Subsequently, Takahashi
and Takahashi [23], Yao, Liou and Yao [30], and Zeng and Yao [35] considered several
iterative schemes for finding a common element of the set of solutions of the equilibrium
problem and the set of common fixed points of a family of finitely or infinite many non-
expansive mappings. Moreover, Marino, Cianciaruso, Muglia and Yao [3] presented an
iterative method for finding common solutions of an equilibrium problem and a varia-
tional inequality.

On the other hand, let A : H — H be a single-valued nonlinear mapping and
R : H — 28 be a set-valued mapping. We consider the following variational inclusion,
which is to find a point x in H such that

0 € A(z) + R(z), (1.1)

where 0 is the zero vector in H. The set of solutions of problem (1.1) is denoted by
(A+ R)710. If H = R™, problem (1.1) becomes the generalized equation introduced
by Robinson [19]. If A = 0, problem (1.1) becomes the inclusion problem introduced
by Rockafellar [20]. Problem (1.1) provides a convenient framework for a unified study
of mathematical programming, complementarity, variational inequalities, optimal con-
trol, mathematical economics, equilibria, game theory, etc. Meanwhile, various types of
variational inclusion problems have been extended and generalized.

In this paper, we are interested in solving the equilibrium problem with those K
given by

K(z,y) = F(z,y) + G(z,y),

where F,G : C x C — R are two bifunctions satisfying some special properties (see
Section 2). This is the well-known mixed equilibrium problem, i.e., to find an x in C
such that

F(z,y) + G(z,y) + (Bx,y —x) >0, VyeC. (1.2)

The solution set of (1.2) is denoted by EP(F,G, B).

Recently, Zhang et al. [36] introduced a new iterative scheme for finding a common
element of the set of solutions of problem (1.2) and the set of fixed points of nonexpansive
mappings in Hilbert spaces. Peng et al. [16] introduced another iterative scheme by the
viscosity approximate method for finding a common element of the set of solutions of a
variational inclusion with set-valued maximal monotone mapping and inverse strongly
monotone mappings, the set of solutions of an equilibrium problem, and the set of fixed
points of a nonexpansive mapping. For more related works, please see also, [8, 9, 10].

Motivated and inspired by the above works, the purpose of this paper is to construct
two superimposed optimization methods for solving the mixed equilibrium problem and
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variational inclusion. Consequently, we show that the suggested superimposed methods
converge strongly to a solution of some optimization problem. Note that our methods
do not use any projection.

We would like to express our deep thanks to the referees. With their valuable com-
ments and suggestions, we have made several improvements in the final version.

2 Preliminaries

Let H be a real Hilbert space with inner product (-,-) and norm || -|. We write x,, = z

and z, — z for the weak and strong convergence of {z,} to z in H, respectively. The

set of fixed points of a mapping 7" on a subset C of H is Fix(T) = {x € C' : Tx = x}.
Let R be a mapping of H into 27. The effective domain of R is

dom(R) = {x € H : Rz # (}}.
A multi-valued mapping R is said to be a monotone operator on H if
(x —y,u—v) >0, Vax,y € dom(R),Vu € Rx,Yv € Ry.

A monotone operator R on H is said to be maximal if its graph is not strictly contained
in the graph of any other monotone operator on H. Let R be a maximal monotone
operator on H and let R710 = {z € H : 0 € Rx}.

For a maximal monotone operator R on H and A > 0, we may define a single-valued

operator
JE=T+\R)"': H — dom(R),

which is called the resolvent of R for A. It is known that the resolvent J f is firmly
nonexpansive, i.e.,

[T — I{y|? < (Jfz — Ty, 2 —y), Va,yeC,

and R~10 = Fix(J&) for all A > 0.
Let C' be a nonempty closed convex subset of real Hilbert space H. Recall that a
mapping S : C' — C is said to be nonexpansive if

ISz — Syl < |l —yll, Va,yeC.
A mapping A : C — H is a-inverse-strongly monotone if there exists a > 0 such that
(Ax_Ay7$_y> > OCHA.TJ—AyHQ, V$7y€ C.

It is clear that any a-inverse-strongly monotone mapping is monotone and é—Lipschitz
continuous.

Throughout this paper, we assume that two bifunctions F,G : C' x C' — R satisfies
the following conditions:
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F(z,z) =0 for all z in C;
F is monotone, i.e., F(z,y) + F(y,x) <0 for all z,y € C,
for each x,y, z in C, we have limsup,_,o+ F(tz + (1 — t)z,y) < F(z,y);

for each z in C, the function y — F'(z,y) is convex and weakly lower semicontin-
uous.

