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Do not open this packet until instructed to do so.

Instructions:
— Enter your Name and Student ID # before you start.
— Using a calculator is not allowed (and not necessary) for this exam.

— Any work necessary to arrive at an answer must be shown on the ex-
amination paper. Marks will not be given for final answers that are not
supported by appropriate work.

— Clearly indicate your final answer to each question either by underlining
it or circling it. If multiple answers are shown then no marks will be
awarded.

— Please answer the problems in English.
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1. [1pt] Let X = {a,b,c}. Pickaset Y C {1,2,3,4,5} and define a function
[ : X =Y such that f is injective but not surjective.
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2. [1pt] Let X :ﬂfai,ﬁb,uc}.\PiéR aset Y C {1,2,3,4,5} and define a function

J : X =Y such that f is surjective but not injective.
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3. [Ipt] Let X = {a,b,c}. Pickaset Y C {1,2,3,4,5} and define a function
f X — Y such that f is bijective.
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4. [1pt] Define a function f : R* — R3 such that f is linear.

Defe f{tw) = (%4,0) S ol (x.4) ¢ P
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5. [1pt] Define a function f : R? — R3 such that f is not linear.

Defie foxw) =674 0) For Al e e B
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6. Let {e1, es, e3} be the standard basis of R®. Let

1 2 3
u = |0 , Ug = 1 , Ug = 2 , and
0 0 1

=[] =[] -]

Suppose f : R® — R? is the linear function such that f(u;) = v; for
i=1,2,3.

(a) [1pt] Find f(u1 + UQ) ‘
e 2
i+ Ay = ;Cw() fan) =¥ +% = [J

(b) 2pt] Find f(e,) and f(es).
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S 4‘@) :,fmz»/za?) =V, -2V = []

(c) [Ipt] Find the matrix representatlon [f] such that [flu = f(u) for
3

Mo fi)=fip<]1] S fe ot

(d) [1pt] Find rank(f) and null(f).
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7. Let a = {e1, ez, e3} be the standard basis of R3. Let 8 = {uy, uy, us} be
a basis of R3, where

1 -2 -1
u = [—2(,u=1| 5 |,andus= | 4
5 —12 -8

(a) [2pt] Let v, w € R? such that

1 1
[Vlg=|2]| and w = |2
3 3
Find v and
[wls. ) - (3 - L
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(b) [3pt] Find the change of basis matrices [id]? and [id]3.
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8. Let V be a vector space and 8 = {uy,...,uq} a basis of V. Suppose
you are talking to people who have never learned linear algebra. Fol-
low the guidelines below and try to explain the concept of the wector
representation as clear as possible.

(a) [2pt] Suppose v € V is a vector. Define what is the vector represen-
tation [v]s with respect to S and use a few sentences to explain the
definition.

(b) [1pt] What might happen if 3 is not a basis?

(c) [2pt] Provide an example of [v]g with V = R* and an example of [v]g
with V = Py, the space of all real polynomials of degree at most 1.



Final Exam - December 2022 Linear Algebra I [MATH 103A / GEAI 1215A]

9. [extra 5pt] Let Ms 3 be the space of all 2 x 3 real matrices. Let
B={Ew1,E12,Er3, Eoq, Esp, Ea3}

be the standard basis of My 3, where

[1 0 0] [0 1 0 0 0 1]

El,l_ -0 O OJ )E1,2— _o O OJ )El,?)_ _O 0 OJ,

[0 0 0] [0 0 0] [0 0 0]

By = 10 0 o2 = 0 1 0] g = 00 1]
Consider the linear function f : Mays — My defined by f(X) = AX
with

1 2
A= [3 4}.

Find the matrix representation | f]g
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10. [extra 2pt] Let Ps be the space of all real polynomials of degree at most
3. Let

B = {fl(x)’ fQ(CU),f3(£E), f4(:17)}

be a basis of P3, where

B (z —2)(z —3)(z —4)
o) = Ty a=3a =9
fg(l') (:U—-l)( _3)($_4)

2-1)(2-3)(2—-4)
(z—1)(z—2)(z—4)
f3(2) B-1(B-2)(3-4)’

B (x — 1)(z —2)(z —3)
fa(@) = (4—1)(d—2)(4-3)
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[END]



Page | Points | Score
1 5
2 5
3 5
4 5
5 (+5)
6 (+2)
Total | 20 (+7)




