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What is an artificial neural network?

A simple neural network

input hidden output
layer layer layer

keep improving itself

(Source: Wikipedia of Neural network)
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What is an artificial neural network?

A simple neural network

input hidden output
layer layer layer

keep improving itself

(Source: Wikipedia of Neural network)

Not easy to find learning resources for mathematicians.
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Classification task
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Input: Flattened vector

PiCi c R28X28

0... 0 O 0 0 0 72 71 47 59 46 47 63 41 1 0 0 ... 0 T 784
x; € R™
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Function f

o f(x]) =1 (accuracy 10%)

)

o f(x])=x;1 — guess the color by ink amount (accuracy 22%)
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Confusion matrix of the ink-guessing strategy

True label

o 1 2 3

4 5
Predicted label
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Output: One-hot encoding

1 - [0100000O0O0 0]
5—>[00000'10000] € RY

§—>[00000'00001]

One-hot encoding ensures the labels of 0,...,9 are mutually
equal-distanced.
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A layer ~ a transformation

Xz—'r c R784 f sz c RlO
sample label
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Linear model

samples labels
x| yi
. T

: —> train W, b — :

T T
XN Fx)=x"W +bT YN
new _ new

T —» predict —_— T
X y
R™ R™

Problem

Find W € R™*™ and b" € R™ that minimizes the cost function

1 N
= S IAGD) —ill
=1

.
) = = = Tyt
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Solve the optimization problem — by projection

Let

- X1 - -y -
X = : e RM*™ and ¥ = : e RVxn,

- XN = - YN -
The cost function becomes

1 T 2 | S 2
—||XW +1yb —Y|"=—=||XW =Y
SIXW 4 15T - Y2 = | 2

where

X=[ly X] and W= [bT].

W
The minimum uniquely occurs at W = (X T X)X Y.

Memory consuming. Hard to update for new data.
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Solve the optimization problem — by gradient descent

Input a scalar-valued function f and a learning rate a = 0.1
Output a point x such that f(x) is locally minimized, hopefully
Steps @ Initiate x randomly.
@ Compute v = Vf(x).
Q@ x+—x—av.
@ Repeat Step 2 ~ Step 3 several iterations.

(Source: Wikipedia of Gradient descent)
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Linear model

? ? Ci =
? lz" (%) -y |I?
A
W, bl

v v
aT 7aTW+bT %ZT

v
x; yi
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Derivative and gradient

Derivative is a linear operator
sending a direction to the directional derivative.

if f
Ax - scalar-value
gf(Ax):hmf(ert ) = f(%X) _scalar-valued Vof - Ay
o0x t—0 t gradient
Example
Let C; = ||z (x;) —y, ||. Then
aC; 2T A —y 1P 2 -y P
ga7 (Ba7) = [0 t
— lim (ZT + tAzT — y;l—) ) (ZT -'-tAz-r — y;l—) — ||ZT — y'LT||2
~ 50 t
=20z —y]) A,

= = = — Tyt
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Derivative and gradient

Derivative is a linear operator
sending a direction to the directional derivative.

_ if f
ai(Ax) — lim f(X + tAx) f(X) scalar-valued vxf . Ax-
0x t—0 t gradient
Example
Let f(al) =a'W +b'. Then
af of of
&T(Aa‘r) = AaTM/, W(Aw) = aTAW, W(Ab‘r) = AbT.
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Linear model

6T_ o=

? = i .
| ? 2(z" —y) 2" (x) = v/ |I?
J i A
v 2(ZT - yT) ) AzT
al T :
v
x; yi
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Linear model

UON
aJr

-
X;

oC;

= A, 7Ws= (W) - A,r

Oa

C; =
2" (x{) -y II
A
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Linear model

oC;

= a'Awd=(ad')- Ay, T = 6 - ApT
e 6T = Ci=
Wyt w2 -y ) -yl
J A
A
aT
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Linear model

(We)'

A
a

v
-
-
X
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Activation function

Two linear layers is the same as one layer.

(@' Wi+b/)Wa+by =a' WiWs+ (b] Wa +by)

An activation function adds nonlinearity to the function.

1

0 ‘ >

sigmoid function

Define o(z1, ... ,azm) = (J(:L‘1) o ().
S0 22(A) = A0 (0'(1), . 0'(2)) = A 0 0'(x).
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Neural network: Single-layer perceptron

samples labels

T T
Xy . T Y1

) —> train W, b —> :

. .
XN f(XT) — U(XTW + bT) YN
new _ new
| predict e yT
Rm RTL
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Neural network: Multilayer perceptron

samples labels
T T
X4 Y1
.| ——e=»train Wi, b], Wa, b]——=—— | "
X.]T\f T T T T y-zTV
o' Wi+by)oo(@d Wa+Db,y)
new di new
—C—> —=0 >
. predict yT

R™ R™
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Neural network: Multilayer perceptron

5 - 5y T C,
0 (Wada) T AT, : TooT >
agd], o] (Wade) od'(z]) ’ a0], 0] 2@l —yl)Tod(z]) ’ a; (x[) = vill*

|

Wa, b]

(W161)T

2(ag —y, ) A,
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Some examples

rrrrrrrrrrrrrrr


https://colab.research.google.com/github/jephianlin/ModularPython/blob/master/Examples-of-neural-network.ipynb

(W181)" o =
o) ——— -
B 0], o) (Wad2) T 0 0'(2])

h N Ci=
2ay —yi) = a7

(25 a] (x]) - yill”
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C;=
.

o = - 5 ;
a] (x]) - yill”

wis) —m4 ——— LT
(W31) 0], o) (Wad2) T 0 0'(2])

T 2(a; —yi)

) aid), o,
Wi, by | Wa, by

aj
',
i
Thanks!
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