G(z,z) =0 for all z in C,

G is convex in the second variable.

For fixed 1 > 0 and « in C, there exists a bounded set K C C and a in K such
that

)
G is monotone, and weakly upper semicontinuous in the first variable;
y
)
)

1
—F(a,z)—{—G(z,a)—i—;(a—z,z—x} <0, VzeCO\K.

Lemma 2.1. (/3]) Let C be a nonempty closed convex subset of a real Hilbert space H .
Let F,G : C x C' — R be two bifunctions which satisfy conditions (F1)-(F4), (G1)-(G3)
and (H). Let ;1 > 0 and x € C. Then, there exists a unique z := T,z in C such that

1
F(Z,y)+G(Z,y)+;<y—Z,Z—.’IJ>ZO, VyeC

Furthermore,

(i) The single-valued map T, thus defined is firmly nonexpansive, i.e., for any x,y in
H, we have
||TMZL‘ - T,uy||2 g <T,U«$ - Tuy,x - y>7 Vl’,y € H.

(it) EP(F,G,0) is closed and convez, and EP(F,G,0) = Fix(T}).

Lemma 2.2. ([14]) Let C be a nonempty closed conver subset of a real Hilbert space
H. Let a mapping A : C — H be a-inverse strongly monotone and A > 0 be a constant.
Then, we have

I = AA)z — (I = AA)y[? < llz = y[* + AA - 20) Az — Ay|f*, Vz,y e C.
In particular, if 0 < X\ < 2a, then I — AA is nonexpansive.
Lemma 2.3. (/26]) Assume {ayn} is a sequence of nonnegative real numbers such that
an+1 < (1 —vp)an + On,
where {yn} is a sequence in (0,1) and {d,} is a real sequence such that
(1) > oniq T = +00;
(2) limsup,, o On/1m <0 or Y07 |0n] < 4o00.

Then lim,, .o an = 0.
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3 Results

Let C be a nonempty closed and convex subset of a real Hilbert space H. Let A, B be
two nonlinear operators of C' into H. Let R be a maximal monotone operator on H with
the resolvent J& = (I + AR)™L. Let F,G : C x C — R be two bifunctions. Set

I':= EP(F,G,B)n(A+R)"0.
We consider the following optimization problem:
min{||z| : x € '}, (3.1)

the least-squares solutions to the constrained linear inverse problem.
Throughout, we assume I' # () together with the following conditions.

1) 0<a<A<b<2aand 0 <c<pu<d< 283 are all constants.

2) A, B are «, f-inverse strongly-monotone mappings of C' into H, respectively.

3) The effective domain of R is included in C.

(1)
(2)
3)
(4)

4) F and G satisfy conditions (F1)-(F4), (G1)-(G3) and (H).

Let T}, be the single-valued firmly nonexpansive map defined in Lemma 2.1. It is
easy to see that
2=T,(I —puB)z = JHI —\A)z, Vzel. (3.2)

In order to solve (3.1), we introduce the following superimposed optimization method:

A
2= Tu(I = pB) (1 =) = M)z, t€ (0,1 ).

Note that the net {x;} above is well-defined. More precisely, for any ¢ in (0,1 — ﬁ),
we define a mapping

Sy :=T,(I — uB)JE((1 — )T — MA).
Since T}, J, I — uB and I — ﬁA (see Lemmas 2.2 and 2.2) are all nonexpansive, we
have, for any x,y in C,
IS = Syl = || TulT = wB)I((L = )1 = Ay = T (I = uB)JF((1 = I = M)y
(1 =81 = AA)z — (1 = )] = AA)y|

(1= 0)l(e — 2 An) — (g — =2 Ay)|

(1 =t)]z -yl

I IA

IN

Thus, the mapping .S; is a contraction on C, and consequently there exists a unique fixed
point z; of S; in C.
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Theorem 3.1. The net {x;} defined by
A
— %) (3.3)

converges strongly, ast — 07, to the unique point z* in T of minimum norm. Moreover,
we have

xy = T,(I — uB)JE((1 — ) — AA)zy, t€ (0,1

lz*|? < (2*,2), Vzel.
Proof. Step 1. We first show that {z;} and {Az:} are both uniformly bounded, and
lim ||Azy — Az|| =0, Vzel. (3.4)
t—0+
Let z € I'. Note that
2= IRz = M2) = IE (82 + (1= 1)( = M2/(1 - 1)) ).
From (3.2), (3.3), the nonexpansivity of T),, J&, I — uB and I — AA/(1 —t) (Lemmas
2.1 and 2.2), and the convexity of || - |2, we obtain

E
— | Tu(I = uB)JL((1 = )] — M), — Tu(I — puB)z?

