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1. Let V be a vector space with a basis B = 〈x1,x2,x3〉. Let W be a vector
space with a basis D = 〈y1,y2〉. Suppose f : V → W is a homomorphism
such that

RepB,D(f) =

[
0 2 0
1 0 3

]
.

(a) [1pt] Find f(x1).

(b) [1pt] Find f(x1 + x2 + x3).

(c) [1pt] Find a vector x in V such that f(x) = 10y1 + 10y2.

(d) [1pt] Find null(f).

(e) [1pt] Find rank(f).
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2. Let P3 be the vector space of polynomials of degree at most 3 and B =〈
1, x, x2, x3

〉
be a basis of P3. Let f : P3 → P3 be a homomorphism

defined by p(x) 7→ p′(x)− xp′′(x).

(a) [1pt] Find f(2 + 1x + 2x2 + x3).

(b) [2pt] Find the matrix A = RepB,B(f) such that ARepB(p(x)) =
RepB f(p(x)) for all p(x) ∈ P3.

(c) [2pt] Find a polynomial p(x) such that f(p(x)) = 2 + x2, p(0) = 5,
p(3) = 2.
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3. [2pt] State the definition of an isomorphism.

4. [3pt] Let f : R2 → R2 be a function defined by[
x
y

]
7→
[
x + 2y
x + 3y

]
.

Show that f is an isomorphism.
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5. [5pt] Mathematical essay: Write a few paragraphs to introduce a homo-
morphism.

Your score will be based on the following criteria.

• The definition is clear.

• Some sentences are added to explain the definition.

• Examples or pictures are included to help understanding.

• The sentences are complete.
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6. [extra 2pt] Define the plane

P =


xy
z

 : x + 2y + 3z

 .

Find a matrix A such that Av is the projection of v onto the plan P for
any v ∈ R3.

[END]
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