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Abstract   

If the solutions of a dynamic partial differential equation are couple, there are lots of troubles 

to deal with it. A process on decouple of fast and slow dilational waves to solve the Biot’s 

two-phase dynamic partial differential equation with decomposition the δ  function was been 

shown in this paper. There are the results of solving equation in paper, these results are compared 

with previous solutions. The situation of good agreement of both is not only to express that the 

results obtained in this paper are right, and indicate that a performing decomposition δ function 

may be effective and convenient to solve the partial differential equation sometime. 
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Introduction  

There are lots of achievements obtained by dint of a generalized function δ  to solve the 

dynamic partial differential equation [1--3]. However, if the solutions of a dynamic partial 

differential equation are coupling, then we may face a lot of troubles when we use thisδ function 

to deal with [4, 5]. In this aspect, Biot’s dynamic equations of a two-phase saturated medium are the 

most typical [6, 7]. Biot’s dynamic equations of a two-phase saturated medium play an important 

role in soil dynamics [8—11], seismic engineering [12, 13], and geophysics [14—16]. Because of the 

existence and coupling of two dilational waves on solutions of Biot’s dynamic equations of a 
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two-phase saturated medium, the ordinary potential decomposition is inability, so that Chen.J 

attained the results based on the continuation of the solution of partial differential equation with 

δ  inhomogenous term and the discontinuous of the first-order derivation of that until the end of 

last century [4, 5]. Chen’s solution is extremely complex. If we can decompose the δ  function in 

Biot’s two-phase dynamic partial differential equation, we can decouple fast and slow dilational 

waves also [17, 18], then make use of potential decomposition to solve the problems conveniently.  

1. The solutions on Biot’s two-phase dynamic partial differential equations  

1.1 the ordinary solution  

Biot’s equation can be written as follows [4, 5] 
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where , , .c Mλ µ α are the mechanics parameters, iu  is the displacement of solid skeleton in 

i direction, 2 2( d / d )iu u t= iw is the average displacement of the fluid-phase relative to the 

solid-phase in i direction( 0 ( )i ii U uw β= − with iU  denoting the average displacement of 

fluid, 2 2=d / diw w t ). ,
f

ρ ρ are the material density of the two-phase and the flow-phase 

respectively; ikmδ  is the permutation tensor. The form of Laplace transmit on Eqn.(1) is： 
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Eqn.（3）is got from Darcy’s law, where , 1, 2,3i j = ,the tilde denotes the Laplace transformation, 

1 f sη α ρ ζ= − , 2 f sη α ρ ζ= − , 2
2 f sρ ρ ρ ζ= − , ( )( ) 1

1/ msζ κ
−

= + ,κ is the permeability, 

m  is the fluid of a unit volume, and s is the Laplace transform parameter. Equation(2) and (3) 

are nondimensionalized by using the parameters [4, 5]: 
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where 1α  is the velocity of fast dilatinal wave, we define a dimensionless displacement and pore 

pressure through, next: 
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The nondimensional form for the field Eqn. (2) and the energy Eqn.(3) is then 
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where iF  and Γ  are nondimensionalized body force and fluid source injection, and 
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Equation (2) and (3) can be written as follows [4, 5]: 
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So Equation (8) is as [4, 5]: 
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Nondimensionalized Equation (8) can be expressed as [4, 5] 
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For Eqn.(10), 1 2* * * *fc c sα ρ ζ= = − . Consequently, we get [4, 5]: 

( ),x s ϕ= ∂G B*                                       (11) 

The solution in time domain of Eqn (11) with the inverse of Laplace transformation under a 

Heavide force is follows [4, 5]: 
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where 0I  and 1I are the zero and first order of bassel’s function respectively. αη ， βη  are the 

dissipation factor of dilational and distortional wave, respectively. 2α andβare the velocity of 

slow dilational and distortional wave respectively. The meanings of the residual marks in 

Eqn.(12) can refer to Appendix 1 

1.2 the decomposition of Generalized functionδ  



For Eqn (1), when iu  and iw  are components of the non-divergence field, we can derive the 

following[17]: 
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For the non-curl field, the components iu  and iw  can be written as  
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and  
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Substituting Eqns. (13) and (14) into Eqn. (1), we obtain the following[17]: 
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Introduction a generalized function ( )δ r , ( ) ( )δ δ= −r x ς , ix  and iς  are the respective 

components of x  and ς , the coordinates of the field point and the source point, respectively. 

