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Small world

What is “small world” ?

General properties of small world networks:

1 Short average distance.

2 High clustering coefficient.

3 The degree distribution follows a power law – the fraction of vertices with degree k

decay as k−λ for some exponent λ.
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Facebook

Social networking service website established by Mark Zuckerberg et. al in

2004.

On 2011, a new study from Facebook and the University of Milan shows that any

two people on the site are on average separated by just 4.74 intermediate

connections, [2, 3].
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Section 2

Our main work

2 Our main work

Facebook model

Propositions

Degree distribution of the Facebook network
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Definition

Gt = (V(Gt),E(Gt)): A graph with vertices set V(Gt) and edges set E(Gt).

vt: Number of vertices in Gt.

et: Number of edges in Gt.

dt(u): Degree of vertex u in Gt.

d̄t: Average degree of Gt.
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Facebook model

We let each user of Facebook be a vertex and the friendship between two users be an

edge.

Let the graph G1 consists of two vertices connected by an edge, and in each discrete

time-step t + 1, t > 0, the graph Gt+1 is constructed from Gt in which one of the

following four steps is carried out:

1 Birth of vertices

2 Birth of edges

3 Death of vertices

4 Death of edges
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Facebook model

Birth of vertices: With probability

p1 > 0, a new vertex with one edge

is added to the graph. The edge is

connected to an existing vertex z

chosen according to the following

probability distribution:

Pt+1(z = u)

=
dt(u)∑

w∈V(Gt)
dt(w)

=
dt(u)

2et
for u ∈ V(Gt).

(1)
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Facebook model

Birth of edges: With probability

p2 > 0, a new edge is added between

a vertex chosen by (1) and another

vertex chosen randomly among

V(Gt).
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Facebook model

Death of vertices: With probability

p3 > 0, an existing vertex z is chosen

for deletion along with all the edges

incident to z in Gt. The vertex z is

chosen by the probability

distribution:

Pt+1(z = u) =
vt − dt(u)

v2
t − 2et

for u ∈ V(Gt).
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Facebook model

Death of edges: With probability

p4 = 1− p1− p2− p3, one randomly

chosen edge is deleted from E(Gt).
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Number of vertices of Facebook network

The probability of birth of vertices is p1.

The probability of birth of edges is p2.

The probability of death of vertices is p3.

The probability of death of edges is p4.

Proposition 1
The expectation of the number of vertices in Facebook network at time t is

Θ[(p1 − p3)t].
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Number of vertices of Facebook network

Proof. For t > 0, vt+1 = vt + Xt+1, where Xt+1 is a discrete random variable and

Xt+1 =


1, with probability p1;

−1, with probability p3; and

0, with probability p2 + p4.

Thus, the conditional expectation of vt+1 with Gt fixed is

E[vt+1 | Gt] = vt + E[Xt+1]. (2)
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Number of vertices of Facebook network

By taking the expectations of both sides of (2), we get

E[vt+1] = E[vt] + (p1 − p3), for t > 1 (3)

Then we solve the recursive equation (3) with initial condition E[v1] = 2, yields:

E[vt] = (p1 − p3)(t − 1) + 2,

which implies that E[vt] = Θ[(p1 − p3)t]. �
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Number of edges of Facebook network

Proposition 2
The expectation of number of edges in Facebook network at time t is

Θ

[
(p1 − p3)(p1 + p2 − p4)

p1 + p3
t
]

.
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Definition

Definition 1

N(1)
k,t is the number of neighbors of degree k of the vertex chosen for deletion during

step t.

