Sample Questions 5
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1. Let u = [—1] and v = [1} Find
1 1

x and y such that u = x + y with
x € span{v} and (v,y) = 0.

. Suppose A is an m x n matrix and B
is an n x £ matrix. Show that (AB)" =
B'AT. That is, show that the i,j-entry
of (AB)" and the i,j-entry of BTAT
are the same fori =1,...,mand j =
1,...,¢.

. Let

A=

1 2 ) 3
3 4 ,x:{_z},andy: 2].
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Compute (Ax,y) and (x,ATy) sepa-
rately and check if they are the same.

. Show that Ax = 0 if and only if
ATAx = 0. [One direction is easy
while the other is tricky. Hint: Sup-
pose ATAx = 0. then (x, ATAx) = 0
and you can move A" to the other
side.]

5. Show that A has full column rank if

and only if ATA is invertible.

. Let

3+ 21
2-3i
i

X =

3+4i
andy= | —4i | € C>.
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Find (x,y), (y,x), and |x| (where the in-
ner product is over C).

. A Vandermonde matrix is of the form

o Py

] ‘pz p;71
M(pll--'/pn): . . .
] ‘pn ‘pnfl

Suppose a polynomial f(x) = a + bx +
cx? 4 dx3 + ex* passes through the five
points (p1,q1),...,(ps, qs). Show that

a qd1
b qJ2
M(p1,pP2,P3,P4,Ps5) |C| = |43
d d4
e q5

[Therefore, you can use five points to
determine a degree-four polynomial.]



