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1. Let

20 3 4
01 1 -
A=131 0 2
10 —4 1

For each of the row space, the column
space, and the null space of A, find a
basis and determine the dimension.

. Let
1 3 -1 2
A=1|21 1 0
o1 1 4

For each of the row space, the column
space, and the null space of A, find a
basis and determine the dimension.

. Given a,b,c € R with a # 0, find a
value of d (in terms of a, b, and c) so

that the rank of the matrix [g z] is 1.

. A linear system is said to be consistent
if there is at least one solution. Prove
that a linear system Ax = b is consis-
tent if and only if that the rank of A is
the same as the rank of the augmented
matrix [ A | b |.

5. An m x n matrix has full row rank if its

row rank is m, and it has full column
rank if its column rank is n. Let A be
an m X n matrix.

(a) Prove that Ax = b is consistent for
any b € R™ if and only if A has
full row rank.

(b) Prove that Ax = b has a unique
solution for any b € R™ making
Ax = b consistent if and only if A
has full column rank.

. Let A and B be two matrices. Prove

that
rank(A + B) < rank(A) + rank(B)
and

rank(AB) < min{rank(A), rank(B)}.

7. Use the Exchange Lemma to prove the

“Extension Lemma”: Let B be a basis
of a space V with [B| =n. If D is a
linearly independent set with [D| = m
and m < n, then there is a subset
B’ C B with |B’| = n — m such that
D U B’ is a basis. (This is another way
to show every basis has the same size,
so do not use Theorem Two.I11.2.5.)



