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Abstract. We establish an asymptotic formula for the eighth moment of the Riemann zeta function,
assuming the Riemann hypothesis and a quaternary additive divisor conjecture. This builds on the
work of the first author on the sixth moment of the Riemann zeta function and the works of Conrey—
Gonek and Ivi¢. A key input is a sharp bound for a certain shifted moment of the Riemann zeta
function, assuming the Riemann hypothesis.
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1. Introduction

This article concerns the eighth moment /4(7") of the Riemann zeta function ¢ (s), where

T
1(T) =/0 (& +ir)|* dr (1.1)

denotes the 2k-th moment of the Riemann zeta function. There is a long and extensive
history of research on the moments (1.1). Fundamental results may be found in the books
[21,22,24,35]. Regarding its size, it was proven by Heath-Brown [17] and Ramachandra
[30,31] that under the Riemann hypothesis, for any real k > 0,

Ie(T) > T(log T)¥". (1.2)

Recent work of Radziwitt and Soundararajan [29] and Heap and Soundararajan [15]
shows that (1.2) holds unconditionally for k > 0.
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Under the Riemann hypothesis, Harper [14] established that
I(T) < T(log T)¥". (1.3)

This improved an earlier result of Soundararajan [33] in which the right of (1.3) was larger
by a factor of (log 7")¢. Unconditionally (see [22, Theorem 8.3]), it is known that

1+ 52 if2 <k <6,
35(k 3) 178
1 + =58 ifk > 2.

Keating and Snaith [23], using a random matrix model, conjectured that for k € N,

L(T) ~ 555 7 (10g T)F (1.4)

(k2)'

as T — oo, where

k—1 . k2 oo 2
5 J! 1 k4+m—-1\" _,
gk=k!1—[—.' and ak=l—[(1——) Z( P (15)
j=0 (k4! p Pl o n
In 2005, Conrey et al. [5], using a heuristic argument with the approximate functional
equation, conjectured that for k € N,

I(T) = TP2(l0g T) + o(T), (1.6)

where $;> is a certain polynomial of degree k2. In 1918, Hardy and Littlewood [13]
established the asymptotic (1.4) for k¥ = 1, and in 1926, Ingham [19] established the
case k = 2. The asymptotic for k = 3 was first conjectured by Conrey and Ghosh [6].
Conrey and Gonek [7] provided a heuristic argument, which suggests that (1.4) holds
for k = 3, 4. Their work is based on conjectural asymptotics for additive divisor sums.
Recently, building on the works of Conrey—Gonek [7] and Hughes—Young [18], the first
author [26] showed that a certain conjecture for smoothed ternary additive divisor sums
implies that (1.4) and (1.6) are true in the case k = 3. In this article, we extend the ideas
in [26] to the case k = 4.

A general approach in evaluating (1.1) is to write |§(2 +it) |2k = {(2 1t)k§(2 —ir)k.
This leads naturally to the Dirichlet series

o0

() = wmn™

n=1

where the k-th divisor function 7y is given precisely by
w(n) =#{(dy,....dy) e NF | dy---dy =n) forn e N.
The moments I (T'), for k € N, are intimately related to the additive divisor sums

Di(x;r) = Z ()t (n + 1) (1.7)

n<x
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for x > 0. In [19], Ingham required an upper bound for D, (x;r) in order to establish
the asymptotic (1.4) for k = 2. Heath-Brown [16] developed this further and established
(1.6) for k = 2 by using a more precise asymptotic formula for D, (x; r). Deshouillers
and Iwaniec [8], and then Motohashi [24], improved the error term in (1.7), for k = 2,
by making use of the spectral theory of automorphic forms (Kuznetsov’s formula). For
k > 2, Conrey and Gonek [7] and Ivi¢ [22] studied the relationship between Dy (x;r)
and asymptotics and bounds for I (T"). In practice it is more convenient to consider more
general sums of the shape

Dyga(r) =Y w(m)(n)f(m.n). (1.8)

m—n=r

where k,£ € N, r € Z \ {0}, and f is an arbitrary function of two variables. Observe
that the sum in (1.7) is a special case of (1.8). In our work, we assume f is a smooth
function that satisfies conditions (1.9) and (1.10) below. Duke, Friedlander, and Iwaniec
[9] introduced these sums when k = £ = 2 (with the more general summation condition
am — bn = r) to study the subconvexity problem for GL,. The sums (1.8) provide much
greater flexibility and are more useful in moment problems than the classical unsmoothed
sums (1.7). This is due to the presence of the smooth function f which allows for the
application of the Poisson and Voronoi summation formulae.
The function f in (1.8) satisfies the following properties. There exist positive X, Y,
and P such that
supp(f) C [X,2X] x [Y,2Y], (1.9)

and the partial derivatives of f satisfy the growth conditions
X"yt O y) K P (1.10)

We now describe a conjectural formula for the sums D .x ¢(r). We first need to intro-
duce an arithmetic function that appears in the conjecture.

