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Small world

@ What is “small world” ?
@ General properties of small world networks:

@ Short average distance.
@ High clustering coefficient.

© The degree distribution follows a power law — the fraction of vertices with degree k

decay as k> for some exponent A.
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Facebook

2004.

@ Social networking service website established by Mark Zuckerberg et. al in
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Facebook

@ Social networking service website established by Mark Zuckerberg et. al in
2004.

@ On 2011, a new study from Facebook and the University of Milan shows that any
two people on the site are on average separated by just 4.74 intermediate

connections, [2, 3].
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Section 2

Our main work

© Our main work
@ Facebook model

@ Propositions

@ Degree distribution of the Facebook network
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Definition

G, = (V(G,),E(G,)): A graph with vertices set V(G;) and edges set E(G;).

v;: Number of vertices in G;.

e;: Number of edges in G;.

d,(u): Degree of vertex u in G;.

d;: Average degree of G,.
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Facebook model

We let each user of Facebook be a vertex and the friendship between two users be an

edge.
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We let each user of Facebook be a vertex and the friendship between two users be an
edge.

Let the graph G| consists of two vertices connected by an edge, and in each discrete
time-step t 4 1, t > 0, the graph G, is constructed from G, in which one of the

following four steps is carried out:
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Facebook model

@ Birth of vertices: With probability
p1 > 0, anew vertex with one edge
is added to the graph. The edge is
connected to an existing vertex z s

chosen according to the following O

probability distribution:

Pi(z=u)
di(u) _ di(u)
ZWEV(G,) d;(w) 2e;

foru € V(G,).

ey
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Facebook model

@ Birth of vertices: With probability
p1 > 0, anew vertex with one edge
is added to the graph. The edge is
connected to an existing vertex z
chosen according to the following

probability distribution:

Pii(z=u)
_ dy(u) _ di(u)
ZWeV(G') d;(w) 2e,

foru € V(G,).
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Facebook model

o Birth of edges: With probability
p2 > 0, a new edge is added between
a vertex chosen by (1) and another

vertex chosen randomly among

V(G)).
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Facebook model

@ Death of vertices: With probability
p3 > 0, an existing vertex z is chosen 2/8

for deletion along with all the edges

incident to z in G,. The vertex z is 3/8

chosen by the probability /.

distribution:

v, — di(u)

foru € V(G,).
vZ — 2e, . (@)

Pz =u) =
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Facebook model

@ Death of edges: With probability

ps = 1—p; —pr» — p3, one randomly

chosen edge is deleted from E(Gy).
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Number of vertices of Facebook network

@ The probability of birth of vertices is p;.
@ The probability of birth of edges is p,.
@ The probability of death of vertices is ps.
@ The probability of death of edges is pa.

Proposition 1

The expectation of the number of vertices in Facebook network at time ¢ is

O[(p1 — pa)t].
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Number of vertices of Facebook network

Proof. Fort > 0, v,y = v, + X1, where X, is a discrete random variable and

1, with probability p;;
Xi41 =1 —1, with probability p;; and
0, with probability p, + pa.
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Number of vertices of Facebook network

Proof. Fort > 0, v,y = v, + X1, where X, is a discrete random variable and

1, with probability p;;
Xi41 =1 —1, with probability p;; and
0, with probability p, + pa.

Thus, the conditional expectation of v,; with G, fixed is

E[Vt+1 | G;] =V, + E[XH_]]. (2)
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Number of vertices of Facebook network

By taking the expectations of both sides of (2), we get
Evi1] = E[v] + (p1 — p3), fort > 1 3)
Then we solve the recursive equation (3) with initial condition E[v] = 2, yields:

Ev] = (pr —p3)(t = 1) +2,

which implies that E[v,] = O[(p1 — p3)1]. |
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Number of edges of Facebook network

Proposition 2

The expectation of number of edges in Facebook network at time ¢ is
o @ =p)Pi+p2—ps),

pP1+p3
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Definition

Definition 1

N,E’lt) is the number of neighbors of degree k of the vertex chosen for deletion during

step 7.

Definition 2
Let Ni(7) be the number of vertices of degree k in G;, and define N_;(z) = 0 for all z.
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Degree distribution in the neighborhood of the deleted

vertex

Proposition 3

The expectation of N,Elt) in the Facebook network at time 7 is approximate

KE[N,(1)]E [%] '
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The power-law of degree distribution

Theorem 1
In our model for Facebook network, if p; > p3 + 2p4, then it satisfies the small world

phenomenon: the degree distribution obeys the power-law.
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Degree distribution of the Facebook network

Proof. By analyzing the change in Ny(7) between the 7 th and the (7 + 1) th step, we

have

E[Ne(t+ 1) — Ni(2) | G/

=piC0 (1) + p2C2 (1) + ps €2 (1) + paC (1) + 16, )
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Degree distribution of the Facebook network

E[Ne(r+ 1) — N (2) | Gy

where

p1CI () + paCP (1) + psC (1) + paC? (1) + p16ua,
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Degree distribution of the Facebook network

E[N(t + 1) = Ni() | G/ = piCV (1) + paC2 (1) + ps € (1) + paClP (2) + pr6a,

where

) CIEI) (l) = Nk_l(t) (

2e;
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Degree distribution of the Facebook network

E[N(t + 1) = Ni() | G/ = piCV (1) + paC2 (1) + ps € (1) + paClP (2) + pr6a,

where
o V(1) = Neea (1) (kz_etl) _Nk(t)Ziel’
° C,Ez) (1) = Ni—1 (1) <k2_et1) + ]\‘])];__1(;) - Nk(t)Zie, - i:lk_(t)l,
o €0 = (o DN ()55 — N0 ) AN 5
o 0 =M - o L.