2
< J/]\%((l —t)ay — )\Aact> - z” (3.5)
- Jf((l ~ ) — M /(1 — t))) _JER (tz F(1—t)(z— Az/(1 - t))) H2
< ((1 ) (@ — M/ (1 — t))) - (tz b (1—t)(z— AMz/(1 - t))) H2
= =0 (@~ Adw /(- 1) — (- Aaz/1 - 1) + t(—z)H2 (3.6)
< (L= t)|[(ze — Mz /(1 — 1)) — (2 = AMz/(1 = 1))|1* + ]| 2] (3.7)
< (1 =t)[lze — 2% + ¢|=))?

It follows that
|zt — 2] < ||=||-

Therefore, {z;} is bounded. Since A is a-inverse strongly monotone, it is é—Lipschitz
continuous. We deduce immediately that {Az;} is also bounded.
On the other hand, from the a-inverse strong monotonicity of A, we derive
(e = Azt /(1 = 1)) = (2 = AMz/(1 = 1))|
= |l(w = 2) = MAz, — Az) /(1 = 1)|?
2\ A2

_ _ 12 _ _ _ 2
= ||z — 2| T t(Axt Az xy — 2) + e |Az: — Az||
200\ A2
< — 2 = == _ 2, N _ 2
< o= 2 = L5 A — Azl + g A — 42
A
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It follows from (3.7) and (3.8) that

A
oo = 217 < (1= ) (o = 212 + 52 (A= 201 = D) Az, — Az|]?) + ] 21
-0
Consequently,
A 2 2 +
Ty (20— = VllAw = AsfP < el — 0, ast— 0",
As a result,

lim ||Az; — Az|| = 0.
t—07+

Step 2. Next, we show

lim th — J/{D”((l —t)zy — )\A:ct> H =0. (3.9)

t—0t

Using the firm nonexpansivity of J f, for any z in I" we have

HJ{"“((l )y — )\A:vt> - 2H2
- HJf((l ) — AAxt> - Jf(z - )\Az) H2
< <(1 — t)zy — Mz — (2 — Az), Jf((l — t)ay — )\A:ct> - z>
_ %(H(l — )~ Ay — (2= M) + [ (0~ - AA) - zH2
—H(1 — t)zy — M Azy — AAz) — Jﬁ(u )z — /\Axt) HQ)
By the nonexpansivity of I — AA/(1 — t), we have

(1 = t)ay — Mz — (2 — MAz)||?
(1 = )((we — Az /(1 = ) = (2 = A2/(1 = 1)) + t(=2) |

< (1= B)l(m — M /(1= £) — (2 = A2/ (1 — )]2 + t] 2|
s e ] o
Thus,
2
HJf((l — )z — )\Awt) - zH
1 2
< (@ =Blae =202 + el + | IR = 2 — Adw) — |

[ =ty = (0 - )~ A )~ A(Az Az)H2>.
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This together with (3.5) gives

e — 2|1
< HJf((l —t)zy — )\Axt) - zH2
< (1=t — 22+t = |1 = t)w - Jf(u — )z, — )\Agct) — A Az — Az)HQ
2
= (1= )l — 2 el = [ (1= e — IR = By — A, H
+2)\<(1 - Jf‘((l - )\A:ct),Axt - Az> ~ON2|| Az — Az|?
2
< (1=t — 22+t = || = )z — Jf((l )y — )\Axt> H
+2)\H(1 ~ )z — Jf((l - )\Axt) H | Az; — Az]]. (3.10)
Hence,

=ty = (0~ D — 2w H2

< t|z)? + 2)\H(1 )z — Jff(u )z — )\Axt> H | Azy — Az]].
Since ||Az; — Az|| — 0 as t — 0" by Step 1, we deduce

lim
t—0+

(1 - t)a — Jf((l —t)w — )\Axt> H —0.
Therefore,

lim th — Jf((l — )z — )\Axt> H = 0.

t—0t

Step 3. We show that ||z — T,,(I — pB)z¢|| — 0 as t — 0%,
Set

A
Uy = Jﬁ((l — t)a:t - AAl’t), Vit € (O, 1-— 5)

Then by (3.3),
Ty = T/»L(I — uB)ut

It follows from Step 2 and the nonexpansivity of T, and I — uB that

o — Tl — pB)asl| = T — uByur — Tu(I — puB)as|

< Hut*l‘tH — 0.