Definition 1. Let & € N. The multiplicative function n + g (s, n) is given by

f—‘rot)
Z;'io Tk(PjS
ge(s.m) = [ =o—2—

oo n(p/)
p%||n Zj:O pIs

In other words, forn € N, we have > -, wom — o (s, 1) (s)K.

mS
The multiplicative function n + Gy (s, n) is given by

pu(d)d’® — ple) ( ne)
Gr(s,n) = 8k S — ) (1.1D)
d2|n: ¢(d) eXId: e d

s

It can be shown that for s ~ 1, Gi (s, p?) ~ t (p?) — p* 't (p’ 1) (see Lemma 2.3

below and [25, Lemma 5.4, p. 521] for precise statements).
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Conjecture 1 (Quaternary additive divisor conjecture). There exists C > 0 for which the
following holds. Let gy and &' be arbitrarily small positive constants. Let P > 1, and let
X,Y > 1/2satisfy Y < X. Let f be a smooth function satisfying (1.9) and (1.10). Then,
if X is sufficiently large (in absolute terms), one has

o0

Z cq(r)Ga(z1,9)G4(z2.9)

q21+22

1
Drisal) = G /ﬁ | /ﬂ RERE

o0
x/ fle,x —r)x? Y (x =2 Vdxdzy dz; + O(PEXV2F20) (1.12)
0

g=1

uniformly for 1 < |r| < X'¢, where fori = 1,2, B ={zi € C | |zi = 1| = r;} C C
are circles, centred at 1, of radii r; € (l%w, 1—10), and cq(r) =Y 5 (modq) €(—dr/q) is the
Ramanujan sum.

This form of the additive divisor conjecture is worked out in Appendix 1 (Section 9)
below; see also [7, pp. 589-591]. The derivation is based on Duke, Friedlander, and
Iwaniec’s §-method (a form of the circle method). The Ramanujan sums c, () appear in
the detection of the additive condition m = n + r. The size of the error term is expected
based on an analogy to Aryan’s work [1] in the case k = £ = 2 and to Blomer’s work [2]
on shifted convolutions of modular forms. Furthermore, numerical work of Nguyen [28]
also suggests this is the correct size.

We now state our main result.

Theorem 1.1. Assume the Riemann hypothesis and Conjecture 1 (the quaternary additive
divisor conjecture) are true. Then

24024a4

14(T) ~ T6l

T(log T)'6 (1.13)

as T — oo, where a4 is defined in (1.5).

Our proof of Theorem 1.1 relies in a fundamental way on the following result on
shifted moments of the Riemann zeta function established by the authors in the companion
article [27].

Theorem 1.2. Let k > 1/2 and assume the Riemann hypothesis. For T > 1 and ty € R,
define

. 1 . 1
m1n(m,log T) if lto] < 559>

§(T. 1) = ,
log2 + 1200])  if ltol > 555-

Then for T sufficiently large and |ty| < 0.5T, we have'

T
/ (3 + it +it0) [f[¢ (L + it —ito)|“ di <x T(og TYF*128(T,10)F/%.  (1.14)
0

INote €(T, t9) = F (T, to, —to) where F (T, a1, a2) is defined in [27].
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There are a number of key differences between the proof of Theorem 1.1 and that of
the main theorem in [26], which deals with the sixth moment /5(7"). These are outlined
in the remarks below.

Remarks. (1) In our main theorem, we only “win by an &” and no lower order terms in
the main term are obtained. By contrast, in [26], the full main term with a power savings
error term is obtained for /3(7") assuming the ternary additive divisor conjecture.

(2) In [20], Ivi¢ showed that an averaged form of the quaternary additive divisor con-
jecture implies that 14(T) < T+ for any ¢ > 0 (see [20, Theorem 1, Corollaries 1, 2]).
Conrey and Gonek [7] provided a heuristic argument which shows that the unsmoothed
quaternary additive divisor conjecture implies 14(7T") ~ %T(log T)'6. (Numerous
error terms are not bounded and no smoothing functions are used in their argument.) Note
that we can establish Theorem 1 assuming an averaged version of the quaternary additive
divisor conjecture similar to the arguments in [11,20].