Thus, Eqn. (15) becomes 
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The Fourier transform of Eqn. (17) is 
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For cω ω< ，where cω  is a cut off frequency                   ，and low frequencies /0.06
d f dc

kπ ρ η βω =



( )γ ω γ= , γ  is constant[18]. Then we decompose Generalized function ( )δ r to yield[17]: 
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where 1/2)([( )]i ii ir x xς ς− −=  is the distance between the source point and the field point. 

Comparing Eqn. (19) with Eqn. (18), we find that 
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are two field potentials of the dilational wave in a two-phase saturated medium, caused 

by solid–fluid interaction. Equation (19) coincides with the compatibility of fast and 

slow dilational waves indicated by Biot (1956) and examined by Chen (1994). 

Substituting Eqn. (19) into Eqn. (18), we have; 
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where 
1 1/Kα ω α= , 

2 2/Kα ω α= , and /Kβ ω β=  are wave numbers of the fast and 

slow dilational waves, and distortional wave, respectively. We get the solution of Eqn.(1) 

easily. 
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We define ( / , )ijG ωxς  to be the second-order tensor of Green’s function in the Fourier 

transform domain and je  is the component of a unit force in the j th  direction [19]. 
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where 1 1 1 2(1 ) / ( )λ ξ ξ ξ= + −  and 2 2 1 21 / ( )λ ξ ξ ξ= + −（） . 

Note that , ,( )mn i iδ ϕ ϕ=  and ) ( )kil mn i,l klm ,i l mn(δ δ ϕ δ ϕ δ= [20]. The Green’s function in the 

time-domain can be obtained using the inverse Fourier transformation as follows: 
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If ( ) ( )g t tδ=  in Eqn. (23), we can obtain the following Green’s function for a impulse:  
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For simplicity, the following notation is used: 
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which represents the flexibility coefficients of fast and slow dilational waves, and the distortional 

wave, respectively. Replacing i ix ζ−  with ix , we can rewrite Eqn. (24) as 
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1.3 the comparison of the results between two methods  

Integrating Eqn.(25) or substituting ( ) ( )g t H t= to Eqn.(23), we can obtain the solution to 

the Green’s function under Heaviside force, we have 
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Then we substitute * 0.1715λ = , * 0.3007µ = , * 1.0κ = , * 1.0ρ = , * 0.4325fρ = , 0.779α = , 

* 2.3006m = , * 0.3742M = , 1.034i( ) 0.851eγ ω = ; and *

1 0.1548ξ = ; *

2 1.0076ξ = − , *

1 0.991λ = , 

and *

2 0.009λ = −  to Eqns.(25) and (11) respectively, where *

1ξ  and *

2ξ  are the 

non-dimensional parameters of 1ξ  and 2ξ , respectively; and *

1λ  and *

2λ  are the 

non-dimensional parameters of 1λ  and 2λ , respectively. The comparisons with both of results 

are shown in Figures 1through to 6. A good agreement can be discovered easyly. 

 

 

 

 

 

 

 

 

Figure 1. Result of G11 compared (the virtual 

line is from Eqn.(12)) 

 

 

Figure 2. Result of G22 compared (the virtual 

line is from Eqn.(12)) 

 

Figure 3. Result of G33 compared (the virtual 

line is from Eqn.(12)) 

 

Figure 4. Result of G23 compared (the virtual 

line is from Eqn.(12)) 

 



 

 

 

 

 

 

 

Figures 7 through to 10 are shown the compares with both of results on Eqns.(26) and (12) 

when the field point (0.1,0.15,0.2) is changed to point (0.2,0.18,0.23). The comparison results (and 

those obtained for other field points, although not shown here) indicate that calculations based on 

the present Green’s functions are stable. 

