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o HiCountingZ Catalan

o MIEERA{R%E Catalan
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_ 12
an = n+1(:)
1 (2n+l\ _ 1720y _ 1/2
an = 2n+1( nn ) - ;(nﬁl) - E(n—nl)
ant1 = dgap + a1ap—1+ -+ +apag,a =1
{an} = {1,1,2,5,14, 42,132,429, 1430,... }
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— M4 Catalan®[1, 5, 6, 7, 9]

® Cnk = (k— 1)n—&—l (kn)

® Chk = kn1+1 (an) ((k 1n+1) %(nk—nl)

ﬁ“‘/ﬁ\(l)_t E_Co’k =1

Cntlk = ) Crik X Cryk X == X Cpoke (1)
ri+rn+-+r=n

o {cno}=1{1,1,0,0,...};
{ca1}=1{1,1,1,1,... };
{cn2} ={1,1,2,5,14,42,... };
{Cn73} = {17 ]-737 12755,273, e }'
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LS ={X=(x1,%2,-.,%) | 0<x1 <xp <+ <xg <
p—1,x €} EFETEEH(Cofman [2])

®:5x{0,1,...,p—1} = S,

(x1,%2,...,Xq) ® ¢ = rearrangement of (y1,y»,...,Y¥q)
,¥i = (xi +£) mod p,
(x1,%2,...,%) €5,£€{0,1,...,p—1}
,B:‘:F‘rearrangement of(y1, y2, - - - ,ﬁ)i‘%ﬁﬂ%ﬁﬁ%ﬁﬁd@”jﬁ%
Gl o MEFES ~ SR—RIR » X ~ y AL —HE

By =X Q~B—FEBR - FF5lH - E(p,q) =1 R~y

GESEApETE - BIS/ ~|=L(PHa )
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{1 -

p=5q=3 p=3,g=4 p=6,g=4 p=6,q9=

(1,1,2) 0,1,2,2) (0,0,3,3) (0,1,1,1)
@l (2,2,3) (0,0,1,2) (1,1,4,4) (1,2,2,2)
@2 (3,3,4) (0,1,1,2) (2,2,5,5) (2,3,3,3)
@3 (0,4,4) (0,1,2,2) (0,0,3,3) (3,4,4,4)
@4 (0,0,1) (4,5,5,5)
@5 (1,1,2) (0,0,0,5)
®6 (0,1,1,1)
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WirE~ R —FEMIR - HEHA RS - BN R
#(p, ) =1 EHXX €S WAREMTE
EB)?)?’EBl ® (p — 1)AHRL > AEBAAHA pld » RZEFER

X#XDUly, if 0<ly<p
B0 < o < pTEWMEX = X & {o * Hld = ged(4o, p) AT
Ao o o
BEX=X&d

Lc=p/d > FERXPIEE - i=0,1,...,p—1° A

X=X®d=X®2d=---=Xd(c—1)d,
n = rq = ... = r(c_]_)d
n = nN4d = -~ = Ni(c-1)d
= ) . .
frd—1 = hd-1 = ... = Ip—1

Hlg=rn+n+--+rni1=clrn+n+--+r1)fllcq’
Xc=p/d=clp- Efﬂﬁl\(p, q)=1"Hittc=1=d=p
JRERly = 0,p,2p,...» 15X AR D Ly, if 0<lyg<p
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5| HH1 A (by group action) :

Zy,xS5—=S5

HEBR € S 26y = ¢’ #HlIH|Zy| = c|Ox| = clp
/\G;:<d>,Cd:P
X=dX=2dX=---=(c—1)dX
=clg=c=1= |0z = p, forall ¥

p+qg—1
1= 101 = odlir = (P71

xel

p+q— v
S/~ =|l
5/~ =111 =3 (7"

It A
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AR A 2

o MIRL —nq_n+1’
= ‘S/N | = E(n+1) =an
o MHELp=nqg=(k—1)n+1"
= 1S/ ~ | = 3 ((-tynsr) = ok
o NHE%Sp=(k—1Un+1,g=n>
15/ ~ | = gt () = G
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TR nERERO (k — 1)n + VI » Hellifz DL A A

