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Final Exam - June 2024 Linear Algebra II [MATH 104A / GEAI 1209A]

1. Let f : R3 → R2 be a linear function, α = {v1,v2,v3} a basis of R3, and
β = {u1,u2} a basis of R2 such that

[f ]βα =

[
5 0 0
0 2 0

]
,

v1 =

1
1
1

 ,v2 =

1
2
3

 ,v3 =

1
4
9

 ,u1 =

[
1
1

]
, and u2 =

[
6
7

]
.

(a) [1pt] Find f(v2).

(b) [1pt] Find f(v3).

(c) [1pt] Find f(v1 + v2).

(d) [1pt] Find [v1 + v3]α.

(e) [1pt] Find f

 2
5
10

.
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2. Let

A =

[
2 4
4 2

]
.

(a) [2pt] For the optimization problem

max x>Ax,
subject to ‖x‖ = 1,

find the maximum value and the x that achieves it.

(b) [1pt] Let

D =

[
−2 0
0 6

]
.

Find a vector x with ‖x‖ = 1 such that x>Dx = 0.

(c) [2pt] Find a vector x with ‖x‖ = 1 such that x>Ax = 0.

2



Final Exam - June 2024 Linear Algebra II [MATH 104A / GEAI 1209A]

3. Let

A =

 2
3 −1

3 −
2
3

−1
3

2
3 −2

3

−2
3 −

2
3 −

1
3

 .
(a) [4pt] Find the spectral decomposition

A =

q∑
j=1

µjPj.

(b) [1pt] Explain what does the action x 7→ Ax do.
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4. [5pt] Mathematical essay: Write a few paragraphs to introduce linear
regression.

Your score will be based on the following criteria.

• The definition is clear.

• Some sentences are added to explain the definition.

• Examples or pictures are included to help understanding.

• The sentences are complete.
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5. [extra 5pt] Let

A =

[
1 1 −2 −2
1 1 2 2

]
.

Find the singular value decomposition

A = UΣV >.
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6. [extra 2pt] Consider the 10× 10 multiplication table as a matrix

A =



1 2 3 4 5 6 7 8 9 10
2 4 6 8 10 12 14 16 18 20
3 6 9 12 15 18 21 24 27 30
4 8 12 16 20 24 28 32 36 40
5 10 15 20 25 30 35 40 45 50
6 12 18 24 30 36 42 48 54 60
7 14 21 28 35 42 49 56 63 70
8 16 24 32 40 48 56 64 72 80
9 18 27 36 45 54 63 72 81 90
10 20 30 40 50 60 70 80 90 100


.

Find all the eigenvalues of A.

[END]
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