 

 

 

 

 

 

 

 

 

 

 

Figure 5. Result of G12 compared (the virtual 

line is from Eqn.(12)) 

 

Figure 6. Result of G13 compared (the virtual 

line is from Eqn.(12)) 

 

Figure 7. Comparison of G11 of arbitrary field point (the 

virtual line is from Eqn.(12)) 

Figure 8. Comparison of G22 of arbitrary field point (the 

virtual line is from Eqn.(12)) 

Figure 9. Comparison of G11 of arbitrary field point (the 

virtual line is from Eqn.(12)) 

Figure 10. Comparison of G22 of arbitrary field point (the 

virtual line is from Eqn.(12)) 



2. the two-dimensional solution of Green function[21] 

The two-dimensional solutions of Green’s function are a basic of solving to the dynamic 

plane strain problem. Manoris indicated that the two-dimensional Green’s function ijg of the 

displacement filed, can be obtained by integrating to the three-dimensional solution ijG  along z 

axis in infinite domain. Integrating Eqn.(26) of aspect z axis in ( );−∞ +∞ , we can get then:  
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where 2 2 2
1 1/t t R α= − ，

2 2 2
2 2/t t R α= − ，

2 2 2
3 /t t R β= −  

Figures 11 through to 13 are the comparison between results in this paper Eqn.(27) and results 

preexisted Eqn.(28)  
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where 
1α

η  and 1αη  are the dissipation factor of fast and slow dilational wave respectively. 

The meanings of the residual marks on Eqn. (28) can refer to Appendix 2 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

It also can be proved that lng  is stable by the comparison of the results that the coordinate of 

the field point is changed. 

3．Conclusion 

3.1. The generalized functionδ  had been utilized to solve the partial differential equation, but 

Fig.11  The result of g11 compared with Chen Fig.12 The result of g12 compared with Chen 
 

Fig.13  The result of g22 compared with Chen 
 



it is infrequent to decompose the δ function to solution the problems. A performing 

decomposition δ function may be effective and convenient to solve the partial differential 

equation sometime

3.2. The three or two dimensional Green’s functions provided in this paper can be used as a 

integral kernel in dynamic BEM.  

. 

4．Acknowledgement 

The financial support from the National Natural Science Foundation of PRC (No. 10572129) is 

acknowledged. 

 

 

REFERENCES 
[1]Burridge, R., Vargas, C.A., 1979. The Fundamental solutions in dynamic 

poroelasticity. Geophys. J. R. Astr. Soc. 58 61-90. 
[2]Cleary, M.P., 1977. Fundament Solutions for a Fluid-saturated Porous Solid. Int. 

J. Solid Struct 13 785-806. 
[3]Norris, A.N., 1985. Radiation from a point source and scattering theory in a 

fluid saturated porous solid. J. Acoust Soc. Am. 77 2012-2023. 
[4]Chen J., 1994a. Time Domain fundamental solution to Boit’s complete equations 

of dynamic poroelasticity PartⅠ .  Int. J. Solid Struct. 31 (10) 1447-1490. 
[5]Chen J., 1994b. Time Domain fundamental solution to Boit’s complete equations 

of dynamic poroelasticity PartⅡ .  Int. J. Solid Struct. 31 (2) 169-202.  
[6]Biot, M.A., 1956. Theory of propagation of elastic wave in a fluid-saturated soil. 

J. Acoust. Soc. Am. 28 168-178. 
[7]Biot, M.A., 1962. Generalized theory of acoustic propagation in porous 

dissipative medium. J. Acoust. Soc. Am. 34 1254-1264. 
[8]Bian, X.C., Takemiya H., Chen Y.M., 2003. Substructure simulation for train 

track/ground dynamic. Proceeding of Intrnational Symposium on Environment 
Vibration 118-129. 

[9]Bierer, T., Bode, C.A., 2007. semi-analytical model in time domain for moving 
loads. Soil Dynamics and Earthquake Engineering 12 (27) 1073-1081. 

[10]Dominguez, J., Abascal, R., 1987. Dynamics of foundations in topics in 
boundary element research. Springer Verlag, Berlin, 4 27-75. 