—TE > I cp kTR o
Bl 2 c33 =12

o7 06 00 0D
00 o0 ol o0 00 ol 02 o0
o4 o4 o4 04
03 o0 00 o3 02 ol ol o2

09 0d
00 02 o1 o1
03 03
03 ol 02 o2
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HEWIEL-1

FEBMR AT kn + VETREEEA (k — 1)n + 1EER » 48T HEER—
BR o fEdE R A LN AR R F T AVE o (R o

o —> o °
2
° o .
%= #ﬂ((kﬂ;rnlﬂ) = knl—i-l (knrjrl) = Cn kML °
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X1+Xo+ -+ X(k—1)n+1 = 0 (mod n), 0<x3 <xp<---

< X(k—-1)nt1 S

Hx, =0,1,...,n—1, forall i > Hc, (#f#(Shiue [8]) °

il 2 c33 =12

(0,0,0,0,0,0,0),(0,0,0,0,0,1,2),(0,0,0,0,1,1,1),
(0,0,0,0,2,2,2),(0,0,0,1,1,2,2),(0,0,1,1,1,1,2),
(0,0,1,2,2,2,2),(0,1,1,1,1,1,1),(0,1,1,1,2,2,2),
(0,2,2,2,2,2,2),(1,1,1,1,1,2,2),(1,1,2,2,2,2,2)
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AHETRIES

#(0,0)8(n, (k — 1)) INEBIHEL : y = (k — 1)xHIEEEH ¢, (JHE
1%(Cofman[2]) °

i a3 =12
A A A A A
/ / / /
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fFEM:

FHERX > QI m BB ERIENEIE L, : y = (k — 1)x + mi&
NIRRT o BUBR AR L 58 Bl x- AR f /N AR R (i, i) @ RIS
L x = IHIZER AL 12 A 2R 5 XA AR AR 8
WLy o FIEHx = x @ (—y) » HEEOBE A TEBL -

L
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LRBERYZE N ARG ~ 5 EAMCEL - BHERBREX - R
EARE T —H84% LA — AR C » & ERIBRAYERTE -

B0 < 0 < kn> GRSy = (XBE P HASH—B - A
PG, B AR CREPIE H AR BR S RIX o ¢ » AT 38 C AN AT hE
FELE » FTUUME(TX @ €4£(0, 0) i REHS & il sz LA A A AR o

/4

C

Cy
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@ apy1 = apap + ai1ap—-1+ -+ apag, a0 = 1
o {an} ={1,1,2,5,14,42,132,429,1430,... }
o Fi&(1)z Hepy =1

Cn+1,k = E Cri k X Cry .k NEEED % Cry k- (2)
n+rn+-tr=n

* {Cnvo} = {17 170707 s },
{caa} ={1,1,1,1,... };
{cna} =1{1,1,2,5,14,42 ... };
{en3} =1{1,1,3,12,55,273,... };
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o 2 Co(x) A Catalan 0 B {3 1 £ BB B
Co(x)Wi/ExA3 = Ay — 1
o MK 1F

A — 14+ +v1—4x
2= 2x
1-vi 4 2
o Hr 2x X:anoﬁ(nn)xn

KZTEAAE T—1 (HER R
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4 Cre(x) 7 F (1) B0 A2 Bl B B
Cr(x)MiRRXAf = A — 1

o Hk=37A3=s1+5 or ws; +w?s or w?s; +ws; > HHF

3 1 1 1
— _ )2 _ )2
°1 2x (2x) +( 3x) '
1 _\/ 2
2X 3x '
—14/3i
2

o ERZNBEMRIE ?
D, Klarner#(#% [4] 5% #) 3 B £ [1] 13
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L1 kTN EAE(0,0)EF (n + 1, k(n + 1)) EAE