Step 4. We show that {z;} strongly converges to the unique point z* in I of minimum
norm as t — 0.
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From (3.6) and the nonexpansivity of I — 25 A, we have

|zt — 2|]> < H(l — t)((xt -1 i cAw) = (2 - IL—tAZ)) B tsz

= (1| - %_tA:nt) . %_tAz)Hz

A\ by
“21(1 — t)<z, (w0 = 7o Awe) — (2 = 1—_tAz)> + 222

< (1 =02z — 2|2 —2t(1 — t)<z,xt ~ Az — Az) — z> 22|

1—1t
Y
_ _ _ 12 _ _ _ _ _
— (1—20)||z — 2| +2t{ 1 t)<z,:ct " (Aay — A2) z>}
HE (|20 + e — 2[).

It follows that

A t
loe =212 < —(zm = 7o (An = A2) = 2) + Z(=)2 + Il — 2|2
A
-|-tHzHHq:t - m(Axt — Az) — zH
A
< —<z,xt - m(Axt —Az) — z> + tM. (3.11)

Here, M is some constant such that

2012 + |z — 2|

A
2 )"

200

+ ||Z||H:Et - %(Amt —Az) — zH <M, Vte(0,1-

Let z* be any weak™® cluster point in C' of the bounded net {z;} as ¢t — 0. Assume
tn, — 0% in (0,1 — ﬁ) as n — oo, and xy, — z*. Put x, := x4, and u, := uy,. From
(3.11), we have

zn — 2|2 < —<z,$n - (Azy — Az) — z> +t,M, Vzel. (3.12)

1—-t,
Now we show z* € EP(F,G, B). Setting

v =TI — puB)xy,
for any y in C' we have

1
F(vn,y) + G(vn,y) + ;<y — Un, Up — (Tn — pBxy)) > 0.

From the monotonicity of F', we have

Un — Tn

G(vn,y) + (y — v, + Bzy,) > F(y,v,), VyeC. (3.13)
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Put zgs = sy + (1 — s)z* € C for s in (0,1] and y in C. It follows from the [-inverse
strongly monotonicity of B and (3.13) that

Zs — Up, Bzg — Bxy) + (Bxp, 25 — Up)

Y

1
Zs — vanZs - B$n> + F(Zs,vn) - G(Uny Zs) - *<Zs — Un, Un — xn)
Zs — Up, Bzs — Buy) + (25 — vy, Bu, — Bay)

1
+F(337 Un) - G(Una Zs) - ;<Zs — Un, Un — xn>

1
> (25 — Vp, Bup, — Bxy) + F(zs,vn) — G(vp, 25) — E<ZS — Up, Up — Tp). (3.14)

Note that ||Bv, — Bz, < %an — x| — 0 by Step 3, and also that v, — z* weakly.
Letting n — oo in (3.14), we have from the assumptions (F4) and (G2) that

(zs — ", Bzs) > F(z5,2") — G(z¥, z5). (3.15)

From (F1), (F3), (G1), (G2), (G3) and (3.15), we also have

0 = Fl(zs,25) +Gl(zs, 25)
< sF(zs,y) + (1 — 8)F(zs,2%) + sG(2s,y) + (1 — 8)G(zs, )
< sF(zs,y) + 5G(26,y) + (1= 8)[F(z,27) — G2, 2)]
< sF(zs,y) + $G(z6,y) + (1 — 5)(2s — 27, Bzy)
= s[F(zs,y) + G(zs,y) + (1 = s)(y — 27, Bzs)],
and hence

0 < F(zs,y) + G(zs,y) + (1 — s)(Bzs,y — a*). (3.16)
Letting s — 07 in (3.16), we have, for each y in C,
0< F(2",y) +G(a"y) +(y — 2", Bz"), Vyel

That is, 2* € EP(F,G, B).
Further, we show that x* is also in (A + R)~!0. Let v € Ru. Setting

Uy = JE((1 = tp)z, — Mxy), VYn=1,2,...,
we have

—t U
"2y — Azp — — € Ruy,.

1
(1 —ty)zy — Nz, € (I + AR)u,, =
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Since R is monotone, we have, for (u,v) € R,

1—
< tnxanxnf@fv,unfu>20

A A
= (1 —tp)xn — AMzp — up — Av,uy —u) >0
1 tn
= <A:cn—i—v,un—u>§X(acn—un,un—w—X(:cn,un—u)
1 tn
=  (Az" 4+ v,uy —u) < X<$n — Up, Uy, — U) — X(:cn,un —u) + (Ax* — Azp,up — u)

t *
= unlllun = ull + SEllzalllun = ufl + [[Az” = Az |[[un = ul].
It follows that
. . 1 tn
(A2 4 .a" —u) < e — unlln — ] + 2l — ]

+]|Ax™ — Axy||||un — ul] + (Az* + v, 2" —uy,).  (3.17)
Since (z,, — z*, Az, — Az*) > a||Ax, — Az*||?, Az, — Az and x,, — z*, we have
Az, — Azx™. (3.18)

We also observe that ¢, — 0, ||z, — un|| — 0 (Step 1), and thus u, — z*. From (3.17),
we derive

(—Az™ —v, 2" —u) > 0.

