émfk Laf/ Adcpan

' }70 sic pra])-ele‘(/S

: yhgfk cannewﬁv,y
. ﬁro(fl/\ /)ﬂr’fl\‘('/l\ON

‘ :imm/ c/ust eﬁfgL :

Slme [N necr aﬁcém '

* Kayleigh  guotient

/_WT A be a QW cymmetr;c matvi x '

Then £ all eigrakes of 4 are reald

)ls As€ - .. 5/’\;1_'
Q7 =)
The )@&y/&j/\ Juot; ent 07/‘/4 is 7/ +he h‘/o‘w“ i;rix
X
Ahp( /WS -/‘Aé me)&’fg’
T4 a s
A, = hin A A% d, = max 43
A7o A X SRR 7T
Y#o X 'S
- - p(n:\'i“ ‘
Keason S"‘f/’*‘f“ )r\/,,w_/ZT ave the e:‘jem/cr/fcrr for %) o ?L.T

e mﬁé{ Assume /?/‘/ 4“0/ ;§ C\’?J_“‘ +C"T/: .

- 2 e T )
= TR = st COal g )

3
= G /7! + C;Zzﬂ'- - TCnLA,‘

—ts

Cl= == ) 'R/



{{
™=

X W“/—‘/_}cﬁer +heoren,

A: in'
;\(S -

— \<;\r\ ; el‘jenValue;.
L= WSAW M%,/n = = mn  mox
‘ 70 X S z o
dims-, o o A'X

. o/?mg;h-k Xect

. _m&Z; mid oo ch

M\127 mi2 U”{ %7
= Spanf ) i

e ﬁPAA{ V;
(fuﬂ:o;e v, .. . Uy are e/:?enveq‘-ory

o 2. ~ )

-~
'e
YWl

-

C;rollarét
sym
Lt A Le a watix itk <ligenvalues A\ $ 2,8 <a

Onof e\ﬁefl\/%a v P VA

Thew As = Pin /]/_4_9( .
o NAE
LV,

=

: * Q‘A&Az 7n1‘€klﬁoTn7 1‘)’)60)’24»

,4: SJM Matr x
Aciy: (-nx cn-) et b(\] Vemodhj Soth Yy columu

A o _ A, QZj\Va/s @,/\/4
Mg L M., : elyvals "f Acl) .
A

/ﬂv—w ?s"_ )
M

A

2
. €
/M_\_ o o a



GL.
Gragh G = (¥,E)

[N o(’
Vevtices e j%

R

€4, N2 V= 11,2341 m ;/}q A:/A

3 -
N Esfn,eree] 4FARE
-déﬁf_i degd) = & of @@m SneMent fo -3 '

F;Y mven‘cemu) wWe assume ={l,~-~,"f.

Loplacion_matrix  of  a groph &

/{’“ = ;7(“ = Py~
= > = - Tvh o AN~
LCG) wbi) ) W /(;:/_\z Je\j(,;) 7)[\ [-‘-:—j

(Jeﬁme ﬂ', ) = O otherwise
R (
- )
(¢}
> N\ ) Sl =l 2 4 e
0 o
3 \ ] -
° °© o -
éf
0
/
\@ I —~ o
: \o <~ e} e
2 \ ~] | S o
0
< o - o [

\\\};159 ‘l(é,ﬁi 7)\%3 %? f;\ﬁcﬂ\/ﬁ/{/g )
/ﬁ%_ gj iél) dje«ﬁcdfbr" ;2 ehh\'f gﬁy /){EE—%

.e \
3, =] l ’ 1o -1 }',*I '
J3 — ~J2 5
“a o L] s 02~ 3(14%{;_
R RN S | B+l -t -4 320 > :’/
o —| ~ {10 <1 o -



GL.

2
2 = @:-A)
hen /xLﬂ o Y
—_—D = Vt
X X 152

Observashion

Pm[) guffoSf =L_C éa

ﬂ@h w ,./\ }S foSlf'l ve Sent, de)[,\[‘fe

> 0O is an e,)enm,/.,‘c with eyeﬂvea‘ur j

OH G x connectud | then nudling (L) = 1

/)][ @ @/eyr)\ 7u0'7‘}6r\/ Zo

e l\g] ob serviat on /’ﬂ; 7\%/%\/
VSRR
counected II nt comnedted



f'(: @owl'?nmeo‘) |

pmnrt

g‘ﬂ”% % S « nall  vestor 6‘&,@@ 3 )z

Gl
>;)‘

Thew ¥l ( asswne X s & anit vector )

— 0

=T

XX

!

