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1. [2pt] Let X and Y be two vector spaces. Let f : X → Y be a function.
Write down the definition of f being a homomorphism.

2. Let P2 be the space of all polynomials with degree at most 2. Let

B = {1, x− 2, (x− 2)2}

be a basis of P2.

(a) [2pt] Find the representation RepB(x
2).

(b) [1pt] Suppose v is a vector in P2 with RepB(v) =

3
5
7

. Find v. (You

do not have to expand the your answer.)
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3. [5pt] Let M2×2 be the space of all 2× 2 matrices. Let Ei,j be the 2× 2
matrix whose i, j-entry is 1 and other entries are zeros. Then

B = {E1,1,E1,2,E2,1,E2,2}

is a basis of M2×2. Consider the matrix A =

[
1 2
2 4

]
and define the

homomorphism f : M2×2 →M2×2 by f(M) = AM for all M ∈ M2×2.
Find RepB,B(f).
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4. Let

v1 =

1
2
5

 ,v2 =

0
1
2

 ,v3 =

0
0
1

 , and u1 =

[
3
7

]
,u2 =

[
7
3

]
.

(a) [2pt] Let f : R3 → R2 be homomorphism such that

f(v1) = f(v2) = f(v3) = u1.

Find f(

1
0
0

).

(b) [3pt] Let B = {v1,v2,v3} be a basis of R3 and let D = {u1,u2}
be a basis of R2. Suppose g : R3 → R2 is a homomorphism with

RepB,D(g) =

[
2 0 0
1 9 0

]
. Find g(

1
0
0

).
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5. [5pt] Let M2×2 be the space of all 2 × 2 matrices. Consider the matrix

A =

[
1 2
2 4

]
and define the homomorphism f :M2×2 →M2×2 by f(M) =

AM for all M ∈ M2×2. Find a basis of the null space of f and a basis
of the range of f . [If you use your answer from Problem 3, double check
your answer to make sure it is correct.]
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6. Let v1 =

[
1
3

]
and v2 =

[
3
−1

]
. Let B = {v1,v2} be a basis of R2 and let

S2 be the standard basis of R2.

(a) [2pt] Find RepS2,B(id), the change of basis matrix from S2 to B.

(b) [3pt] Let f : R2 → R2 be a homomorphism with RepS2,S2(f) =

[
1 3
3 9

]
.

Find RepB,B(f).
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7. [5pt] Let A =

[
1 2 3
2 5 5

]
. Find matrices P and Q such that

PAQ =

[
1 0 0
0 1 0

]
.
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8. [extra 2pt] Define a sequence by a0 = 6, a1 = 13, and

an − 5an−1 + 6an−2 = 0

for all n ≥ 2. Find a formula for an.

[Hints: First make an observation that[
an+1

an

]
=

[
5 −6
1 0

] [
an
an−1

]
.

Then you may use the fact[
5 −6
1 0

]
=

[
2 3
1 1

] [
2 0
0 3

] [
2 3
1 1

]−1
to find the answer.]

[END]
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