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1. [1pt] Find subsets A, B C {1,3,5,7,9} and a function f : A — B such
that f is injective but not surjective.

2. [Ipt] Find subsets A, B C {1,3,5,7,9} and a function f : A — B such
that f is surjective but not injective.

3. [Ipt] Let Ny = {0,1,2,...} be the set of all nonnegative integers and Z
the set of all integers. Find a bijection from Ny to Z.

4. [1pt] Find a surjective linear function f : R?* — R? such that f(1,—1,1) =
(0,0).

5. [Ipt] Find an injective linear function f : R? — R? such that f(1,0) =
(1,-1,1).
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6. Let

S = O

0 1
u; = 0 , U = , U3 = 1 )
1 1

and 3 = {uy,us,u3} be a basis of R3. Suppose f : R* — R? is a linear
function such that

Fluy) = [ﬂ  f(up) = E] , and f(ug) = [2] :
(a) [1pt] Find f (1)
1
1
(b) [1pt] Find f [ {0
0

(c) [3pt] Find a matrix A such that f(u) = Au for all u € R
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7. Let
1 0 1 . i
u = |0 , Ug = 1 , Uz = 1 ,V1:O,V2: 11
0 0 1

Let o = {u;,us,u3} be a basis of R® and 8 = {vy,vs} a basis of R2.
Suppose f : R? — R? is a linear function such that

f(lll) = Vy,
f(llz) = Vi,
f(uz) = va.

Recall that &, is the standard basis of R".

(a) [1pt] Find the matrix representation [f]”.

(b) [2pt] Find the change of basis matrices [id]%* and lid]g,.

(c) [2pt] Find a matrix A such that f(u) = Au for all u € R?.
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8. [bpt] BBAVEL 1 3H 8 — B 42 TR d) A A58 b X B8 PR A A B A %
SR (linear function) o
FETHMHEIREG TR EHACERIMGH A - FLE TH
ZARBETOHNOHL - AN RAALZBEHERZER TR ? R
HENEEXE BB ? FE— LTI RAERGH T (ED
B~ R@meg) > BRE-EBERSGIMEE 3 AL RGFET A e
R RMBIF o XA ARE > RIa KR F @B —d@ o
(If Chinese is not your native language, you may use English or the
language that you prefer.)
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9. [extra 5pt] Let 8 = {ug,...,u;} be a set of nonzero vectors in R”. Sup-
pose Ao, ..., A\, are distinct real numbers and A is an n X n matrix such
that Au; = \ju; for ¢ = 0,..., k. Show that 3 is linearly independent.
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10. [extra 2pt] Let p = 1+2x+2? and ¢ = —4+2x+32%—22° be polynomials.
It is known that

-1

100 —4 0] (37 —40 44 —48 52
210 2 —4 52 57 —62 68 —T4
121 3 2| =]20 —22 24 —26 29
012 -2 3 9 —10 11 -12 13
001 0 —2] 10 —11 12 —13 14

Find polynomials a € Py and b € P; such that ap 4+ bg = 1, where Py is
the set of all polynomials of degree at most d.

[END]
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