WLy = (k- 1)xBﬁE%f B TR B AREEEAR o Sk

By —1=(k—1)(x — 1) +i° A[F1(0,0)—EZSEEH|(1,0) > T
WAIR BB kI B AR A 2 D —IR

2 (x0, ¥0) = (1,0) H.(x;, y;) 5 — U IE 55 ikl B ARF A 22

2o Er = Xi+1 — X; °

RS

rg=2r;,=0
rm=1r3=0
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o HFM =P {ke = (1,0,0) ~ & = (0,1,0) ~ & = (0,0,1)
14£(0,0,0)%(n, n, n) & A 3L f 1%

nln!n!

o (3) () (1) = s 0

o HFFM—LEFRH » BHEBE AN EHILF Rcns X cr2 ?
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SE R bt =28 £% » BIGE(0,0,0)E(n, n, n) BEEEFE T FIRR I
Tk A A
{ y—2z2>0

1 1
xX—5y—5z20

Henz X CoolBEE °

n,n,(k—1)n
P (n,n,n) ;< i ( n)
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AEFH

AR bl =T - AGE(0,0,0)E(n, n, (k — 1)n) HERIEFET
BIBREI LR A (k > 2)

(k—=1)y—z>0
X =gy —3220

ﬁcn,k-l—l X Cn,k@i?jﬂ‘ °

(n,n,n) \ (n,n, (k—1)n)
Z . ]
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(n,n, (k—1)n)

(k—1)n
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Jonah's Theorem

@ Jonah's Theorem(Hilton [3])

n+1 . n te n—2 e n—2i e n—2h
ho ) %\n) T ho1 "\ h—i "o
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T

n+1\ AW L T AT
h _CO,/( h Clvk h_]_ Cl’k h_l
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n+1 _ n . n—k . Yo n— ik .
h —CO,k h Cl,k h_1 Cl,k b
te n — hk
h,k 0

(1+X)n+1 =" CO,k(1+X)n+C17kX(1—|—X)n_k+. . ‘+Ch,th(].—{—X)”_hk_|_‘ y

T+ x="cor+ cpx(L+x) K+ oppx(1+x)7M ...




p(x) =1+ x,
q(x) = cok + crpx(L+x) 7 + - F enpx"(T+x) 7"+ ..
= Cr(x(1 4+ x)_k)
» Hr G RIEE Koy HILE IR » p(x) = q(x)?

x(1+x)*AR(x) = A(x) — 1

=x(1+x) 1+x)k=x=p-1

o x(1+x)"*pk
o x(1+x)"kgk = x(1 + x) 7K (Cr(x(1 + x) 7<)k =
G(x(1+x) ) -1=qg—-1

o p,glEX(1 + x) KAk (x) = A(x) — 1AUS# |




BB A F(0) = OB AR BEF ()
FO)A (x) = A(x) — 1 (3)

EZ AR —f%ESEHEURE - hEEit > WRF ()2 —E R
HF(0) =0 HIZZ AAE AL Hg (x)#Hi2

f(x)g“(x) = g(x) — 1
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g Ry ()M — A B - AIFRITRT LU A — ghRfAk — A+ 1 -

g | Ak 0AK-1 0Ak-2 .. 0A? —A 1
fg fg2 ... fgh? fgh—1 fgk— g
f fg fg? ... fgFk? fgk_l—llfgk—ngl:O
IRl b 3 A 4

Ak —A+1=(A-g)(fAF T+ gA 2 .. 4 gk 2 A+ fgF1 - 1)

HA TS BRI EX = ORFSE IR — 1IN0 » BT LLAE R L
fife A e —1{m !
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Generalized Jonah's theorem

(L 4 x)"Te[m 5K

n—hk

(1) = co e (14x)"Fcp ex(14+x) " 4 - A cpx(1+x)
n+1 . n L n—k n Lo n—ik+
h = Co,k h 1,k h—1 Cik h—i
tec n — hk
h,k 0

+...




@ k =0,=Pascal's £

(3= () (s

e k =1,=Pascal's EHEH

()= @) G e

e k =2,=Jonah’s iEH
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n—h
0

)



Fih > n+ HERAAL
e.g.:
k:?), n:4’ h:5

Q0 () ()

=0+0—-12+180—-440+273=1
k=3, n=3 h=5

=)0 ()

=040 —30+252 — 495 + 273 = 0
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