(3) The approximate functional equation for |{ (% +it)|® expresses this in terms of a
product of two Dirichlet polynomials, each of length essentially 72. We prove a technical
lemma that reduces the length of the Dirichlet polynomials involved by a factor of 7¢ for
an arbitrarily small . This allows us to work with a polynomial of length 72~¢ and the
key point is that square root cancellation in the additive divisor conjecture then leads to
an acceptable error of size O((T27¢)"/2) = O(T'~95¢). In order to make this work, we
need a bound on shifted moments of the Riemann zeta function of the type in (1.14). (The
upper bound method of Soundararajan [33] as applied in [3] does not allow us to obtain
the asymptotic (1.13).) This idea of reducing the length of a Dirichlet polynomial was
used first in an article of Soundararajan and Young [34] and later in work of Chandee and
Li [4] and Shen [32]. In these articles, the length of the Dirichlet polynomial is reduced
by a factor of (log T')# for an arbitrarily large A. By contrast, we reduce the length by a
factor of T°¢ for an arbitrarily small ¢. This is one of the key new inputs in this paper.

(4) It seems likely that the methods of this article would allow one to prove that the
quaternary additive divisor conjecture implies

14(7) = 22 T 10g 7)1 + 0(1).

16

The proof of such a result would follow ideas from [34, Theorem 1.1] and also [32, The-
orem 1.2], where sharp lower bounds for the second moment of quadratic twists of a cusp
form and for the fourth moment of quadratic Dirichlet L-functions are obtained uncondi-
tionally.

(5) Shifted moments of the Riemann zeta function were studied by Chandee, and she
formulated a conjecture regarding them in [3, Conjecture 1]. In a companion article [27],
assuming the Riemann hypothesis, we prove Chandee’s conjecture for two shifts. Theo-
rem 1.2 above is based on important ideas of Harper [14]. We show that his method still
works with a shifting parameter #y. Note that Theorem 1.2 includes Harper’s theorem (the
bound (1.3)) as a special case.

(6) The other main difference with [26] is that we deal directly with the eighth moment
instead of the shifted eighth moment. The reason for this is that we encountered a technical
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difficulty when we tried to generalize the argument of [26] from six to eight shifts. We
hope to revisit this in the future. The approach using shifted moments can be advantageous
since the main term arises from many polar terms which arise from simple poles of the
Dirichlet series under consideration. By [5, Lemma 2.5.1] these polar terms can be shown
to cancel. When no shifts are introduced, the main term arises from many multiple poles
of the Dirichlet series. In this case, the computation of the multiple residues makes the
calculation very involved and it is convenient to use Maple in the computation.

Conventions and notation. Given two functions f(x) and g(x), we shall interchangeably
use the notation f(x) = O(g(x)), f(x) < g(x), and g(x) > f(x) to mean there exists
M > 0 such that | f(x)| < M |g(x)| for all sufficiently large x. We write f(x) =< g(x) to
mean that the estimates f(x) < g(x) and g(x) < f(x) simultaneously hold. If we write
F() = Oaray (€()). (X) Kaynap &), 08 f(X) =ay,.ap §(x) for real numbers
ai,...,ay, then we mean that the corresponding implied constants depend on ay, ..., dy.
In addition, B shall denote a positive constant, which may be taken arbitrarily large and
which may change from line to line. The letter p will always be used to denote a prime
number. For a function ¢ : Rt x R — C, ™" (x, y) = E;l—m,,,(f,"’y—nngo()c, ). The integral
notation f( - f(s) ds for a complex function f(s) and ¢ € R will be used frequently and
is defined by the contour integral

c+ioco

f(s)ds = / f(s)ds.

c—ioco

(c)

In this article, we shall consider s € C and usually write its real part as 0 = Je(s). We
will often use the fact that w(¢) has support in [c; T, c2T] so that ¢ < T. In addition, we
use the notation i to denote the imaginary number which satisfies i = —1, and i shall be
used as an integer variable.

2. Preliminary lemmas

The following proposition is a straightforward generalization of [18, Proposition 2.1,
p- 209] and [26], which gives approximate functional equations for |¢ (% +it)|* with
k = 4,6 (see also [16, Lemma 1]).