Since R is maximal monotone, we have —Ax* € Rz*. This shows that 0 € (A + R)z*.
Hence, we have z* € EP(F,G,B)N(A+ R)~'0=T.
At this moment, we can substitute z* for z in (3.12) to get
A
1-1,

|zn — 2*||? < —<az*,xn— (Ax,, — Az™) —x*>+tnM.
Consequently, the weak convergence of {z,} to z* actually implies that x,, — x* by
(3.18).

Finally, we return to (3.12) again and take the limit as n — oo to get

lo* = 2)* < —(z,2% = 2), VzeT.
Equivalently,
lo*| < (2, 2), VzeT. (3.19)
This clearly implies that
2| < [lzll, VzeT.

This together with (3.19) implies that z* is the unique element of I' of minimum norm.

If 2/ is an other weak cluster point of the net {z;} as t — 0T, we will also see that
2’ is in T’ with [|2/|] = ||2*|. Then (3.19) implies 2’ = z*. This ensures that 2y — z in
norm as t — 0. O
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Theorem 3.2. Let yg € C. Define
Y1 = Tp(I — puB)JFH((1 — an)] — AA)y,, Yn=1,2,.... (3.20)
Here, {ay,} is a sequence in (0,1 — %) satisfying conditions
(i) limy, ooty = 0 and Y7 oy = +00;
(7) limy, oo Oé;—:l =1.
Then the sequence {yn} converges strongly to the unique point =* in T’ of minimum norm.

Proof. Step 1. Arguing in parallel to the proof of Theorem 3.1, we first show that both
{yn} and {Ay, } are uniformly bounded, and

lim [|Ay, — Az|| =0, VzeTl.
n—oo

Take any z in I'. Note that JP(z — AAz) = JP (anz +(1—ap)(z—AAz/(1 — an)))
foralln =1,2,.... As in deriving (3.7), we have

- 2m) |

e

< (1= an)llyn — 201 + anl2[*.

IN

|Ayo — A2]2) + anll2)?  (321)

From (3.20) and (3.21), we have

[nsr =21 = NTu( = pB)JR((1 — an)I = M)y, — T,(I - puB)z|?
< (= anyn = My ) 2| (3.22)
< (1= an)llyn — 22 + an2l)?
< max{[lya — 2| [2]%}.

By induction

[yn — 2] < max{|yo — |, |[2][}-

Therefore, {y,} is bounded. Since A is a-inverse strongly monotone, it is é—LipSChitZ
continuous. We deduce immediately that { Ay} is also bounded.
From (3.20) and Lemma 2.2, we have

Yn+1 = yull
T (T = uB) T (1 = an)T = AA)yn — Tp(I — pB)JF((1 = an—1)T — M)y, 1|

< (L = @) = M)y, — (1= an-1)] = M)y

— 0 = ) (T = AA/(L = @)y — (1= an)(I = AA/(1 = @)1 + (@n-1 — )y
< (1= )l = AA/(1 = @)y — (1= ) = AA/(L = an))gacr ]| + | — il gt
< (1= 0l — ot | 4 o = cvca sp el
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It follows from Lemma 2.3 that

lim |[ynt1 — yall = 0. (3.23)
n—oo
By (3.21) and (3.22), we obtain
2 2 A 2 2
lyn+1 = 27 < (1 —an)llyn — 2[° + W()\ = 2(1 — an)a)||Ayn — Az[|” + anll2|".
n
Therefore,
(21— an)a— XAy, — Az
E— — Qp)a — — Az
< lyn = 2117 = lyntr = 211 + an(ll21? = llya — 2[1?)
< Mntr = vnll(lgn = 20 + llynsr = 2l + an(l121? = [lyn — 211%)
— 0.

