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Catalanó[9]
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= 1
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an+1 = a0an + a1an−1 + · · ·+ ana0, a0 = 1

{an} = {1, 1, 2, 5, 14, 42, 132, 429, 1430, . . . }
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×�PCatalanó[1, 5, 6, 7, 9]

cn,k = 1
(k−1)n+1

(kn
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= 1

n
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(k−1)n+1

)
= 1

n

( kn
n−1
)

Ð)(1)P�vc0,k = 1

cn+1,k =
∑

r1+r2+···+rk=n

cr1,k × cr2,k × · · · × crk ,k . (1)

{cn,0} = {1, 1, 0, 0, . . . };
{cn,1} = {1, 1, 1, 1, . . . };
{cn,2} = {1, 1, 2, 5, 14, 42, . . . };
{cn,3} = {1, 1, 3, 12, 55, 273, . . . };
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S§1

�S = {~x = (x1, x2, . . . , xq) | 0 ≤ x1 ≤ x2 ≤ · · · ≤ xq ≤
p − 1, xi ∈ Z}��L×ËºÕ(Cofman [2])

⊕ : S × {0, 1, . . . , p − 1} → S ,

(x1, x2, . . . , xq)⊕ ` = rearrangement of (y1, y2, . . . , yq)

, yi ≡ (xi + `) mod p,

(x1, x2, . . . , xq) ∈ S , ` ∈ {0, 1, . . . , p − 1}
Í�rearrangement of(y1, y2, . . . , yq)�îÞÍ¥±ã�Õ�4
��¬�LS ∼ S
×n;�~x ∼ ~y �îD3×Í`¸
ÿ~y = ~x ⊕ `�J∼
×��n;�©½2�	(p, q) = 1�J∼Ý
NÍ5vbpÍ-ô�v|S/ ∼ | = 1

p

(p+q−1
q

)
�

�a� ×�PCatalanóÝà)�LCÍTà



»�

p = 5, q = 3 p = 3, q = 4 p = 6, q = 4 p = 6, q = 4

(1, 1, 2) (0, 1, 2, 2) (0, 0, 3, 3) (0, 1, 1, 1)
⊕1 (2, 2, 3) (0, 0, 1, 2) (1, 1, 4, 4) (1, 2, 2, 2)
⊕2 (3, 3, 4) (0, 1, 1, 2) (2, 2, 5, 5) (2, 3, 3, 3)
⊕3 (0, 4, 4) (0, 1, 2, 2) (0, 0, 3, 3) (3, 4, 4, 4)
⊕4 (0, 0, 1) (4, 5, 5, 5)
⊕5 (1, 1, 2) (0, 0, 0, 5)
⊕6 (0, 1, 1, 1)
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S§1 J��

kJ∼
×��n;�6JÍbD�P�EÌP�LÉP
u(p, q) = 1��ã~x ∈ S�.
�â~xÝ5v
ã~x ,~x ⊕ 1, . . . ,~x ⊕ (p − 1)àW�kJ�ÍbpÍ�©6J�

~x 6= ~x ⊕ `0, if 0 < `0 < p

�'0 < `0 < p3��~x = ~x ⊕ `0�Jd = gcd(`0, p)ôÐ
)~x = ~x ⊕ d�
�c = p/d�ri�î~x�iÍó�i = 0, 1, . . . , p − 1�.


~x = ~x ⊕ d = ~x ⊕ 2d = · · · = ~x ⊕ (c − 1)d ,

⇒


r0 = rd = . . . = r(c−1)d
r1 = r1+d = . . . = r1+(c−1)d
...

...
. . .