-

2
S KD mo = KK for o el

EQ‘&E
%
7§0 0\ X, Y% =X%=Xy =X,
L,
: _)_:- 7(6:)’
7@\\, - 7
X

3

If G 's Ccnna'/'fe,o/, —'hl;a\ —X’—-": C'i ¢

= Mu(hfj ca) =l

Debv. 4 anpont f @ gorh G
aomad  Subgraph 47”"
& mwvined_Sibgrep

tannected
&

constan 1 V&d‘w)

5 ’ L /"\ oot \

Two COM»foV\CIQ‘}.

Defr let X b o sbsur o T
The charactorisfic Vector 07[ X /s
~(h,
; £

. lrf ceX
ARSI



Coroll .

fuffo;e G Z\QS }< 50"“7“"@“2“ , (,\/lufe Verfex ceh
are XI s = Xk. L"//- LZLCQ)

Then mJ/hj(L):k and

7

nulspace (£ ) = 57)0"" ff‘)( , }'{)(4 # - 5w /7{\1_(

e

L(q) - )ch,)]

—— [ L¢q
Xl Xz V\\/I‘)
Xk'

/_af lacron V< Conneo‘ﬁv)g .

Lt L=LCG)
A, €A, & . Aa: eigvak of )

"
o

—’/—A% ﬂ_\ =) <= G s ho‘f“ Con 'lérx‘/‘@,/-

/Af{fo/ s —h""‘a‘c’*o * —
2l o
De'{:n. The Ormcc/r"rwf\{ cf‘ @‘ Js

the MWMRE nwmber xq[ vertices  such +¢|a;l—
mmmj them fepamif‘e_ 6’ denotesd as /&(G)

o0 Cx

A A=



pe‘Fw_ The _edse  comectivity af 6

=4

X the wmin & ,-‘[‘ -eo@jes such  thet
Alq)
r@mov“nﬁ Hhem Ccpami('e 6 denoted] as W

Pt O
R(G)SA(6) s
W, ‘%’é@:@ééé;{“ r
o o praph &

Thu. Let L=l(g)

;))'SAAS & ok é;l,\ 361‘\7\03]} vf 4
i/
0

X 2
Thew A, SA(4)< R(4)

rt

L lonsider € ac a 9roph
Clhim: A.(Q) Sﬂz(éﬂ-e) [ with VCQ):VCQ) Ele) :f/c}.J

Lot # be te Sgvectn of L(gve) for Az

U+

o FlGre) 7 - TLEF 4 AL R

7 A5,0a) + 9, (e)
Lot Sippse G\D  has twy Ohcomnectod pouts |
Let H < G+ an elyes benweon D and x vx, G
et VHE I 4 > TLT |
Hs, et Igloeix Pl

il

> A, (&) ¢« 2 (H)< |p| )\1
2 <> ()7



’GL.

Lﬂfla(/'\w‘ Vs f;M}h\m .

Go@,! Yﬂl’”"h\ﬁv‘ +he j}"t{f?lz\ o LQIMCQJ todo PQV"f,S

WITh T 1 mim {{?e; in between

- <>/<> ¢ (V:{H@

¥ 'Ff{clfe s ))Qv""7‘f1\ov1 .

S-\,«”?OS-Z C/{ N Cennec;f“eaf 7}‘6\f"\ )
L= L(&) A AL~ - ~ A, ¢ e g vals
‘ g

— K o EeJ/@r Ve&ﬁ)
Y relgvec. w_ colled %
A ssune maltplic) \
s ’} 72 N i< one
fefarwfe V= fl,“_, n] Tnto +three }Mr}s,

N+=ff-‘@\/s>oj

Hore V= (Vi, __
/\l-. = fo V; <Of ¢ ’ VV\)
Na = {(, : \/" =0 .S / X
’ 9
De‘pr\_ Xé V ¢ a  subsa 71‘ Vertices
/r‘l)e 7/\0(0(;&«( SIA)IJQ_% q’ js G[_‘X] hﬁ' GEK]_

