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What is an artificial neural network?

(Source: Wikipedia of Neural network)

keep improving itself

Not easy to find learning resources for mathematicians.
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Classification task

f

1

5

9

Jephian C.-H. Lin (NSYSU) NN: Theory and Practice February 10, 2025 3 / 22



Input: Flattened vector

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 26 35 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 72 71 47 59 46 47 63 41 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 2 97 47 45 27 12 6 2 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 35 78 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 60 50 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 108 29 6 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 29 57 73 74 69 28 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 8 25 58 60 6 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 48 47 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 22 82 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 46 84 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 9 6 0 0 0 9 99 24 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 14 59 40 24 44 79 34 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 6 33 54 34 8 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

pici ∈ R28×28

0 ... 0 0 0 0 0 72 71 47 59 46 47 63 41 1 0 0 ... 0 x⊤
i ∈ R784

Jephian C.-H. Lin (NSYSU) NN: Theory and Practice February 10, 2025 4 / 22



Function f

f(x⊤
i ) = 1 (accuracy 10%)

f(x⊤
i ) = x⊤

i 1 → guess the color by ink amount (accuracy 22%)
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Confusion matrix of the ink-guessing strategy
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Output: One-hot encoding

1 →
[
0 1 0 0 0 0 0 0 0 0

]
...

...
5 →

[
0 0 0 0 0 1 0 0 0 0

]
...

...
9 →

[
0 0 0 0 0 0 0 0 0 1

]
∈ R10

One-hot encoding ensures the labels of 0, . . . , 9 are mutually
equal-distanced.
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A layer ∼ a transformation

x⊤
i ∈ R784

sample

...

...

...f y⊤
i ∈ R10

label
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Linear model

...

...

...f(x⊤) = x⊤W + b⊤

samples
x⊤
1
...

x⊤
N

train W , b⊤

labels
y⊤
1
...

y⊤
N

new
x⊤ predict

new
y⊤

Rm Rn

Problem
Find W ∈ Rm×n and b⊤ ∈ Rn that minimizes the cost function

1

N

N∑
i=1

∥f(x⊤
i )− yi∥2.
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Solve the optimization problem — by projection

Let

X =

− x1 −
...

− xN −

 ∈ RN×m and Y =

− y1 −
...

− yN −

 ∈ RN×n.

The cost function becomes

1

N
∥XW + 1Nb⊤ − Y ∥2 = 1

N
∥X̂Ŵ − Y ∥2,

where

X̂ =
[
1N X

]
and Ŵ =

[
b⊤

W

]
.

The minimum uniquely occurs at Ŵ = (X̂⊤X̂)−1X̂⊤Y .

Memory consuming. Hard to update for new data.
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Solve the optimization problem — by gradient descent

Input a scalar-valued function f and a learning rate α = 0.1

Output a point x such that f(x) is locally minimized, hopefully
Steps 1 Initiate x randomly.

2 Compute v = ∇f(x).
3 x← x− αv.
4 Repeat Step 2 ∼ Step 3 several iterations.

(Source: Wikipedia of Gradient descent)
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Linear model

a⊤ a⊤W + b⊤ z⊤

W , b⊤

x⊤
i y⊤

i

Ci =
∥z⊤(x⊤

i )− y⊤
i ∥2

?
?

?
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Derivative and gradient

Derivative is a linear operator
sending a direction to the directional derivative.

∂f

∂x
(∆x) = lim

t→0

f(x+ t∆x)− f(x)

t

if f
scalar-valued======== ∇xf

gradient
·∆x.

Example

Let Ci = ∥z⊤(x⊤
i )− y⊤

i ∥. Then

∂Ci

∂z⊤
(∆z⊤) = lim

t→0

∥z⊤ + t∆z⊤ − y⊤
i ∥2 − ∥z⊤ − y⊤

i ∥2

t

= lim
t→0

(z⊤ + t∆z⊤ − y⊤
i ) · (z⊤ + t∆z⊤ − y⊤

i )− ∥z⊤ − y⊤
i ∥2

t

= 2(z⊤ − y⊤
i ) ·∆z⊤ .

Jephian C.-H. Lin (NSYSU) NN: Theory and Practice February 10, 2025 13 / 22



Derivative and gradient

Derivative is a linear operator
sending a direction to the directional derivative.

∂f

∂x
(∆x) = lim

t→0

f(x+ t∆x)− f(x)

t

if f
scalar-valued======== ∇xf

gradient
·∆x.

Example

Let f(a⊤) = a⊤W + b⊤. Then

∂f

∂a⊤
(∆a⊤) = ∆a⊤W,

∂f

∂W
(∆W ) = a⊤∆W ,

∂f

∂b⊤ (∆b⊤) = ∆b⊤ .

