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Problem 6 (proposed by Finland)
Show that there exists a set A of

positive integers with the following

property: For any infinite set S of
primes there exist two positive
integers min A and n not in A each
of which is a product of k distinct
elements of S for some k >= 2
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3. Let p be an odd prime. Find the number of subsets A of {1,2,...,2p} such that

(a) A has exactly p elements, and
(b) the sum of all the elements in A is divisible by p.

Solution

For any p-element subset A of {1,2,...,2p}, denote by 8{ A) the sum of the elements
of A. Of the ( 25 such subsets, B = {1,2, ...,p}and C = {p+1,p+2,...,2p}
satisfy 8(B) = s(C) =0 (mod p).For 4 # B,C,wehave A(NB # 0 # A C.
Partition the 2’? — 2 p-element subsets other than B and C' into groups of size p

as follows. 'I'wo subsets A and A’ are in the same group ifand only it A'(MC = A" C
and A’ [ B isacyclic permutation of A7) B within B. Suppose A [ B has n clements,
0 < n < p. For some e such that 0 < m < p,

A;nﬂ={m+m;me,¢nﬂ,m+m‘sp}

U{z+m—p::€AﬂE,z£p{:+m}-

Hence 8(A") — 8(A) = mn  (mod p), but mn is not divisible by p. Tt follows
that exactly one subset A in each group satisfies 8{(A) = 0 (mod p), and the total

number of such subsets is p~1! (( 2;’ ) - 2) + 2.

Alternative Solution
Let w be a primitive p-th root of unity. Then

2p
Iz — @) = (¥ — 1)® = «?* — 227 + 1.
i=1

Comparing the coefficients of the term =¥, we have

-1
2 = Zw£1+ia+"-—l—i, — pZﬂJw’

=0

where the first summation ranges over all subsets {41, €24...,%5} of -[1._| 2, ..., 2p} and
n; in the second summation is the number of such subsets such that 4, +t:3 + - +€n =
7 {(mod p). It follows that w is a root of G(z) = (1o — 2} + Ei ; Teywd, which
is a polynomial of degree p — 1. Slnce the minimal polvnomial for w owver the field
of rational numbers is F(x) = 35 ~4w?, which is also of degree p — 1, G(z) must
be a scalar multiple of F(z), so that g — 2 = Mg = Nz = -+ = TNy 3. Since

j=uﬂj=(?),wehamn.;.:p“((ig})—z)+2.

Remark: The first solution is due to the proposer, Marcin Kuczma, the leader of the
team from Poland. The second solution is due to Hoberto Dwornicich, the leader of
the team from Italy. Nikolay Nikolov, a Bulgarian student, won a special prize for his
solution which is essentially along the line of the second one. Nikolay had won two Gaold
Medals and one Silver Medal at the last three IMO's, and topped off his cutstanding
career as a competitor by obtaining a perfect score this time.
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