Definition 2
Let Nk(t) be the number of vertices of degree k in Gt, and define N−1(t) = 0 for all t.
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Degree distribution in the neighborhood of the deleted

vertex

Proposition 3

The expectation of N(1)
k,t in the Facebook network at time t is approximate

kE[Nk(t)]E
[

vt − 2d̄t

vt(vt − d̄t)

]
.
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The power-law of degree distribution

Theorem 1
In our model for Facebook network, if p1 > p3 + 2p4, then it satisfies the small world

phenomenon: the degree distribution obeys the power-law.
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Degree distribution of the Facebook network

Proof. By analyzing the change in Nk(t) between the t th and the (t + 1) th step, we

have

E[Nk(t + 1)− Nk(t) | Gt]

= p1C(1)
k (t) + p2C(2)

k (t) + p3C(3)
k (t) + p4C(4)

k (t) + p1δk1, (4)
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Degree distribution of the Facebook network

E[Nk(t + 1)− Nk(t) | Gt] = p1C(1)
k (t) + p2C(2)

k (t) + p3C(3)
k (t) + p4C(4)

k (t) + p1δk1,

where

C(1)
k (t) = Nk−1(t)

(k − 1)

2et
− Nk(t)

k
2et

,

C(2)
k (t) = Nk−1(t)

(k − 1)

2et
+

Nk−1(t)
vt − 1

− Nk(t)
k

2et
− Nk(t)

vt − 1
,

C(3)
k (t) = (k + 1)Nk+1(t)

vt − 2d̄t

v2
t − 2et

− Nk(t)
(vt − k)

v2
t − 2et

− kNk(t)
vt − 2d̄t

v2
t − 2et

,

C(4)
k (t) = Nk+1(t)

(k + 1)

et
− Nk(t)

k
et
.

p1δk1 reveals the fact that the degree of a new vertex is always one.
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Degree distribution of the Facebook network

E[Nk(t + 1)− Nk(t) | Gt] = p1C(1)
k (t) + p2C(2)

k (t) + p3C(3)
k (t) + p4C(4)

k (t) + p1δk1,

where

C(1)
k (t) = Nk−1(t)

(k − 1)

2et
− Nk(t)

k
2et

,

C(2)
k (t) = Nk−1(t)

(k − 1)

2et
+

Nk−1(t)
vt − 1

− Nk(t)
k

2et
− Nk(t)

vt − 1
,

C(3)
k (t) = (k + 1)Nk+1(t)

vt − 2d̄t

v2
t − 2et

− Nk(t)
(vt − k)

v2
t − 2et

− kNk(t)
vt − 2d̄t

v2
t − 2et

,

C(4)
k (t) = Nk+1(t)

(k + 1)

et
− Nk(t)

k
et
.

p1δk1 reveals the fact that the degree of a new vertex is always one.

高瑋琳 (NCTU) Facebook – A smaller world Aug. 12, 2012 22 / 35



Degree distribution of the Facebook network

E[Nk(t + 1)− Nk(t) | Gt] = p1C(1)
k (t) + p2C(2)

k (t) + p3C(3)
k (t) + p4C(4)

k (t) + p1δk1,

where

C(1)
k (t) = Nk−1(t)

(k − 1)

2et
− Nk(t)

k
2et

,

C(2)
k (t) = Nk−1(t)

(k − 1)

2et
+

Nk−1(t)
vt − 1

− Nk(t)
k

2et
− Nk(t)

vt − 1
,

C(3)
k (t) = (k + 1)Nk+1(t)

vt − 2d̄t

v2
t − 2et

− Nk(t)
(vt − k)

v2
t − 2et

− kNk(t)
vt − 2d̄t

v2
t − 2et

,

C(4)
k (t) = Nk+1(t)

(k + 1)

et
− Nk(t)

k
et
.

p1δk1 reveals the fact that the degree of a new vertex is always one.

高瑋琳 (NCTU) Facebook – A smaller world Aug. 12, 2012 22 / 35



Degree distribution of the Facebook network

Assume that E[Nk(t)]/t converges to ak as t→∞.

To obtain a recursion for ak, we take the expectation of (4) and find the limit as

t→∞. By above Proposition 1, 2, 3, this yields

[α2(k + 2) + β2]ak+2 + [α1(k + 1) + β1]ak+1 + [α0k + β0]ak

= 2p1(p1 − p3)(p1 + p2 − p4)δk1. (5)
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Degree distribution of the Facebook network

To solve (5), we will use Laplace’s method as described in [4] to solve the

homogeneous equation:

[α2(k + 2) + β2]ak+2 + [α1(k + 1) + β1]ak+1 + [α0k + β0]ak = 0 for k ≥ 1. (6)