Proposition 2.1. Let G(s) be an even entire function, with G(0) = 1, satisfying
|G(s)| < exp(—c]t]) (2.1)

for some (explicit) ¢ and Re(s) in an appropriate interval.” Define

1 G
Vi(x) = — ﬂg(s,t)x_s ds,
2mi a1 S

ZFor instance, one may choose G(s) = exp(s?).
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where

_(TGG s ) TG s in) ¢
soo=(Siinr e )

Then for any constant B > 0, we have

T4(m)T4(n) it _

lt(3 + =2 Z = Vi(r*mn) + 00+ 1)78). (.2

(mn) mm)72 \ n

m,n=1
For t < T, one can see that the terms (m, n) that contribute to this sum satisfy

mn < T*+¢_ In this article we shall use various facts about g (s, ¢). In addition, we shall

encounter the function V; (x) defined by

4s
Vi(x) = L G(S)g(s,t)(%) x%ds, (2.3)

27i a1 S

where
U=T"¢. (2.4)

We have the following lemma providing bounds for g(s, ¢), its partial derivatives, and
V,(x).

Lemma 2.2. Let A be a positive constant, and assume |t| > 1.
(1) For0 < Re(s) < A, we have

4s
g(s, 1) = (%) (1 + 0(|S|2;L 1))

(i) Letgo > 0andi > 0. For Re(s) = &g and |S(s)| < /T, and c,T <t < ¢, T with
0< c1 < Cp,

i
S7805.1) i sl et (2.5)

(iii) Forx > U* V,(x) = O((U*/x)%).

Proof. As the proofs of Lemma 2.2 (i,ii) are very similar to those of [26, Lem-

of 1ntegrat10n in V;(x) to Re(s) = A, we see that V,(x) becomes

1 G U\* Atico |G Ut\* 241
— (s) g(s. 1) (—) xds K [ G)I (—) (1 + IsI” + ) |ds]
27 Jeay S t A—ico s 16x t

U4\“4
< (_)
X

as desired. [

Last but not least, to use Conjecture 1, it is crucial to know the behaviour of G (s, n)
defined in (1.11). We shall therefore prove the following lemma.
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Lemma 2.3. Let z € C and g € N. Then

|G4(Z,q)| < 2w(q)T4(q)l_[(l + p—ﬂ‘te(z))B(l + pSRe(z)—l)’
plq

where w(q) is the number of distinct prime divisors of q. In addition, if 1 —r < Re(z) <

1 + r for some r € (0, 1), then
|Ga(z.9)| = 32°Puu(q)q”

Moreover, for any prime p and j € N, we have

Ga(z, p’) = (ta(pHQ;(p%) — p* a(p’ ™ HQj—1(p77)).

p—1
where Qo(x) = 1 and
J 3x 4 J 2 J 3

Qi(x)=1—~ - 3x° — = x>,
j+1 j+2 j+3

For j =1,2,(2.7) and (2.8) give
Ga(z.p) = %(4 —p Tl —6pTF +apTF — p7)
and
Galz, p?) = ﬁ((lo —4p") 4 (20 + 6p")pF
+ (15— 4p7 Y p22 4 (4 + pThypTH),
Proof. We begin with some facts about g4(z, p/). In [26], it was proven that
ga(z, p’) = ta(p?)Q; (p™),

where @; is defined in (2.8). Furthermore, for j > 1, we have the identity

Q;(x) :jx—f/ /Y1 —1)3dr.
0

(2.6)

2.7)

2.8)

(2.9)

(2.10)

@2.11)

Performing the integration gives (2.8), so @;(x) is a degree-3 polynomial such that

@;(0) = 1. By the triangle inequality, we have
1@ ()] < 14 3]x| +3]x]> + |x° = (1 + |x])>.

We now compute G4(z, p’). By definition (1.11), we know

Gute.pl) = 3 M5 10 g (2

i P@ g e d
= ga(z, p’) — P ga(z.p! ™ + ! ga(z. p’)
p—1 é(p)
= ga(z, pl) — ga(z, p/™).
p—1 p—1
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Inserting (2.11) in the last expression, we establish (2.7). Hence for x = fRe(z),

—1
Galz. p)] < —P—ty(p? )((1 Lt BT p—X)3)
p—1 T4(p’)
= = 1m(pj)((l +p )3 + Px_ljJ?(l + P_x)a)
< wu(p A+ p 7)1+ p*h).
p—1

