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- Using the calculator is not allowed (and not necessary) for this exam.

- Any work necessary to arrive at an answer must be shown on the ex-
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- Please answer the problems in English.
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1. Let

V =

{[
x
y

]
: xy ≥ 0

}
.

(a) [1pt] List any four elements in V .

(b) [1pt] Is V closed under addition? Provide your reasons.

(c) [1pt] Is V closed under scalar multiplication? Provide your reasons.

(d) [1pt] Does V contain a zero vector? If yes, what is the zero vector in
V ?

(e) [1pt] Find the additive inverse of

[
2
3

]
.
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2. Let S = {u1,u2} with

u1 =


1
0
0
1

 and u2 =


0
1
1
0

 .

(a) [1pt] Find an element in [S].

(b) [1pt] Find an element not in [S].

(c) [1pt] Prove, by definition, that [S] is closed under addition.

(d) [1pt] Prove, by definition, that [S] is closed scalar multiplication.

(e) [1pt] Is S an independent set? Provide your reasons.
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3. Let S = {u1,u2,u3,u4,u5,u6} be the columns of
1 1 2 1 1 2
1 2 4 1 1 2
1 3 6 2 1 3
1 4 8 1 2 3


(a) [2pt] Find two different nontrivial linear relations in S.

(b) [3pt] Find a subset T ⊂ S such that T is linearly independent and
[T ] = [S]. Provide your reasons.
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4. [5pt] Mathematical essay: Write a few paragraphs to introduce linear
independence.

Your score will be based on the following criteria.

• The definition is clear.

• Some sentences are added to explain the definition.

• Examples or pictures are included to help understanding.

• The sentences are complete.
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5. [extra 2pt] Let S = {x,y, z} be a set of vectors. Suppose S is linearly
independent. Show that T = {x,x + y,x + y + z} is also linearly inde-
pendent.

[END]
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