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1. Let A be a 3x4 matrix. Suppose a = {vy, Vo, v3, v4} and 5 = {uy, us, us}
are orthogonal bases of R* and R?, respectively, such that

5000
[fale=(0 20 0f,
0000
where f4 : R* — R3? is defined by fa(v) = Av for all v € R%. Answer

the following questions in terms of elements in « or in .

(a) [1pt] Find f(10vy + 20vs 4 30v3).

(b) [1pt] Find a vector v such that f(v) = 20u; + 60us.

(c) [1pt] Find an element in ker(A).

(d) [1pt] Find an element in Col(A).

(e) [1pt] Find spec(AT A).
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2. Let
1 -1 -1 —1 1000
1 2 2 2 0111
A=1_1 o 1 g|adB=1,4 4
1 2 3 1 0120

(a) [1pt] Find an invertible matrix @ such that QT AQ = B.

(b) [2pt] Find the inertia (n(A),n_(A),no(A)) of A.

3. [2pt] Let
1 100 200
M=10 0 1
0 —-10 7

Find an orthogonal matrix U such that U"MU is an upper triangular
matrix.



Final Exam - June 2022 Linear Algebra IT [MATH 104 / GEAT 1209]

4. Let
A=

N DN =
= s DN
= DN

(a) [3pt] Find an orthogonal matrix @) and a diagonal matrix D such that
OTAQ = D.

(b) [2pt] Find ¢ distinct values p, . . ., i, and g projection matrices Py, ..., P,

such that

e A= 23 1 1 By

o P2 P; for any j,

oPP O for any i # j, and

° Z?:lp =
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5. [5pt] BB 1 G — 48 SR 6 LA P AR S 80 I KA R A B
E M AT (principal component analysis) ©
EERENRCESE-R S S ﬁ%&iﬁ YA BT AL 5 A SRR TET
VA b — 3 B R BH LA o %%im@%ﬁ%*%’u&&~*ﬂ
m%%WO%ﬂ£ﬁ&ﬁ’é%k%+@ﬁ °

(If Chinese is not your native language, you may use English or the
language that you prefer.)
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6. [extra 5pt] Let x, vy, 2 € R such that 22+ y?+ 22 = 1. Find the maximum
value of 2zy + 2yz.

Hint: Consider the matrix

A

I
o = O
—_ O
o = O
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7. [extra 2pt] Let

4 0 0 —1 —1 —1 —1]
0 4 0 -1 —1 —1 —1
0 0 4 -1 —1 —1 —1

A=|-1 -1 -1 3 0 0 O
-1 -1 -1 0 3 0 0
-1 -1 -1 0 0 3 0
-1 -1 -1 0 0 0 3

Find spec(A).

[END]
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