TL\M [ ;:r\ezj/ek:( .
G G [M- VA, [ are bet, connected

[2.8



/’10- % Cotfradiction Gl

Sqpse N, = X, OXo | swh Hhet GINGT s
ot Ccﬂhod‘f—é(‘

X5
=N
o _ TR M
LI,I //LI O L " .
| g RV el
w O L%z_‘%l Lej - ¢
L3, Ly a Ly,
S e e
b XL £
v\ Tx i
vel T,
%A LA,
- /_),, AT —\-’i = 7 Ll 3?3
(Lz z“;];l) Ve = - ).. > 3—\_/.)3
s [ <hA>
L(ﬂL j: "'<V;II>-\Z - Hi?:’o
‘ b
.._;T —_ S - P4
Mo JAUADT = 25) 7 Ly - (B LA

(we ossumed mldﬁ§} )

ZB



Cur GL.

P
pE—

De:FV\. X/XZ e Subsels o/ vestices \/
W (X X) = of edges betueen X, and X

\

| lﬁﬁ%ﬁn chl/)(;—):&~
Q F‘,w/ a Ipan‘:‘f}m« \/- >(,U)(2 with /X/:/)(z/

Hhat minim>zed WX X, )

<

Let B:{ﬁ” Veetors o /pn with -:': i’f Ano«(:‘:‘ -(, f
" That , evay veedor m B iz ’7[’ She Aorn
Bt L VXX Ix)a,

!

e TEs T
L=
= —-‘— > ‘ 2 4.
_;41222’ +U%E0 J;;l— WX, X )
BE) X)) fyex,)
J”X( -)b /
S i bt (gexy
o WX X ) = o« - VLY
/X'(’/)Q) I 5‘22 Ty > A,
Vi1

f 10



Skujkwl clusterimg Gl

Sketch %’ ’ ‘
(1 ) Construct — Q s?m:)(/\h\g graph

(2), S‘f&'ﬁ"’“/‘ reoluct oy . (ej’ )‘“’D/Qdm\ -e?j‘enlv\q,f)
(3). c]usfe}'?'g (63 . k-—’"eom)

WorL-(‘/oU :
4, cluster;
N Anlusty groph T o O g
E-nbyr -
b reduction
."\_Q/wu, 4
r e g_nln—
\‘7" o <I /
Jata j‘""‘fl\
PR kA
& )
p/? ’\\’} —_— 0/\-0\
data

Juses +he o‘h-ra.nce 7r\\[o ,
[STMT(M?TJ j\mf‘\ WAy
(,u«lecg jou. rw'f W@W on jr&f/\]

Pl



aL.

M Ewm Le,u/\ni

Laplacian - ehgeomap 77,7
éoq,l: Given a j;mf!«\ é,’) -)[\“mof an embea[c/m?

f:V —> ©"
S 3:
suoh  hat -
;Z/j." "_‘fj'/z ts mnimi2edf
fJeE |
(gb\g'ﬁd" "fo I ‘ —-TA"»
eliu =)
[ !

)\as T = o
1'Y=0 [E]T
YY1 )
A/ﬁorﬁ"mﬂ N |

.Z’waf 4 : .S';m.‘[ah“? 70"0721
d olef/‘rea( dimension |

Otpat
ot o s pud matix with 47Y5 0 and Y'Y=

('H\em +h
2 Yyows a-/‘ Y are the hew toorodhates )

Sfeff : ’? f% :/]\Q; 643 V@( ;

VLV\‘* -3
2. am'fufe +he cwa(w \4,‘7: eee, VY
, e =~ s,

[ -

And Vot

~

&:LSLL}‘

f12



&
™~

Ropson

@  TInedencte matrrx < Q

?
| 2 2 4 g

€ r r f’\ﬁ

. ( | 7l ' N

e, a 5

€
e 59 ekl 2
)L A LERTT
PWP.CDQ has  Zere Fow swms = @41 =0 .

F =L

r

-t P e

~( ( ) ) = (" 2 -
| —¢ = 2 -

-1 g y
\—'yc’j‘ T i 3
& QY - TS g e mmings
; - Wiferant i eack vow)
/
—\]rjj-———
oYl -
“ Je_/ -jj(

.S; Yhe j\ow( s o M?n7m7zgﬁ{\/76)?@)/)
§ulojea‘~ to iTr:T; anol \)/T‘)/=I,

—> Use e eﬁ%\/m.
[)Uow *lr\'Tk\g QLM _% ;l_'_',\ed,‘%lf )Aﬂv}}'t-}w —\—L\,\j

s



