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1. [1pt] Suppose S = { #»q1,
#»q2, . . . ,

# »qn} is a set of n vectors over R. Write
down the definition of that “ #»v is a linear combination of vectors in S.”

2. [1pt] Suppose #»u = (u1, . . . , un) and #»v = (v1, . . . , vn) are two vectors in
Rn. Write down the definition of the inner product of #»u and #»v .

3. [2pt] Give a linear system of two equations in reduced echelon form
with four free variables, and indicate the free variables. [The answer
is not unique. You only need to find one.]

4. [2pt] Suppose A is a 5 × 5 nonsingular matrix. What is the minimum
number of nonzero entries onA? [Justify your answer with an example of
such A and explain why the number of nonzero entries cannot be fewer.]
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5. Let
#»u = (1, 0, 1, 0, ) and

#»v =
(
−
√

3, 1,−
√

3, 1
)
.

(a) [1pt] Find the length | #»u|.

(b) [1pt] Find the length | #»v |.

(c) [2pt] Find the angle between #»u and #»v .

(d) [2pt] Find a vector #»p that is orthogonal to both of #»u and #»v . [The
answer is not unique. You only need to find one.]
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6. [6pt] Find the general solution of the following linear system.
w + 2x+ y + 4z = 2

2w + 4x+ 3y − 4z = 3

3w + 6x+ 3y + 12z = 6

That is, find #»p and
# »

β1, . . . ,
# »

βk such that

{ #»p + c1
# »

β1 + · · ·+ ck
# »

βk : c1, . . . , ck ∈ R}

is the set of all solutions.
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7. [6pt] Let

A =

 1 3 3 −3
−2 −6 −6 7
3 9 9 −9

 and R =

1 3 3 0
0 0 0 1
0 0 0 0

 .
It is known that R can be obtained from A by performing some row
operations. Find a matrix C such that CA = R. [The answer is not
unique. You only need to find one.]
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8. [6pt] Find a matrix A whose reduced echelon form is1 3 0 −2
0 0 1 1
0 0 0 0


and every entry of A is nonzero. [The answer is not unique. You only
need to find one.]
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9. [extra 2pt] There are three types of 2× 2 elementary matrices:

(1) ρi ↔ ρj:

[
0 1
1 0

]
(2) kρi:

[
k 0
0 1

]
or

[
1 0
0 k

]
(3) kρi + ρj:

[
1 k
0 1

]
or

[
1 0
k 1

]
Find four matrices E1,E2,E3,E4 of type (2) or type (3) such that

E4E3E2E1 =

[
0 1
1 0

]
.

[This means the first operation (swapping) can be done by only using the
second and the third operations.]

[END]
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