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SI model (Kermack and McKendrick, 1927)

An epidemiological model.

In a closed population.

Two types of people:

I St: The number of susceptible (可被感染的) people at time t.

I It: The number of infected (已被感染的) people at time t.

It+∆t − It = βStIt∆t.

A discrete-time model: 
St+1 = St − βStIt,

It+1 = It + βStIt,

I0 = A constant.
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Rumor spreading model

St: The number of people who don’t know rumors yet.

It: The number of people who have known rumors.

Assumption
Using a fixed population, St + It = N.

Assume S0 = N, I0 = 0, and

St+1 = St − 1, It+1 = It + 1,

V(G): People.

E(G): Relationship between two people.

Zi-Hui Lee (NCTU) A Mathematical Model for Finding the Culprit June 12, 2012 4 / 18



Introduction Rumor Source Estimator Main Result Conclusion

Rumor spreading model

St: The number of people who don’t know rumors yet.

It: The number of people who have known rumors.

Assumption
Using a fixed population, St + It = N.

Assume S0 = N, I0 = 0, and

St+1 = St − 1, It+1 = It + 1,

V(G): People.

E(G): Relationship between two people.

Zi-Hui Lee (NCTU) A Mathematical Model for Finding the Culprit June 12, 2012 4 / 18



Introduction Rumor Source Estimator Main Result Conclusion

Rumor spreading model

St: The number of people who don’t know rumors yet.

It: The number of people who have known rumors.

Assumption
Using a fixed population, St + It = N.

Assume S0 = N, I0 = 0, and

St+1 = St − 1, It+1 = It + 1,

V(G): People.

E(G): Relationship between two people.

Zi-Hui Lee (NCTU) A Mathematical Model for Finding the Culprit June 12, 2012 4 / 18



Introduction Rumor Source Estimator Main Result Conclusion

Rumor spreading model

Let Gt be a subgraph of order t of G.
This graph is compose of t infected vertices
which are people who have known rumors at time
t.

G1: Rumor source.

In each discrete time-step t + 1, t > 0,
Gt+1 develops from Gt by adding a vertex z
with an edge with the following probability
distribution:

Pt+1 (z) =
1∑

v∈V(Gt)
d(v)− 2(t − 1)

. (1)
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d-regular tree

Countably infinite vertex set.

Every vertex has d neighbors.

N(v): Neighborhood of v.

d(v): Degree of v.

A rooted tree Tv can be decomposed
into d subtrees.

(Tv
v1
,Tv

v2
,Tv

v3
): Branches of Tv,

and tv
v1

+ tv
v2

+ tv
v3

= tv − 1.
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Definition 1
Consider rumor centrality(謠言向心性) R(v,Gn), the followings are equivalent.

The number of distinct ways to spread a rumor to every vertex in Gn with v as the
source.
Rumor center of Gn is the vertex with maximum rumor centrality.

Proposition 1 (D. Shah and T. Zaman, 2011 [6])
Rumor center is the maximum likelihood estimator(最大概似估計) of a regular tree.

Proposition 2 (D. Shah and T. Zaman, 2011 [6])
Given an n vertices tree,

Node v is the only rumor center if and only if tv
u <

n
2 for all u 6= v.

If there is a node v such that tv
u = n

2 , then u and v both are rumor centers.
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d = 3, t = n = 5
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Definition 2
Let Et(G) be the event of correct rumor source detection under the ML rumor source
estimator after time t on a graph G. If the graph G considered is prescribed , then we
use Et to denote Et(G).

Theorem 1
Suppose the rumor has spread in a 2-regular tree. Then we have that

P(Et) = O
(

1√
t

)
.

Theorem 2
Suppose the rumor has spread in a regular tree. Then we have that

0 < P (Et) ≤
1
2
.
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Definition 3

Ad = {(a1, a2, · · · , ad)| 1 ≤ ai <
n
2
,

d∑
i=1

ai = n− 1}, and

Bd = {(b1, b2, · · · , bd)| bi ∈ N,
d∑

i=1

bi = n− 1}.

Clearly, Ad ⊆ Bd.
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d = 3, t = n = 7
(1, 1, 4), (1, 4, 1), (4, 1, 1),

(1, 2, 3), (1, 3, 2), (2, 1, 3), (2, 3, 1),

(3, 1, 2), (3, 2, 1), (2, 2, 2).
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|Bd| =
(

n− 1− d + d − 1
d − 1

)
=

(
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d − 1

)
,
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n− 2
d − 1
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− d ·

(bn
2
c − 1

d − 1
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Given (tv
v1
, tv

v2
, · · · , tv

vd
), the total number of ways to spread a rumor is

(n− 1)!

tv
v1

!tv
v2

! · · · tv
vd

!
·

d∏
k=1

tv
vk∏

i=1

((d − 2) (i− 1) + 1) . (2)
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Detection probability of d-regular trees

Pd(n) =

∑
(tv

v1
,tv

v2
,··· ,tv

vd
)∈Ad

 d∏
k=1

∏tv
vk

k=1 ((d − 2) (i− 1) + 1)

tv
vk

!


∑

(tv
v1
,tv

v2
,··· ,tv

vd
)∈Bd

 d∏
k=1

∏tv
vk

k=1 ((d − 2) (i− 1) + 1)

tv
vk

!

 . (3)

Theorem 3
If G is a 3-regular tree, then we have that

lim
t→∞

P(Et) =
1
4
.
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Let
wdn =

∏n
i=1 (d − 2) (i− 1) + 1.

f (x): The exponential generating function for the sequence {wdn}∞n=1

f (x) =
∞∑

n=1

wdn

n!
xn =

∞∑
n=1

∏n
i=1(d − 2)(i− 1) + 1

n!
xn. (4)

And we have

(1− ax)−
1
a =

∞∑
n=0

(
− 1

a
n

)
(−ax)n = 1 +

∞∑
n=1

∏n
i=1 a(i− 1) + 1

n!
xn.

Hence we immediately know f (x) = (1− ax)−
1
a − 1 where a = d − 2.
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a − 1 where a = d − 2.
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Detection probability of d-regular trees
Let a = d − 2,

Pd(n) = 1−

d
n−d∑
m≥ n

2

wdm

m!

(
[xn−1−m]Fd−1(x)

)
[xn−1]Fd(x)

. (5)

Where

wdn =

n∏
i=1

(a (i− 1) + 1) ,

[xn]Fk(x) =

k∑
l=1

(−1)k−l
(

k
l

)∏n
i=1 (l + a(i− 1))

n!
.
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Conclusion
General behavior of detection probability for several d’s and n ≤ 100, 000.

1
2 ≥ Pd(n) ≥ Pd′(n) ≥ 1

4 if d ≥ d′ ≥ 3
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Thank you for listening.
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