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. £ e !
What is the correct detection probability of

finding the culprit after time ¢ in a network ?
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SI model (Kermack and McKendrick, 1927)

@ An epidemiological model.

In a closed population.
o Two types of people:

» S;: The number of susceptible (¥ # & 4 #) people at time 7.
» I;: The number of infected (B # &% #7) people at time 7.

It+At -1, = BStItAt'

A discrete-time model:

St+1 =S8 — ﬂStIta
It+1 - It P ﬂStIt,
Iy = A constant.
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Rumor spreading model

@ S;: The number of people who don’t know rumors yet.

@ [;: The number of people who have known rumors.
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Rumor spreading model

@ S;: The number of people who don’t know rumors yet.

@ [;: The number of people who have known rumors.

Assumption
Using a fixed population, S; + I, = N.
Assume Sy = N, Iy = 0, and

St+1 :Sl_ 17 It-H =1+ 17
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Rumor spreading model

@ S;: The number of people who don’t know rumors yet.

@ [;: The number of people who have known rumors.

Assumption
Using a fixed population, S; + I, = N.
Assume Sy = N, Iy = 0, and

St+1 :Sl_ 17 It-H =1+ 17

e V(G): People.

o E(G): Relationship between two people.
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Rumor spreading model

Let G, be a subgraph of order ¢ of G.

This graph is compose of ¢ infected vertices
which are people who have known rumors at time
fie

@ Gi: Rumor source.

In each discrete time-step £ + 1, ¢ > 0,
G, develops from G, by adding a vertex z
with an edge with the following probability
distribution:

1
Lvev(e) Av) =20 = 1)

Py (2) = ()
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d-regular tree

o Countably infinite vertex set.

o Every vertex has d neighbors. \

N(v): Neighborhood of v.

d(v): Degree of v.
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d-regular tree

o Countably infinite vertex set.

o Every vertex has d neighbors.
N(v): Neighborhood of v.
d(v): Degree of v.

@ A rooted tree 7, can be decomposed
into d subtrees.

(Ty, " ,T!): Branches of T,,
and#) +1), +1, =1t — L
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Definition 1
Consider rumor centrality(# = 13 14) R(v, G,), the followings are equivalent.
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Definition 1
Consider rumor centrality(z% = 1% 1%) R(v, G,,), the followings are equivalent.

o The number of distinct ways to spread a rumor to every vertex in G, with v as the
source.

o Rumor center of G, is the vertex with maximum rumor centrality.

Proposition 1 (D. Shah and T. Zaman, 2011 [6])

Rumor center is the maximum likelihood estimator (& kX # A f& 1) of a regular tree.

Proposition 2 (D. Shah and T. Zaman, 2011 [6])
Given an n vertices tree,

@ Node v is the only rumor center if and only if #;, < 5 for all u # v.

o If there is a node v such that 7} = %, then u and v both are rumor centers.
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Definition 2

Let E;(G) be the event of correct rumor source detection under the ML rumor source
estimator after time ¢ on a graph G. If the graph G considered is prescribed , then we
use E; to denote E,(G).
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Theorem 1

Suppose the rumor has spread in a 2-regular tree. Then we have that
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Definition 2

Let E;(G) be the event of correct rumor source detection under the ML rumor source
estimator after time ¢ on a graph G. If the graph G considered is prescribed , then we
use E; to denote E,(G).

Theorem 1
Suppose the rumor has spread in a 2-regular tree. Then we have that

P(E) = 0 (%) .

Theorem 2
Suppose the rumor has spread in a regular tree. Then we have that

0<P(E)<

N —
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Definition 3

d
n
Ad:{(alyaZa"' aad)|1§ai < E’Z;ai:n_ 1},and

d
By ={(b1,ba, -+ ,ba)|b; €N,> by =n—1}.

i=1

Clearly, Ad - Bd.
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Definition 3

d
n
Ay ={(a1,a2, - ,a9)| 1 < a; < E,Zai =n— 1}, and

i=1

d
By ={(b1, b2, ,ba)| bi EN,Zbi =n—1}.
=i

Clearly, A; C B,. Moreover,

= (1541 - (52)
- ()« (3)

=3 i=m="
(17 174)’ (1747 1)’ (47 17 1)’
(1,2,3),(1,3,2),(2,1,3), (2,3, 1), (3, 1,2), (3,2, 1), (2,2, 2).
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Given (#) ,1y,,- - , 1, ), the total number of ways to spread a rumor is
(=1 d
AR HH (@=2)(i-1)+1). @
k=1i=1
® 000000000
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Detection probability of d-regular trees

ﬁnﬁf;] (d=2)(i—1)+1)

(G 7 )EA; \k=1 t‘ljk!
PREL S R L) d -
Py(n) = ———— - : 3)
II [ (d=2)(-1D)+1)
!

(857,50 oty JEBa \k=1
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Detection probability of d-regular trees

2)(i—1)+1)

ﬁ I, ((d—

(5,517, 5 oty ) €A \k=1

o]

Py(n) = -

11 [Le (@=2)-1D)+1)

(857,50 oty JEBa \k=1

!

3)

Theorem 3
If G is a 3-regular tree, then we have that
lim P(E,) = !
t_l)I(I)lo . 4°
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Let
o wa =1, d=2)(i—-1)+1.
@ f(x): The exponential generating function for the sequence {wg, 52,

f(x):Z%X":ZHi:l(d_z)(i—l)-l-lxn. o

n!

n=1 n=1
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Let
o wan =1L, (d—2)(i—1)+1.

@ f(x): The exponential generating function for the sequence {wg, 52,

f(x):Z d"n ZHzld 2)(l_l)+1xn 4)

n!
n=1

And we have

(-1 =TI, ai —
o (1—ax>‘i:Z(;)<—ax>"=1+;nt—l s

n=0
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Let
o wan =1L, (d—2)(i—1)+1.

@ f(x): The exponential generating function for the sequence {wg, 52,

=3 Wan anld 2)'(1—1)+1xn "

n!

n=1

And we have

(1 1L, ai —
o (1—ax>‘i=2( “)(—ax>"=1+ > Uopeli D+ 1

Hence we immediately know f(x) = (1 — ax)~ — 1 wherea = d — 2.
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Detection probability of d-regular trees
Leta=d — 2,

&)
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