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Final Exam - May 2023 Linear Algebra II [MATH 104A / GEAI 1209A]

1. [1pt] Find a real matrix that is not diagonalizable. Provide your reasons.

2. [1pt] Find a real matrix that is diagonalizable but some of its eigenvalue
is not real. Provide your reasons.

3. [1pt] Find a real matrix that is diagonalizable but its eigenbasis is not
mutually orthogonal. Provide your reasons.

4. [2pt] Find the spectral decomposition of[
2 3
3 2

]
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5. [5pt] Let

A =


−18 1 2 3
−45 3 5 7
−63 4 7 10
−81 5 9 13

 and v =


1
2
3
4

 .

It is known that v is an eigenvector of A. Find the spectrum of A.
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6. [5pt] Let

A =


4 1 1 1 1
1 4 1 1 1
1 1 2 0 0
1 1 0 2 0
1 1 0 0 2

 .

Find the spectrum of A. You may also give some partial information of
the spectrum of A to get some partial credits, e.g., λ1 ≥ 10.
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7. Let A be an m × n matrix and A = UΣV ⊤ its singular value decompo-
sition. Suppose you are talking to people who have never learned linear
algebra. Follow the guidelines below and try to explain the concept of
the singular value decomposition as clear as possible.

(a) [2pt] Explain what U , Σ and V are, including their sizes and proper-
ties.

(b) [2pt] Let ui’s and vi’s be the columns of U and V , respectively. De-
scribe their relations.

(c) [1pt] Give some reasons about why the singular value decomposition
is important.
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8. [extra 5pt] Let A be the 9× 9 matrix

1 1 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0 0
0 1 0 1 0 0 0 0 0
0 0 1 0 1 0 0 0 0
0 0 0 1 0 1 0 0 0
0 0 0 0 1 0 1 0 0
0 0 0 0 0 1 0 1 0
0 0 0 0 0 0 1 0 1
0 0 0 0 0 0 0 1 −1


.

Find the inertia of A.
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9. [extra 2pt] Let
f(x, y) = x2 + 4xy + 4y2.

Find the maximum value of f(x, y) subject to x2 + y2 = 1.

[END]
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