[11]Galvín, P., Domínguez, J., 2007. High-speed train-induced ground motion and 
interaction with structures. Journal of Sound and Vibration 307 755-777 

[12]Bode, C., Hirschauer, R., Savidis, S.A., 2002. Soil–structure interaction in the 



time domain using halfspace Green's functions. Soil Dynamics and Earthquake 
Engineering 4 (22) 283-295. 

[13]Dimitris, L., Karabalis, Mohsen M., 1998. 3-D dynamic foundation -soil- 
foundation interaction on layered soil. Soil Dynamics and Earthquake 
Engineering 3 (17) 139-152. 

[14]Luccio, F. D., Fukuyama, E., Pino, N.A., 2005. The 2002 Molise earthquake sequence: What 
can we learn about the tectonics of southern Italy?. Tectonophysics, 405 141-154. 

[15]Madariage, R., Olsen, K., Archuleta, R., 1998. Modeling dynamic rupture in a 
3D earthquake fault model. Bull. Seism. Soc. Am. 88 (5) 1182-1197. 

[16]Geubelle, P.H., Rice, J.R., 1995. A spectral method for three-dimensional 
elastodynamic fracture problems. Journal of the Mechanics and Physics of Solids 
11 (43) 1791-1824. 

[17]Ding, B.Y., Fan, L.B., Wu, J.H., 2000. A solution for displacement field of 
point source of concentrated force in saturated two-phase medium and its 
application. Chinese J. Geophys 43 (1) 141-148  

[18]Bonnet, G., 1987. Basic singular solutions for a poroelastic medium in the 
dynamic range. J. Acoust. Soc. Am. 82 1758-1762. 

[19]Ding, B.Y., Yuan, J.H., Pan, X.D. 2008.  The abstracted and integrated Green functions 
and OOP of BEM in soil dynamics. Science in China, Series G: Physics, Mechanics & 
Astronomy 51 (12) 1926-1937. 

[20]Eringen, A.C., Sububi, E.S., 1975. Electrodynamics. Liner theory. Academic 
press New York, San-Francisco, London, V2, 76-138. 

[21]Ding, B.Y., Ding, C.H., Chen, Y., 2004. Green function on two-phase saturated 
medium by concentrated force in two-dimensional displacement field. App. Math. 
Mech. 25 (8) 951-956. 

. 
 
 
 
Appendix 1 

10
11 2

fP
c b

α=
−

， 10
12 11 2( )fP f

c b
α= − +

−
， 13 12 2P f α=  

3 71 2
21 2 3( )( ) ( )( ) ( )( )

f ff fP
b a c a a b a c a a b a c a a

= − + −
− − − − − −

 

3 51 2 4
22 2( )( ) ( )( ) ( )( ) ( )

f ff f fP
a b c b b a b c b b a b c b c b b b c

= − + + +
− − − − − − − −

 

3 51 2 4
23 62( )( ) ( )( ) ( )( ) ( )

f ff f fP f
a c b c c a c b c c a c b c c b c b c

= − + − − +
− − − − − − − −

 

3 5 72
24 82 3

( )
( )

ab bc ca f f ffP f
abc abc bc a

+ +
= − + + +  



3 7
25 2

f fP
abc a

= − ， 7 9
26 2 2

f fP
a

= + ， 10
31 1

gP
c b

α=
−

， 10
32 11 1( )gP g

c b
α= − +

−
， 33 12 1P g α=  

3 71 2
41 2 3( )( ) ( )( ) ( )( )

g gg gP
b a c a a b a c a a b a c a a

= − + −
− − − − − −

 

3 51 2 4
42 2( )( ) ( )( ) ( )( ) ( )

g gg g gP
a b c b b a b c b b a b c b c b b b c

= − + + +
− − − − − − − −

 

3 51 2 4
43 62( )( ) ( )( ) ( )( ) ( )

g gg g gP g
a c b c c a c b c c a c b c c b c b c

= − + − − +
− − − − − − − −

 