Assume that the solution of the homogeneous equation is of the form:

ak =

∫ b

a
tk−1h(t) dt (7)

where the function h(t) and the limits of integration a, b are yet to be determined.
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Degree distribution of the Facebook network

Then [α2(k + 2) + β2]ak+2 + [α1(k + 1) + β1]ak+1 + [α0k + β0]ak = 0 is satisfied

if a, b and h(t) are chosen such that

[tkh(t)(1− t)(α0 − α2t)]ba = 0 (8)

and

h
′
(t)

h(t)
=

β1t + β0

t(1− t)(α0 − α2t)
. (9)
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Degree distribution of the Facebook network

By integrating both sides of equation (9), we get

h(t) = tλ1(1− t)λ2(
α0

α2
− t)λ3 .

where

λ1 =
β0

α0
=

2p2(p1 + p2 − p4)

(p1 + p2)(p1 + p3)
,

λ2 =
β0 + β1

α2 − α0
=

2p1(p1 + p2 − p4)

(p1 + p2)(p1 − p3)− 2p1p4
,

λ3 = −β0α2 + β1α0

α0(α2 − α0)

=
2(p1 + p2 − p4)[2p2(p1p3 + p2p3 + p1p4)− (p1 + p2)2(p1 + p3)]

(p1 + p2)(p1 + p3)[(p1 + p2)(p1 − p3)− 2p1p4]
.

高瑋琳 (NCTU) Facebook – A smaller world Aug. 12, 2012 26 / 35



Degree distribution of the Facebook network

By integrating both sides of equation (9), we get

h(t) = tλ1(1− t)λ2(
α0

α2
− t)λ3 .

where

λ1 =
β0

α0
=

2p2(p1 + p2 − p4)

(p1 + p2)(p1 + p3)
,

λ2 =
β0 + β1

α2 − α0
=

2p1(p1 + p2 − p4)

(p1 + p2)(p1 − p3)− 2p1p4
,

λ3 = −β0α2 + β1α0

α0(α2 − α0)

=
2(p1 + p2 − p4)[2p2(p1p3 + p2p3 + p1p4)− (p1 + p2)2(p1 + p3)]

(p1 + p2)(p1 + p3)[(p1 + p2)(p1 − p3)− 2p1p4]
.

高瑋琳 (NCTU) Facebook – A smaller world Aug. 12, 2012 26 / 35



The power-law of degree distribution

Assume that p1 > p3 + 2p4, then

α0

α2
=

(p1 + p2)(p1 + p3)

2p1(p3 + p4) + 2p2p3
> 1, λ2 =

2p1(p1 + p2 − p4)

(p1 + p2)(p1 − p3)− 2p1p4
> −1

and [α2tk+λ1(1− t)λ2+1(
α0

α2
− t)λ3+1]ba = 0 is satisfied with a = 0 and b = 1.

Hence we obtain

ak =

∫ 1

0
tk−1tλ1(1− t)λ2(

α0

α2
− t)λ3 dt

�
∫ 1

0
tk+λ1−1(1− t)λ2 dt
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The power-law of degree distribution

ak =

∫ 1

0
tk−1tλ1(1− t)λ2(

α0

α2
− t)λ3 dt

�
∫ 1

0
tk+λ1−1(1− t)λ2 dt

=
Γ(k + λ1)Γ(1 + λ2)

Γ(k + 1 + λ1 + λ2)
(10)

∼ k−(1+λ2), k ≥ 1.

Here (10) is obtained by a formula in [6] (Table 1 (5) p.27) �
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The power-law of degree distribution

Example 1
If we pick p1 = 0.5, p2 = 0.25, p3 = 0.125, then p4 = 0.125 and p1 > p3 + 2p4.

Hence we obtain

ak ∼ k−5, for k ≥ 1. �

高瑋琳 (NCTU) Facebook – A smaller world Aug. 12, 2012 29 / 35



Section 3

Conclusion

3 Conclusion
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Conclusion

Our model for Facebook generates graphs with asymptotically power-law degree

distribution.

Future work:

I Finding the average distance of the random graph model theoretically.

I Constructing a general model for various networks.
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Thank you for your attention!

祝張鎮華老師 60大壽生日快樂!
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