This implies that
lim ||Ay, — Az|| = 0.
n—oo

Step 2. Next, we verify

Yn — I3 (1 — an)I — M)y, || = 0.

lim
n—oo

Using (3.22) and as deriving (3.10) in the proof of Theorem 3.1, we have
2 R 2
[Yn41 — 2[I7 < HJA ((1 — Q)Y — >\Ayn> - ZH

< (U= an)llyn — 2l + anll2)2 = [[(1 = an)ya = T ((1 = @n)yn — Mya)

+2)‘H(1 - O‘n)yn - J)]\%((l - an)yn — )\Ayn) ‘||Ayn — AZH

‘ 2

Hence,

’ 2

H(l — Qn)Yn — Jf((l — Qn)Yn — )\Ayn>

< g = 217 = g = 202 + @121 = g — =1
+22(1 = an)ym = IE((1 = @)y — Ay ) 114y - 42
< lyn = 20+ lynsr = 2 gnss = wall + an(l2I2 = llgn — 21

+2)\H(1 — Q) Yn — Jf((l — Q) Yn — /\Ayn)

4y — Az

Since ay, — 0, ||Ynt+1 — ynll — 0 by (3.23) and ||Ay, — Az|| — 0 by Step 1, we deduce

n—oo

lim H(l —ap)Yn — J/{z((l — ap)Yn — )\Ayn>

‘:o.
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Therefore,

lim Hyn - Jf((l — ap)Yn — )\Ayn>

n—oo

‘ ~0.
Step 3. We next show that
lim (jy, —T,.(I = pB)ya| = 0.
n—oo
Set
Uy = JE((1 = a)yn — Myyn), Yn=1,2,....

Then
Ynt1 =TI — pB)uy, Vn=1,2,....

It follows from Step 2 that

Y41 = TuI = uB)ynll = Tu(I — pBun — Tp(I — pB)yn||
< un = yal — 0.

By (3.23) we see that
1yn = Tu(I = pB)ynl — 0.

Step 4. We show that y, — z* which is the unique element in I' with minimum norm
(as given in Theorem 3.1).

Let {yn, } be a subsequence of the bounded sequence {y,} weakly converging to some
Z in C. By a similar argument as that of Step 4 in the proof of Theorem 3.1, we can
show that & € I'. It follows from Theorem 3.1 that

klim (* yn,, — %) = (&, & — 2*) = (¥, ) — ||=*|* > 0.
—0Q0

As this holds true for all weakly convergent subsequences of {y,}, we can conclude that
liminf, o (x*, y, — 2*) > 0. Since y,, — u,, — 0 by Step 2, we also have

lim inf(z*, u, — ™) > 0. (3.24)

k—o0

Using the firmly nonexpansivity of J f and the nonexpansivity of I — ﬁA, we get

e — 2|2

2
HJf((l — Qp)Yn — )\Ayn> — J/]\%(m* — AAzx™)

< (1= apn)yn — My, — (2% — NAx™), up, — x™)

= (1—an)(yn — Muyn/(1 — ap) — (2™ = MNAx™ /(1 — ap)), up — %) — ap (™, upy — ™)
< (A =an)llyn — Ayn/(1 — an) = (2" = A2 /(1 — an))[lun — 27| — an(2®, up — 2¥)
< (L= an)llyn — 2™ |[Jun — 27| — an ™, un — 27)

< IS g — 2P g Jun — 2 I — ande”, un — 27
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It follows that
lun — 2|2 < (1 = an)lyn — 2*|* = 20 (2", un — 2*).
Therefore, by (3.22) we have

[ lun — 2|2

<
< (1= an)llyn —2*|* = 20n (2", up — 2).

Applying Lemma 2.3 with (3.24) to the last inequality, we deduce y,, — z* as asserted.
O

Remark 3.3. We note that in Theorems 3.1 and 3.2, we add an additional assumption:
the effective domain of R is included in C. This assumption is indeed not restrictive.
The readers can find an example which satisfies this assumption in [25].

Remark 3.4. In Theorem 3.1, we have proved the facts that lim; o4 [[Ax; — Az|| =
0,Vz € I'(by (3.4)) and lim;_,o4 x; = x*. Thus, we deduce immediately that the image
of T under A consists of exactly one point Az*, that is, A(T') = {Az*}.

This fact brings us a question: whether or not A(I') = {Az*} implies I is a singleton
set.

The answer is no. We give here an example to clarify this point. Let T': C' — C
be a nonexpansive mapping with a nonempty fixed point set Fix(T"). It is easy to see
that I — T is monotone and Lipschitzian. If we take A = I — T and I" = Fix(7T), then
AI) = {Axz*} = {0} for any fixed point z* of T'. However, Fix(T") can contain more
than one points, in general.

We end this paper with an example showing that the set
I' = EP(F,G,B)N(A+ R)~'0.

can be nonempty in our setting.
Example 3.5. Let C = H =R. Let F,G: C' x C' — R be defined by

F(z,y)=z—y and G(z,y)=0, Vz,yecC.
Let A, B : C — H be defined by
Ar =—-1 and Bz =max{0,z}, VxeC.
Define R : H — 21 by

Rz ={z}, VzeH.