By multiplicativity, it follows that

Ga(z. )| < 2°Pra(@ [ [+ p7@)(1 4 p™®H).
rlg

Note thatif 1 —r < Re(z) <1+ r for some r € (0, %0), then |G4(z, ¢)| is bounded by

22Dy (@) [T+ p7@)3(1 4 p7e@7) <2°@ey (q)2°9)* ] 2p")
plg plg

=32°Dry(q)q".

as required. |

3. Truncating the sum

As there are many small parameters involved in our argument, for the convenience of the
reader, we track them here.

o ¢isused in the definition U = T'17¢ in (2.4).
® ¢&o is an arbitrarily small parameter that differs from line to line. It appears in Conjec-
ture 1, (2.5), Lemma 4.1, and the integral above (4.6).

e g appears in (6.1), the definition of f*, where we integrate over Jte(s) = &;. Further-
more, &1 is used in the condition |log(m/n)| <K TO_HrSl (see (6.4)). In addition, we
choose P = T!te1 TO_1 (to apply Conjecture 1) in Section 6.2.

e &, is introduced to cut the sum at mn < U172 in Section 6.1.

e g3 is for the line Ne(s) = e3. In Section 6.3, we move the integral in I M,n from
Ne(s) = &1 to Re(s) = e3. In addition, we move the integral in (6.24) from NRe(s) = 1
to Re(s) = e3, in Section 6.9. We assume 0 < § < £3 < 0.15, where § is a parameter
described below.

e ¢ is related to the range of r in Conjecture 1; more precisely, |r| < M1~¢".

e 7 is a parameter used to define ™ (¢) and w™(¢) in the proof of Theorem 1.1, which
starts below (3.8).

® 7)o is a parameter introduced below (3.9) and (3.10) in the proof of Theorem 1.1 to
define ;.
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e § appears in Lemma 6.4 for the condition |a;, |, [b;,| < § and in the proof of Lemma 7.2
as the radius of the circle C(0, §) centred at 0. We assume 0 < § < %

e 4’ is used for |u;| < & in Proposition 6.5.
e 1y, rp are the radii for 8B;, B,, respectively. We assume
Conjecture 1).

1 1
m<r1,r2§8<ﬁ(cf.

We begin by evaluating the smoothed eighth moment

1, :=/ a)(t)|§ +1t‘ dt,

where w : R — C has the following three properties:
(i) w is smooth;

(ii) we have
suppw C [e1T, 2T (3.1)

where ¢ < ¢, are positive absolute constants;

(iii) there exists Ty such that
T2 <To«T and o) < T,/ forallj €eZ*andreR. (3.2
From (2.2) with B = 2, it follows that

I, = 2] a)(t)( Z %(%)_ V,(n4mn)) dt + O(T™Y

m,n=1

_ T4(m)t4(n) Tt G(s) —dg 0\
_2/_ w(t) Z (mn)1/2 (n) ﬁ/(l) g g(s, )t (n“mn) dsdt

m,n=1

+ O0(T™).

One problem with this expression is that the Dirichlet polynomials are too long and they
need to be made slightly shorter. This will be done by introducing the expression

I, = I,U)
B ra(m)ta(n) (m\ ™" 1 G(s) DYEARY
w2 oo 3 () ma e ()

with U = T'17¢ chosen as in (2.4). In the following key proposition we show 1, is closely
approximated by I, for U = T'~¢. This truncation argument has previously been used in
the works of Soundararajan—Young [34] on the second moment of modular L-functions,
Chandee-Li [4] on the eighth moment of Dirichlet L-functions, and Shen [32] on the
fourth moment of quadratic Dirichlet L-functions.

Proposition 3.1. Under the Riemann hypothesis, for any € > 0, there exists T, such that
Iy — I, = O(eT(log T)'®)

for T > Tg, where the implied constant is independent of e.
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Proof. We start with the observation

Ta(m)Ta(n) (m\ ™"
wotoma o $ ()

m,n=1

. 1 t4s_U4s
— G N T dsdt + 01
“3m ], GO0 (ﬂ4mn>s( : ) sdi + 0(1)

e8] 1 ] ) 45 —as I4s _ U4s
:/ a)(t);/(l)é'(% +s+1t)4§(% +s—1t)4G(s)g(s,t)t A g4 (f)

—0o0

x ds dt

+0(1).

is entire, if we move the last integration to the line Je(s) = 0, we will
encounter poles at 1/2 = it. Since GU)(1/2 =+ it) decays rapidly, the contribution of
these poles is O(1). Hence, moving the integration, by Lemma 2.2 (i), we deduce

4s 4s
YU
As 5

I, — 1,
=/ a)(t)—/ ¢(3 +s+it)4§(%+s—it)4G(s)(2n)_4s(g) ds dt
2 45 4s
+0(/ ((t s+ +s—inte H(t SU )‘
xd|s|dt)

+o(1).