Jephian C.-H. Lin (NSYSU) NN: Theory and Practice February 10, 2025 13 / 22



Linear model

a⊤ a⊤W + b⊤ z⊤

W , b⊤

x⊤
i y⊤

i

Ci =
∥z⊤(x⊤

i )− y⊤
i ∥2

?
?

δ⊤ =
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i )
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Linear model

∂Ci

∂a
= ∆a⊤Wδ = (Wδ)⊤ ·∆a⊤

a⊤ a⊤W + b⊤ z⊤

W , b⊤

x⊤
i y⊤

i

Ci =
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i )− y⊤
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i )
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Linear model

∂Ci

∂W
= a⊤∆W δ = (aδ⊤) ·∆W ,

∂Ci

∂b⊤ = δ⊤ ·∆b⊤

a⊤ a⊤W + b⊤ z⊤

W , b⊤

x⊤
i y⊤

i

Ci =
∥z⊤(x⊤

i )− y⊤
i ∥2

(Wδ)⊤

aδ⊤, δ⊤
δ⊤ =

2(z⊤ − y⊤
i )

∆a⊤W

a⊤∆W , ∆b⊤

2(z⊤ − y⊤
i ) ·∆z⊤
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Activation function

Two linear layers is the same as one layer.

(a⊤W1 + b⊤
1 )W2 + b⊤

2 = a⊤W1W2 + (b⊤
1 W2 + b⊤

2 )

An activation function adds nonlinearity to the function.

σ(x) = 1
1+e−x 1

0

sigmoid function

Define σ(x1, . . . , xm) = (σ(x1), . . . , σ(xm)).
So ∂σ

∂x(∆x) = ∆x ◦ (σ′(x1), . . . , σ
′(xm)) = ∆x ◦ σ′(x).
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Neural network: Single-layer perceptron

...

...

...f(x⊤) = σ(x⊤W + b⊤)

samples
x⊤
1
...

x⊤
N

train W , b⊤

labels
y⊤
1
...

y⊤
N

new
x⊤ predict

new
y⊤

Rm Rn
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Neural network: Multilayer perceptron

...

...

...

...

...

... σ(□
⊤W1 + b⊤

1 ) σ(□⊤W2 + b⊤
2 )

samples
x⊤
1
...

x⊤
N

train W1, b⊤
1 , W2, b⊤

2

labels
y⊤
1
...

y⊤
N

new
x⊤ predict

new
y⊤

Rm Rn
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Neural network: Multilayer perceptron

x⊤
i y⊤

i

a⊤0 a⊤0 W1 + b⊤
1

W1, b⊤
1

z⊤1 σ a⊤1 a⊤1 W2 + b⊤
2

W2, b⊤
2

z⊤2 σ a⊤2

Ci =
∥a⊤2 (x⊤

i )− yi∥2(W1δ1)
⊤

a0δ
⊤
1 , δ⊤1

δ⊤1 =
(W2δ2)

⊤ ◦ σ′(z⊤1 )
(W2δ2)

⊤

a1δ
⊤
2 , δ⊤2

δ⊤2 =
2(a⊤2 − y⊤

i )
⊤ ◦ σ′(z⊤2 )

2(a⊤2 − y⊤
i )

∆a⊤
0
W1

a⊤0 ∆W1 , ∆b⊤
1

∆z⊤1
◦ σ′(z⊤1 ) ∆a⊤

1
W2

a⊤1 ∆W2 , ∆b⊤
2

∆z⊤2
◦ σ′(z⊤2 ) 2(a⊤2 − y⊤

i ) ·∆a⊤
2
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Some examples
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https://colab.research.google.com/github/jephianlin/ModularPython/blob/master/Examples-of-neural-network.ipynb


x⊤
i y⊤

i

a⊤0 a⊤0 W1 + b⊤
1

W1, b⊤
1

z⊤1 σ a⊤1 a⊤1 W2 + b⊤
2

W2, b⊤
2

z⊤2 σ a⊤2

Ci =
∥a⊤2 (x⊤

i )− yi∥2(W1δ1)
⊤

a0δ
⊤
1 , δ⊤1

δ⊤1 =
(W2δ2)

⊤ ◦ σ′(z⊤1 )
(W2δ2)

⊤

a1δ
⊤
2 , δ⊤2

δ⊤2 =
2(a⊤2 − y⊤

i )
⊤ ◦ σ′(z⊤2 )

2(a⊤2 − y⊤
i )

∆a⊤
0
W1

a⊤0 ∆W1 , ∆b⊤
1

∆z⊤1
◦ σ′(z⊤1 ) ∆a⊤

1
W2

a⊤1 ∆W2 , ∆b⊤
2

∆z⊤2
◦ σ′(z⊤2 ) 2(a⊤2 − y⊤

i ) ·∆a⊤
2

Thanks!
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