Clearly, F, G satisfy conditions (F1)-(F4) and (G1)-(G3). For condition (H), we can
set a = x and K = [z, 2+ p]. On the other hand, by setting & = 3 = 1, we see that A, B
are «, B-inverse strongly-monotone from C into H, respectively. The effective domain of
the maximal monotone operator R is C. So all the assumptions on A, B, F,G and R in
Theorems 3.1 and 3.2 are satisfied.
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In this case, it is easy to see that EP(F,G, B) = {1} and
(A+R)0={recC:0cAz+Rx}={zcC:0c{-1+x}}={1}.

Hence, I' = EP(F,G,B) N (A+ R)~'0 = {1} is nonempty.
Let A, v € (0,2). It is straightforward to obtain

Jfr=2/1+)) and T,x=x+pu VeeHuzxecC.

Direct computation gives

B A+
A p+t(l—p)

t . Vte (0,1—A/2),

as given in Theorem 3.1. Ast — 0T, we see that x; — 1, which is the unique point in T'.
Similarly, with the positive null sequence {a,,} given in Theorem 3.2, we have

(l_an)yn+)\
1+ A

It is not difficult to see that y,, — 1, the unique point in I'.

Ynt1l = (1—p)+p, Vn=0,1,2,....

Acknowledgments

Yonghong Yao was supported in part by NSFC 11071279 and NSFC 71161001-G0105.
Yeong-Cheng Liou was partially supported by the Taiwan NSC grant 101-2628-E-230-
001-MY3. Ngai-Ching Wong was partially supported by the Taiwan NSC grant 99-2115-
M-110-007-MY 3.

References

[1] E. Blum and W. Oettli, From optimization and variational inequalities to equilib-
rium problems, Math. Stud. 63 (1994), 123-145.

[2] L. C. Ceng, S. Al-Homidan, Q. H. Ansari and J.C. Yao, An iterative scheme for equi-
librium problems and fixed point problems of strict pseudocontraction mappings,
Journal of Computational and Applied Mathematics, 223 (2009), 967-974.

[3] F. Cianciaruso, G. Marino, L. Muglia and Y. Yao, A hybrid projection algorithm for
finding solutions of mixed equilibrium problem and variational inequality problem,
Fized Point Theory and Applications, 2010(2010), Article ID 383740, 19 pages.

[4] O. Chadli, N. C. Wong and J. C. Yao, Equilibrium problems with applications to
eigenvalue problems, J. Optim. Theory Appl., 117(2003), 245-266.

[5] V. Colao and G. Marino, Strong convergence for a minimization problem on points of
equilibrium and common fixed points of an infinite family of nonexpansive mappings,

Nonlinear Anal., 73(2010), 3513-3524.



Superimposed optimization methods 17

[6]

P. L. Combettes and S. A. Hirstoaga, Equilibrium programming using proximal-like
algorithms, Math. Program. 78(1997), 29-41.

P. L. Combettes and A. Hirstoaga, Equilibrium programming in Hilbert spaces, J.
Nonlinear Convexr Anal. 6 (2005), 117-136.

F. Giannessi, A. Maugeri, and P. M. Pardalos, Equilibrium Problems and Varia-
tional Models, Kluwer Academic Publishers, (2001).

F. Giannessi, P. M. Pardalos, and T. Rapcsak, New Trends in Equilibrium Systems,
Kluwer Academic Publishers, (2001).

R. P. Gilbert, P. D. Panagiotopoulos, P. M. Pardalos, From Convexity to Noncon-
vexity, Kluwer Academic Publishers, (2001).

I. V. Konnov, S. Schaible and J. C. Yao, Combined relaxation method for mixed
equilibrium problems, J. Optim. Theory Appl., 126 (2005), 309-322.

A. Moudafi, Weak convergence theorems for nonexpansive mappings and equilib-
rium problems, J. Nonlinear Convex Anal. 9 (2008), 37-43.

A. Moudafi and M. Théra, Proximal and Dynamical Approaches to Equilibrium
Problems,in: Lecture Notes in FEconomics and Mathematical Systems vol. 477,
Springer, 1999, pp. 187-201.

N. Nadezhkina and W. Takahashi, Weak convergence theorem by an extragradient
method for nonexpansive mappings and monotone mappings, Journal of Optimiza-
tion Theory and Applications 128 (2006), 191-201.