...
rd−1 = r2d−1 = . . . = rp−1

Jq = r0 + r1 + · · ·+ rp−1 = c(r0 + r1 + · · ·+ rd−1)X|c |q�
êc = p/d ⇒ c |p�ãy(p, q) = 1�.hc = 1⇒ d = p
ùÇ`0 = 0, p, 2p, . . .�ÿJ~x 6= ~x ⊕ `0, if 0 < `0 < p
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S§1 J�(by group action)�

Zp × S → S
E��~x ∈ S��|G~x | = c�&Æb|Zp| = c |O~x | ⇒ c |p
�G~x =< d >, cd = p
~x = d~x = 2d~x = · · · = (c − 1)d~x
⇒ c |q ⇒ c = 1⇒ |O~x | = p, for all ~x

|S | =
∑
~x∈I

|O~x | = |O~x ||I | =
(
p + q − 1

q

)
X|

|S/ ∼ | = |I | = 1

p

(
p + q − 1

q

)
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A¢¸à�

A��p = n, q = n + 1�
⇒ |S/ ∼ | = 1

n

( 2n
n+1

)
= an

A��p = n, q = (k − 1)n + 1�
⇒ |S/ ∼ | = 1

n

( kn
(k−1)n+1

)
= cn,k

A��p = (k − 1)n + 1, q = n�
⇒ |S/ ∼ | = 1

(k−1)n+1

(kn
n

)
= cn,k
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à)�Õ1

3�ÏÝnÍü�wá(k − 1)n + 1Í¦�I»¡�|¥)Ú
!
×Ë�Jbcn,kËw°�
»�c3,3 = 12
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à)�Õ1-1

3�ÏÝkn + 1Íü�wá(k − 1)n + 1Í¦�N}�©�w×
¦�I»¡�|¥)Ú
!×Ë�Jbcn,kËw°�

5

2

0

w°ó= 1
kn+1

( kn+1
(k−1)n+1

)
= 1

kn+1

(kn+1
n

)
= cn,kËw°�
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à)�Õ2

!õ]�P

x1+x2+· · ·+x(k−1)n+1 ≡ 0 (mod n), 0 ≤ x1 ≤ x2 ≤ · · · ≤ x(k−1)n+1 ≤ n−1

Í�xi = 0, 1, . . . , n − 1, for all i�bcn,kà�(Shiue [8])�
»�c3,3 = 12
(0, 0, 0, 0, 0, 0, 0), (0, 0, 0, 0, 0, 1, 2), (0, 0, 0, 0, 1, 1, 1),
(0, 0, 0, 0, 2, 2, 2), (0, 0, 0, 1, 1, 2, 2), (0, 0, 1, 1, 1, 1, 2),
(0, 0, 1, 2, 2, 2, 2), (0, 1, 1, 1, 1, 1, 1), (0, 1, 1, 1, 2, 2, 2),
(0, 2, 2, 2, 2, 2, 2), (1, 1, 1, 1, 1, 2, 2), (1, 1, 2, 2, 2, 2, 2).
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à)�Õ3

�(0, 0)Õ(n, (k − 1)n)�øÄL : y = (k − 1)xÝ­5bcn,kË�
°(Cofman[2])�
»�c3,3 = 12
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D3P

E��~x�Jãm
~xET­5�øÄLm : y = (k − 1)x +mÝt
�ÝJó�ã­5�LmøFx-2ýt�ï�2ý
(i , yi )�JÕ
kax = iÝ¼\KõLm^bøF�êÕkaÝ�\K^ø
ÄLm�.hãx0 = x ⊕ (−yi )�ÍETÝ­5�ºøÄL�

⊕(−yi)

Lm

x = i

y = yi
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�×P

��8Ý¼ì�§AF��î�§CF�E��­5~x�3æ�
8AF?ì×}#î¨×Í�8ÝC�iî!øÝ­5�
E0 < ` ≤ kn�ãC`
­5õy = `øF�t�\Ý×F�J
|C`	�8CFXo�¼Ý­5Ç~x ⊕ `��sÆC`K���
3Lî�X|�¢~x ⊕ `3(0, 0)9FKºøÄ��8ÝE�a�

C`

C

A
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L]n;

an+1 = a0an + a1an−1 + · · ·+ ana0, a0 = 1

{an} = {1, 1, 2, 5, 14, 42, 132, 429, 1430, . . . }
Ð)(1)P�vc0,k = 1

cn+1,k =
∑

r1+r2+···+rk=n

cr1,k × cr2,k × · · · × crk ,k . (2)

{cn,0} = {1, 1, 0, 0, . . . };
{cn,1} = {1, 1, 1, 1, . . . };
{cn,2} = {1, 1, 2, 5, 14, 42, . . . };
{cn,3} = {1, 1, 3, 12, 55, 273, . . . };
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�C2(x)
CatalanóàL]n;�ÝßWÐó
C2(x)��xA2

2 = A2 − 1

�ÞgPÿ

A2 =
1±
√
1− 4x

2x

Í�1−
√
1−4x
2x =

∑
n≥0

1
n+1

(2n
n

)
xn

N�]�P©b5×6ÍßWÐó�
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�Ck(x)
à(1)�ÝßWÐó
Ck(x)��xAk

k = Ak − 1

uk = 3�A3 = s1 + s2 or ωs1 + ω2s2 or ω2s1 + ωs1�Í�

s1 =
3

√
− 1

2x
+

√
(
1

2x
)2 + (− 1

3x
)2;

s2 =
3

√
− 1

2x
−
√
(
1

2x
)2 + (− 1

3x
)2;

ω =
−1 +

√
3i

2

T����Ï�

ND. Klarner>0[4]T�Z}>0[1]ÝZa
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�cn+1,k�î��(0, 0)�Õ(n + 1, k(n + 1))v�ø
ÄL : y = (k − 1)xÝ­5ó�3%îikfBÃa�Ïif

y − 1 = (k − 1)(x − 1) + i��á(0, 0)×����Õ(1, 0)��
ÄQøÄkfBÃa&�K×g�
�(x0, y0) = (1, 0)v(xi , yi )�îÏ×gøÄÏifBÃa`Ýø
F��ri = xi+1 − xi�

1
2
3
4

r1 = 1

r2 = 2

r3 = 0

(x3, y3)

(x2, y2)

(x1, y1)

r4 = 0
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Í¸Tà

©¸àëËM�~e1 = (1, 0, 0)�~e2 = (0, 1, 0)�~e3 = (0, 0, 1)

�(0, 0, 0)Õ(n, n, n)ºb (3n)!
n!n!n!Ë�°

(3n)!

n!n!n!
=

(
3n

n

)(
2n

n

)(
n

n

)
= (2n + 1)cn,3 × (n + 1)cn,2

ô&�×°§×�­5óº�ºâ?Îcn,3 × cn,2�
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P²

©¸àî�ëËM��J�(0, 0, 0)Õ(n, n, n)v­53ì�§×
f�/ {

y − z ≥ 0
x − 1

2y − 1
2z ≥ 0

bcn,3 × cn,2Ë�°�

x

y

z

x

y

z

(n, n, n)
(n, n, (k − 1)n)
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�§

©¸àî�ëËM��J�(0, 0, 0)Õ(n, n, (k − 1)n)v­53ì
�§×f�/(k ≥ 2) {

(k − 1)y − z ≥ 0
x − 1

k y − 1
k z ≥ 0

bcn,k+1 × cn,kË�°�

x

y

z

x

y

z

(n, n, n)
(n, n, (k − 1)n)
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J�

ny

z

(k − 1)n

x

y

z

(n, n, (k − 1)n)

n

kn
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Jonah’s Theorem

Jonah’s Theorem(Hilton [3])(
n + 1

h

)
= c0

(
n

h

)
+c1

(
n − 2

h − 1

)
+· · ·+ci

(
n − 2i

h − i

)
+· · ·+ch

(
n − 2h

0

)
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.Â

(
n + 1

h

)
= c0,k

(
n

h

)
+ c1,k

(
n − k

h − 1

)
+ · · ·+ ci ,k

(
n − ik

h − i

)
+

· · ·+ ch,k

(
n − hk

0

)
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(
n + 1

h

)
= c0,k

(
n

h

)
+ c1,k

(
n − k

h − 1

)
+ · · ·+ ci ,k

(
n − ik

h − i

)
+

· · ·+ ch,k

(
n − hk

0

)
(1+x)n+1 =? c0,k(1+x)n+c1,kx(1+x)n−k+· · ·+ch,kx

h(1+x)n−hk+. . .