3 5 72
44 82 3

( )
( )

ab bc ca g g ggP g
abc abc bc a

+ +
= − + + +  

3 7
45 2

g gP
abc a

= − ， 7 9
46 2 2

g gP
a

= + ， 51 4 sP h c= ， 1
61 3

hP
a

= − ， 1
62 23

hP h
a

= + ， 1
63 2

hP
a

= −  

31
64 2 2

hhP
a

= + ， 2

1

f

a
m
ρ

κ ρ ρ
=

−
，

2
1 1 2

2

41,
2

a a ab c
κ κ κ

   = − − ± −  
   

             

7 4 3

6 3

21
2

a a a
a aαη κ
±

=
±

，

2

2

1
2

f

fm mβ

ρ
η

κ ρ ρ
=

−
，

1 22
2

2 2 2

1
( )

f

fm mβ β

ρ
ξ η

κ ρ ρ
  = + −  

  

( )4 3

1 2
2 3 2

5 32
2

6 3

41
2

a a a a

a aα αξ η
κ

 − + =  
±  

 ，And： 1
1

3

ijA d
f

a
= − ，

1
1

3

ijA d
g

a
= ， 1 1ijh A b= − ，

2
2

3

ijA d
f

a
= − ，

2
2

3

ijA d
g

a
= ， 2

ij
ij

C
h D

µ
= − + ，

3
3

3

ijA d
f

a
= − ，

3
3

3

ijA d
g

a
= ， 3 2ijh A b= − ，

2 1
4

3

ij ijC e b C e
f

a
−

= ，
2 1

4
3

ij ijC e b C e
g

a
− +

= ， 4
ijB

h
µ

= − ，
4

5
3

ijA d
f

a
= − ，

4
5

3

ijA d
g

a
= ，

2
6

3

ijC e
f

a
= − ，

2
6

3

ijC e
g

a
= ， 7 62ijf A d= − ； 7 61ijg A d= ， 8 31ijf C e= − ， 8 32ijg C e= ，

9 52ijf A d= − ， 9 51ijg A d= ，
1 2

10
3

ij ijB e B e b
f

a
− +

= ，
1 2

10
3

ij ijB e B e b
g

a
−

= ，
2

11
3

ijB e
f

a
= − ，

2
11

3

ijB e
g

a
= ， 12 31ijf B e= − ， 12 32ijg B e= − ； 

Where：
2 2 22

1 2

21 1
2 2

f f

f

m mmd
m M

α αρ ρ
ρ ρ λ µ

 − +
= +  − + 

 



2

2 2

2 21 1 2 1
2 2

f

f

mmd
m M

α αρ
ρ ρ λ µ κ

 −
= +  − + 

 

2

3 2 2

1 1 1 1
2 2f

d
m M

α
ρ ρ λ µ κ

 
= + − + 

， 4
1 1
2 2

d
λ µ

= −
+

 

51 2

1
2 f

md
mρ ρ

=
−

， 52 2

1
2 f

md
mρ ρ

= −
−

，

2

61 2 2

1
2 ( )

f

f

d
m
ρ

κ ρ ρ
= −

−
，

2

62 2 2

1
2 ( )

f

f

d
m
ρ

κ ρ ρ
=

−
 

2

1
1 1

2( 2 ) 2
e

M
α

λ µ κ λ µ
 

= − + + 
，

2

2

21
2( 2 ) 2

fmme
M

α ρ αρ
λ µ λ µ

 − − +
= +  + + 

， 

31
1

2( 2 )
e

λ µ
= −

+
， 32

1
2( 2 )

e
λ µ

=
+

，

2

1 2 2( )
f

f

b
m
ρ

κ ρ ρ
= −

−
， 2 2

f

mb
mρ ρ

=
−

 

4
1

32
aa
a

= ， 4

3

2
5

2 2
3

1 1
2 4

a aa
a a

 
= − +  

 
，

( )

22 2

3

2 4( )
2 2

f fm mma
M M

ρ α αρ ρ ρ
λ µ λ µ

 + − −
= + +  + + 

 ， 

( )2 22

4 2 2

22 2
2

( 2 ) ( 2 )
ff mm ma

M M
α ρ α αρρ α αρ

λ µ λ µ

 + −− + −
 = + +

+ +  
，

22

5
1

2
a

Q
α

λ µ
 

= + + 
 

2

6

2
2

fm ma
M

ρ α αρ
λ µ

+ −
= +

+
， 

2

7
1

2
a

M
α

λ µ
= +

+
. 