M. Aslam Noor and W. Oettli, On general nonlinear complementarity problems and
quasi equilibria, Mathematiche (Catania), 49 (1994), 313-331.

J. W. Peng, Y. Wang, D. S. Shyu and J. C. Yao, Common Solutions of An Iterative
Scheme for Variational Inclusions, Equilibrium Problems and Fixed Point Problems,
Journal of Inequalities and Applications, 2008 (2008), Article ID 720371, 15 pages.

J. W. Peng and J. C. Yao, A new hybrid-extragradient method for generalized mixed
equilibrium problems and fixed point problems and variational inequality problems,
Taiwanese Journal of Mathematics, 12 (2008), 1401-1433.

X. Qin, Y. J. Cho and S. M. Kang, Viscosity approximation methods for generalized
equilibrium problems and fixed point problems with applications, Nonlinear Anal.,
72 (2010), 99-112.

S. M. Robinson, Generalized equation and their solutions, part I: basic theory, Math
Program. Study 10 (1979), 128-141.

R. T. Rockafella, Monotone operators and the proximal point algorithm, SIAM
Journal of Control and Optimization 14 (1976), 877-898.



18

[21]

[22]

[26]

[27]

[28]

Yao, Liou and Wong

S. Saewan and P. Kumam, A modified hybrid projection method for solving gen-
eralized mixed equilibrium problems and fixed point problems in Banach spaces,
Comput. Math. Appl. 62 (2011), 1723-1735.

Y. Shehu, Strong convergence theorems for nonlinear mappings, variational inequal-
ity problems and system of generalized mixed equilibrium problems, Math. Comput.
Modelling, 54 (2011), 2259-2276.

S. Takahashi and W. Takahashi, Viscosity approximation methods for equilibrium
problems and fixed point problems in Hilbert spaces, J. Math. Anal. Appl. 331
(2007), 506-515.

S. Takahashi and W. Takahashi, Strong convergence theorem for a generalized equi-
librium problem and a nonexpansive mapping in a Hilbert space, Nonlinear Anal.
69 (2008), 1025-1033.

S. Takahashi, W. Takahashi and M. Toyoda, Strong convergence theorems for max-
imal monotone operators with nonlinear mappings in Hilbert spaces, J. Optim.
Theory Appl., 147 (2010), 27-41.

H. K. Xu, Iterative algorithms for nonlinear operators, J. London Math. Soc. 66
(2002), 240-256.

Y. Yao, Y. J. Cho and R. Chen, An iterative algorithm for solving fixed point prob-
lems, variational inequality problems and mixed equilibrium problems, Nonlinear

Anal., 71 (2009), 3363-3373.

Y. Yao, Y. J. Cho and Y. C. Liou, Algorithms of common solutions for variational
inclusions, mixed equilibrium problems and fixed point problems, Furopean J. Op-
erational Research, 212 (2011), 242-250.

Y. Yao and Y. C. Liou, Composite algorithms for minimization over the solu- tions
of equilibrium problems and fixed point problems, Abstract and Applied Analysis,
Volume 2010 (2010), Article ID 763506, 19 pages, doi:10.1155/2010/763506.

Y. Yao, Y. C. Liou and J. C. Yao, Convergence theorem for equilibrium problems
and fixed point problems of infinite family of nonexpansive mappings, Fized Point
Theory Appl. 2007 (2007), Article ID 64363, 12 pages.

Y. Yao, Y. C. Liou and J. C. Yao, New relaxed hybrid extragradient method for fixed
point problems, a general system of variational inequality problems and generalized
mixed equilibrium problems, Optimization, 60 (2011), No.3., 395-412.

Y. Yao, M. Aslam Noor and Y. C. Liou, On iterative methods for equilibrium
problems, Nonl. Anal., 70 (2009), 497-507.

Y. Yao, M. A. Noor, Y. C. Liou and S. M. Kang, Some new algorithms for solving
mixed equilibrium problems, Comput. Math. Appl., 60 (2010), 1351-1359.



Superimposed optimization methods 19

[34] Y. Yao, M. Aslam Noor, S. Zainab and Y.C. Liou, Mixed equilibrium problems and
optimization problems, J. Math. Anal. Appl., 354 (2009), 319-329.

[35] L. C. Zeng and J. C. Yao, A hybrid iterative scheme for mixed equilibrium problems
and fixed point problems, J. Comput. Appl. Math., 214 (2008), 186-201.

[36] S. S. Zhang, H. W. Lee Joseph and C. K. Chan, Algorithms of common solutions
for quasi variational inclusion and fixed point problems, Applied Mathematics and
Mechanics Engl. Ed. 29 (2008), 571-581.