@ p0x reveals the fact that the degree of a new vertex is always one.
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Degree distribution of the Facebook network

Assume that E[N ()] /¢ converges to ay as t — o0.
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Degree distribution of the Facebook network

Assume that E[N ()] /¢ converges to ay as t — o0.

To obtain a recursion for a;, we take the expectation of (4) and find the limit as

t — oo. By above Proposition 1, 2, 3, this yields

[aa(k +2) + Balarta + [ar(k+ 1) + Bilars1 + [k + Bolax

=2p1(p1 — p3)(p1 + P2 — pa)dir. (5)
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Degree distribution of the Facebook network

To solve (5), we will use Laplace’s method as described in [4] to solve the

homogeneous equation:

[az(k+ 2) + ﬂz]ak_;,_z + [O&l(k-l- 1) + ﬂl]ak+1 + [Oéok-i- ﬂo]ak =0 fork>1. (6)
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Degree distribution of the Facebook network

To solve (5), we will use Laplace’s method as described in [4] to solve the

homogeneous equation:

[a2(k +2) + Baaksa + [c1(k+ 1) + Bi]ak+1 + [k + Bolax =0 fork > 1. (6)

Assume that the solution of the homogeneous equation is of the form:

b
ap = / (1) dt (7

where the function A(#) and the limits of integration a, b are yet to be determined.
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Degree distribution of the Facebook network

Then [Otz(k + 2) + Bz]ak+2 + [011 (k + 1) + 61]ak+1 + [O[ok + ﬁo]ak = 0 is satisfied
if a, b and h(t) are chosen such that

[*h()(1 — £)(ap — cat)]2 =0 ®)
and
h/(t) . ﬁll‘ + ﬁo
h(e) 11— 1) (o — ent) ©)
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Degree distribution of the Facebook network

By integrating both sides of equation (9), we get

() = M (1 — 1) (22 —pha,

a2
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Degree distribution of the Facebook network
By integrating both sides of equation (9), we get

hr) = (1= 02 (22 —

@
where
A = Bo _ 2p2(pr+pa —pa)
ao  (p1+p2)(pr +p3)
Ay = Bo + Bi _ 2p1(p1 + p2 — pa)
w—ay  (pi+p2)(p1—p3) —2pips’
e — Boaa + Brag
, = 2022 10
ap(a — o)

_ 2(p1 £ P2 = P4)[202(p1p3 + Paps + P1pa) — (1 +p2) (1 4 p3)]
(p1 +p2)(p1 + p3)[(p1 + p2)(P1 — p3) — 2p1p4]
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The power-law of degree distribution

Assume that p; > p3 + 2py, then

a _ (p1+p2)(p1+p3) o1 2p1(p1 +p2 — pa)

-0 , = > —1
27 1 +p2)(p1 —p3) — 2011

@ 2pi(p3 +ps) +2pap3

and [N (1 — t))‘ZH(% — )M H1P = 0 s satisfied with @ = 0 and b = 1.
@

###k (NCTU) Facebook — A smaller world Aug. 12,2012

27135



The power-law of degree distribution

Assume that p; > p3 + 2py, then

a _ (p1+p2)(p1+p3) _ 2pi(p1 + p2 — pa)
— = >1, M= > —1
@ 2pi(ps +pa) + 2paps (p1 +p2)(P1 —p3) — 2p1pa
and [N (1 — t))‘ZH(% — )M H1P = 0 s satisfied with @ = 0 and b = 1.
a;
Hence we obtain
1 o
a= [ 0= —0Nar
0 le%)
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The power-law of degree distribution

a = /tk A1 -2

a2

x/ AN =) dr
0

Dk+1+ X+ X)

~ kU >,

Here (10) is obtained by a formula in [6] (Table 1 (5) p.27) |
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The power-law of degree distribution

Example 1
If we pick p; = 0.5, p, = 0.25, p3 = 0.125, then p4 = 0.125 and p; > p3 + 2p4.

Hence we obtain

ag ~ k=, fork>1. [}
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Conclusion

@ Our model for Facebook generates graphs with asymptotically power-law degree

distribution.
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Conclusion

@ Our model for Facebook generates graphs with asymptotically power-law degree
distribution.
o Future work:

> Finding the average distance of the random graph model theoretically.

» Constructing a general model for various networks.
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Thank you for your attention!
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