1 + x =? c0,k + c1,kx(1 + x)−k + · · ·+ ch,kx
h(1 + x)−hk + . . .
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p(x) = 1 + x ,

q(x) = c0,k + c1,kx(1 + x)−k + · · ·+ ch,kx
h(1 + x)−hk + . . .

= Ck(x(1 + x)−k)

�Í�CkÎü�k`ch,kÝßWÐó� p(x) = q(x)?

x(1 + x)−kAk(x) = A(x)− 1

x(1 + x)−kpk = x(1 + x)−k(1 + x)k = x = p − 1

x(1 + x)−kqk = x(1 + x)−k(Ck(x(1 + x)−k))k =
Ck(x(1 + x)−k)− 1 = q − 1

p,qKÎx(1 + x)−kAk(x) = A(x)− 1Ý�	
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S§

EyÐ)f (0) = 0ÝßWÐóf (x)

f (x)Ak(x) = A(x)− 1 (3)

�9©b×ÍßWÐó��ôµÎ1�A�f (x)Î×ßWÐó
vf (0) = 0�J�9©b×ÍßWÐóg(x)��

f (x)gk(x) = g(x)− 1
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J�

ug
(3)Ý×ßWÐó��J&Æ�|àA− gtfAk − A+ 1�
g fAk 0Ak−1 0Ak−2 . . . 0A2 −A 1

fg fg2 . . . fgk−2 fgk−1 fgk − g
f fg fg2 . . . fgk−2 fgk−1 − 1 fgk − g + 1 = 0

.h&Æá¼

fAk −A+1 = (A− g)(fAk−1+ fgAk−2+ · · ·+ fgk−2A+ fgk−1− 1)

¬�PÝÏÞÍÀr3x = 0`�y−1��y0�X|ßWÐó
�©�b×Í	
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Generalized Jonah’s theorem

.(1 + x)n¶/¼

(1+x)n+1 = c0,k(1+x)n+c1,kx(1+x)n−k+· · ·+ch,kx
h(1+x)n−hk+. . .(

n + 1

h

)
= c0,k

(
n

h

)
+ c1,k

(
n − k

h − 1

)
+ · · ·+ ci ,k

(
n − ik

h − i

)
+

· · ·+ ch,k

(
n − hk

0

)
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k = 0,⇒Pascal’s �§(
n + 1

h

)
=

(
n

h

)
+

(
n

h − 1

)
k = 1,⇒Pascal’s �§ÝTà(

n + 1

h

)
=

(
n

h

)
+

(
n − 1

h − 1

)
+ · · ·+

(
n − h

0

)
k = 2,⇒Jonah’s �§

�a� ×�PCatalanóÝà)�LCÍTà



uh ≥ n + 1µQWñ
e.g.:
k = 3, n = 4, h = 5

1 =

(
5

5

)
= 1

(
4

5

)
+1

(
1

4

)
+3

(−2
3

)
+12

(−5
2

)
+55

(−8
1

)
+273

(−11
0

)
= 0 + 0− 12 + 180− 440 + 273 = 1

k = 3, n = 3, h = 5

0 =

(
4

5

)
= 1

(
3

5

)
+1

(
0

4

)
+3

(−3
3

)
+12

(−6
2

)
+55

(−9
1

)
+273

(−12
0

)
= 0 + 0− 30 + 252− 495 + 273 = 0
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