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Minimum Rank of Loop Graphs
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S(G)
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mr(G) = min{rank(A) : A ∈ S(G)}
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Example: K2

Loop graph G Simple graph G

(
∗ ∗
∗ ∗
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0 ∗
∗ ∗
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0 ∗
∗ 0
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? ∗
∗ ?

)

mr(G1) = 1 mr(G2) = 2 mr(G3) = 2 mr(G) = 1min
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Example: Complete Graphs

mr(G1) = 1 mr(G2) = 2 mr(G3) = 2 mr(G4) = 3



∗ ∗ ∗
∗ ∗ ∗
∗ ∗ ∗







0 ∗ ∗
∗ ∗ ∗
∗ ∗ ∗







0 ∗ ∗
∗ 0 ∗
∗ ∗ ∗







0 ∗ ∗
∗ 0 ∗
∗ ∗ 0




det
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b c 0
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 = 2abc 6= 0
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Paths and Cycles

n− 1 = mr(Pn) ≤ mr(Pn) ≤ n

n− 2 = mr(Cn) ≤ mr(Cn) ≤ n

Jephian C.-H. Lin Reduction identities of the mr on loop graphs 5/19



Even Cycles
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n− 1⇔ at least one of blue or red has exactly one loop;

n− 2⇔ otherwise.
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Odd Cycles

n− 1⇔ exactly one even end-loop interval;
n− 2⇔ otherwise.

n⇔ loopless;
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Main Lemma

mr( ) = mr( )

mr( ))mr( =
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Inverse of 2 × 2 matrices




a b
c d







d b
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





d −b
−c a




1
det




d −b
−c a




swap

change sign

1/det

inverse
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Symbolic Inverse



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Symbolic Inverse
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Graph Interpretation



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




∼ ∼
∼ ∼

∼ ∼ ∼ ∼
∼ ∼ ∼ ∼




∗
∗
∗

∗
∗

Jephian C.-H. Lin Reduction identities of the mr on loop graphs 12/19



Schur Complement



A B>

B D






A B>

O D −BA−1B>




row 2 − BA−1 row1

Two matrices have the same rank.

If A is invertible, then

D −BA−1B> is called the Schur complement.Schur complement
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Schur Complement on Graphs



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∗ ∗ 0
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∗
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Schur Complement on Graphs




∗ ∗ 0
∗ ∗ 0
∗
∗ ∼

0 0
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Main Lemma

mr( ) = mr( )

mr( ))mr( =
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Proof of Main Lemma

=mr( ) mr( )5= =3+2=5




0 1 2 0 0

1 0 0 3 0

2 0 0 0 2

0 3 0 0 3

0 0 2 3 0







0 1 1 0 0

1 0 0 1 0

1 0 0 0 1

0 1 0 0 1

0 0 1 1 0


 



0 1 0 0 0

1 0 0 0 0

0 0 0 1 1

0 0 1 0 1

0 0 1 1 0




realized by

scale row 3
and row 4 Schur complement

definition
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Proof of Main Lemma

=mr( ) mr( )5= =3+2=5




0 1 2 0 0

1 0 0 3 0

2 0 0 0 2

0 3 0 0 3

0 0 2 3 0







0 1 1 0 0

1 0 0 1 0

1 0 0 0 1

0 1 0 0 1

0 0 1 1 0


 



0 1 0 0 0

1 0 0 0 0

0 0 0 1 1

0 0 1 0 1

0 0 1 1 0




reconstruction

realized by
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Other Results

Thank you.
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