 
 
Appendix 2 

3
11

fP
c b

=
−

 , 3
31

gP
c b

=
−

, 3
12 2

fP f
c b

= −
−

, 3
32 2

gP g
c b

= −
−

, 13 1P f= , 33 1P g=  

2
6 2

21
d

fP
c b r

α
ξ

=
−

, 
2

6 1
41

p

gP
c b r

α
ξ

=
−

, 
2

6 2
22 5( )

d

fP f
c b r

α
ξ

= −
−

, 
2

6 1
42 5( )

p

gP g
c b r

α
ξ

= −
−

 

2
2

23 4
d

P f
r
α
ξ

= , 
2
1

43 4
p

P g
r
α
ξ

= , 51 1P h= , 
2

61 2
s

P h
r
β
ξ

=  

( ){ }2 2
1 1 2

1 4
2

b a a aκ κ κ= − − + −  ,    ( ){ }2 2
1 1 2

1 4
2

c a a aκ κ κ= − − − −  

2

7 4 3

6 3

21
2

a a a
a aαη κ
+

=
+

    
1

7 4 3

6 3

21
2

a a a
a aαη κ
−

=
−

     
2

2

1
2

f

fm mβ

ρ
η

κ ρ ρ
=

−
 

4 3

2 2

1 22 3 2
5 32

2
6 3

41
2

a a a a
a aα αξ η

κ

 − + = − 
+  

  



4 3

1 1

1 22 3 2
5 32

2
6 3

41
2

a a a a
a aα αξ η

κ

 − + = + 
−  

  

1 22
2

2 2 2

1
( )

f

fm mβ β

ρ
ξ η

κ ρ ρ
  = + −  

 

1 31ijf B e= −             1 32ijg B e=             1
ij

ij

B
h C

µ
= − +  

2
2

3

ijB e
f

a
= −             2

2
3

ijB e
g

a
=             2

ijA
h

µ
= −  

1 2
3

3

ij ijB e B e b
f

a
− +

=      1 2
3

3

ij ijB e B e b
g

a
−

=  

4 31ijf A e= −             4 32ijg A e=  

2
5

3

ijA e
f

a
= −             2

5
3

ijA e
g

a
=  

1 2
6

3

ij ijA e A e b
f

a
− +

=      1 2
6

3

ij ijA e A e b
g

a
−

=  

 

2

1
1 1

2( 2 ) 2
e

Q
α

λ µ κ λ µ
 

= − + + 
 

2

2

21
2( 2 ) 2

fmme
Q

α ρ αρ
λ µ λ µ

 − − +
= +  + + 

 

31
1

2( 2 )
e

λ µ
= −

+
， 31

1
2( 2 )

e
λ µ

=
+

 

3

21
2

i j ij
ij

x x
A

r r
δ

π
 

= − 
 

   2

1
2

i j
ij

x x
B

rπ
=    

2
ij

ijC
δ
πµ

=    2 , 1, 2i ir x x i j= =  

4
1

32
aa
a

=  

4

3

2
5

2 2
3

1 1
2 4

a aa
a a

 
= − +  

 
 



( )

22 2

3

2 4( )
2 2

f fm mma
M M

ρ α αρ ρ ρ
λ µ λ µ

 + − −
= + +  + + 

 

( )2 22

4 2 2

22 2
2

( 2 ) ( 2 )
ff mm ma

M M
α ρ α αρρ α αρ

λ µ λ µ

 + −− + −
 = + +

+ +  
 

22

5
1

2
a

M
α

λ µ
 

= + + 
 

2

6

2
2

fm ma
M

ρ α αρ
λ µ

+ −
= +

+
，

2

7
1

2
a

M
α

λ µ
= +

+
 

 


	4．Acknowledgement

