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MRE January 10, 2022 Final Exam

4% Name :  Selwtiom

£ 3% Student ID #

Lecturer: Jephian Lin #& %
Contents: cover page,
6 pages of questions,
score page at the end
To be answered: on the test paper
Duration: 110 minutes
Total points: 20 points + 7 extra points

Do not open this packet until instructed to do so.

Instructions:
- Enter your Name and Student ID # before you start.
- Using the calculator is not allowed (and not necessary) for this exam.

- Any work necessary to arrive at an answer must be shown on the ex-
amination paper. Marks will not be given for final answers that are not
supported by appropriate work.

- Clearly indicate your final answer to each question either by underlining
it or circling it. If multiple answers are shown then no marks will be
awarded.
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1. [1pt] Find subsets A, B C {0,2,4,6,8} and a function f : A — B such
that f is injective but not surjective.

Letr A =%0,2] 4 — B
R= fo,z, ‘f—i, 7QX) =K

2. [1pt] Find subsets A, B C {0,2,4,6,8} and a function f : A — B such
that f is surjective but not injective.
Let A=so,2,41 T4 —B

_ O —> 0
B‘fO/Lr )_\*——%:2

o G2,

3. [1pt] Let Ng = {0,1,2,...} be the set of all nonnegative integers and Z
the set of all integers. Find a bijection from Ny to Z.

Let 7[\-//“9 —3 X udh that 70(0) >0
f(n):—ﬂ%l oF A edd

70(,‘/’)3_)/(: 7‘[ s

4. [1pt] Find a surjective linear function f : R3® — R? such that f(1,1,1) =

(0,0).
Lef A:[j (’9(;] andf et fc]&

—

5. [Ipt] Find an injective linear function f : R* — R3 such that f(1,0) =

(1,1,1).
i
L@fA: [}'ij andl [et 7C=7€‘}
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0 0 1
u; = 1 , Ug = 0 , U3 = 1 g
0 =] 1

and 8 = {u;, uz, us} be a basis of R®. Suppose f : R® — R? is a linear
function such that

6. Let

1

s = [y, st = [3] ond sun) = [3].

0
(a) [1pt] Find f ({1} )
1

F/ ,? ) - U=t = - Fu) < (‘U {‘) :[“’7

1
(b) [1pt] Find f (IZO} ) .
0

(3] F ) it - gORERY

| -[3)

—

(c) [#pt] Find a matrix A such that f(u) = Au for all u € R%.

0
-0 wAddies
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Let o = {uy, uy, uz} be a basis of R® and B = {vi,vs} a basis of R%
Suppose f : R? — R? is a linear function such that

7. Let

=

f(ll1) = ¥,
f(u2) = Vg,
f(u3) = ¥

Recall that &, is the standard basis of R™.

(a) [1pt] Find the matrix representation [f]2.

| | \
) I o |
716 [t fFo Héfq;ﬂ,g] o]
] —
(b) [2pt] Find the change of basis matrices [id]§ and [id]g .

g ! | ’ ‘ ' ’ s =) ‘_\ __'
A1 =, TR . D(‘ {13] =
d]y” =] wiu . /LJ]% [JLJ ) 8

[ g 9|

e

(c) [2pt] Find a matrix A such that f(u) = Au for all u € R®.

‘ @%z ; y o
A If]= DJ}& (7. Tidl ¢,

r)
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8. [opt] MBS : #FE—AELR GRS BHREREA LN BB Z
2% (linear function) ©
FETHHERIRG TR EHAACHFERIHGMMA - FURATH
FA R BGEGLE ~ RERRRAAEMEN B EEHER? R
FEMNBELRBEROBAE? FE—LRTHMAEMRGH T (L&
B~ Rmby) » B4R E— B EMANAEMEE  H LR TET A g
b B R HBHA o B RXEARE > BRARYF@E —@ o
(If Chinese is not your native language, you may use English or the
language that you prefer.)
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9. [extra 5pt] Let § = {uy,...,ux} be a set of nonzero vectors in R". Sup-
pose A, ..., \; are distinct real numbers and A is an n X n matrix such
that Au; = \u; for 1 =0, ..., k. Show that § is linearly independent.

e — T ‘Q - O
§M)l)03€ GUp+ U T+~ 4 Qe =O N O
lh < .
- % mu,mwy)f\:] A o1 both ade s
“ i Q=8 -- D@
e have  Glollot Gl e oo F AT
" J @
ML - -
2 MD PG)[ I\(— == +C/c;]f< L

Lt £ §, F be e lapange polyneick

U7E qo I j\k
That 3¢, foa)=1 anel BFea f,a) =)= —heW=0
[eb F = Ao+ qX+BxF-— —7 4r

Thea @ +d P+ .. +a O Jeads +.

Cy AUy g8 5
0

4 ¢ .0 u,* oo Y G0 U =

e\

D -
-g’ﬁ;aa E%#() =2 G =0

g;\m}\/a«/ L we Can  J¢ G =l = Qg b,
C[c‘/\g—hlm Same a/géUﬂ@/cﬁLy With ﬂ/““/fk.
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10. [extra 2pt] Let p = 14+2x+2?% and ¢ = —4+2z+3z%— 223 be polynomials.
It is known that
" 5 wdl

100 —4 0 (37 —40 44 —48 527
210 2 —4 —52 57 —62 68 —74
121 3 2| =20 —22 24 —26 29
01l2 -2 3 9 —10 11 —12 13
001 0 —2 10 —11 12 —13 14

Find polynomials a € Py and b € P; such that ap 4+ bg = 1, where P, is
the set of all polynomials of degree at most d.

O&:en/e Hwa/f yoox Uk
\ -4 37 1] <!
> | 2 4 s 0 <)<,
|2y 3 2 =0 | o é—)(?
[ > -2 3 9 ° = X
( -2 1o 0| &«—x*

st = 27-52X 420X
b= g tioX

Ther O\f)*)?g =/

[END]
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