Recalling that U = T'17¢, we have % —UMO

term in the above expression is

< log & U4 < elogT. Thus, the first big-O

|f0| +1

< elogT/oo w(t)/<x> +1t0+1t)| 1£(3 +1t0—1t)| |G(ito)]| dtydt

elogT

< / |G(1t0)|(|t0|2+1)/ w()|¢( +it +ito)| |§(%+it—ito)|4dtdto.
(3.3)

Since [¢ (4 + it £ itg)| <K |fo] + |¢| and (2.1) holds, the contribution of |f9| > +/T to (3.3)
is < 1. For |tg| < +/T, applying Theorem 1.2, we derive

T
f (L +ir +ito)|*c(3 + it —ito)[* dr < T(log T)'. (3.4)
0

Hence, we obtain

/ |G (ito)|(lto]* + 1)/ o@)|¢(L +ir +ito)|*|¢ (3 + it —ito)|* dr dto
lto|<vT )

& T(logT)'s.
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Therefore, (3.3) is < &(log T)”, and we arrive at

~ o0 1 tAs _Uas
lo=1o= / w()dr— / £(3 +s+i0) "6 (5 s —ir) ' Gls) @) M ————ds
(0)

—0o0

+ O(e(log T)').

The double integral above is
(o) o] 4 4
<<810gT/ |G(it0)|/ w(0)|¢(3 + it +ito) || ¢ (5 +it —ito)| didrg.  (3.5)
—0Q —00

As argued above, the contribution of |fy| > +/T to (3.5) is < 1. So, it remains to consider
the contribution of |zp| < VT. 1t follows from (3.4) that

slogT/ |G(it0)|/ w(®)|¢(5 +ir + ito)mé(% +it —izo)}“dz dty < ¢T.
log T<lto|<~/T —00

For 2% < |tg] <logT, it follows from Theorem 1.2 that

T
/ (5 +it + ito)m;(% +ir — ito)y“dz < T(log T)¥(loglog T)® <« T(log T)°
0

and so

elogT/ |G(ito)|/ o)|¢(% +ir +ito)|*|¢ (L + it —it0)[* dr d1o
L5 <ltol<log T —o0

200

< T (log ).

1

500> We have

Finally, by Theorem 1.2, for |to| <

1
12208

/00 w(t)}{(% + it + ito)}4|§(% + it — ito)}4 dt < T(logT)® min( , (log T)8).

Thus, the contribution of |ty < 51 to (3.5) is

— 200
< elogT / |G(ito)| T (log T)'6 d 1ty
|t0|§10g17"
1
+elogT / |G (ito)| T (log T)® — dty
L . lto|®

o T <lfol= =50
L elogT -T(logT)' + elog T - T(log T)® - (log T)”
<« eT(log T)'S.

Hence, gathering everything together, we obtain
I, — I, < eT(logT)'*®

as desired. [
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We now have I, = I, + O(eT (log T)®). We shall divide I, into diagonal parts
m = n and off-diagonal parts m # n as follows. Setting

21 G U+ \*
Ip := 2/; CO(I)Z T4(’Zl) 27‘[1 /l) ES) ( t)l_4s(m) del, 3.6)
ta(m)Ta(n) (m\™ 1 [ G(s) s U Y
lo :=2/_ () Z_l )12 (—) gr /( e UL (m) dsdt.
mmr;én
(3.7)
we obtain

I, =1Ip + 1o + O(¢T(log T)'®).

We shall evaluate Ip and /o in the following propositions, to be proved in the later
sections.

Proposition 3.2. Unconditionally, we have

_ 4as(logU)'®

T(log T)'%).
638512875 /_ww(t)d“ro( (log 7)™)

Proposition 3.3. Assuming Conjecture 1, we have

13381a4

T 1+C
lo=——Fr o N (logT)'®dt + O(eT(log T)'®) + O ,
° 2615348736000/ o(t)(log T) " dt + O(eT (log T) ™) + o

where C is defined as in the statement of Conjecture 1.

Combining Propositions 3.2 and 3.3, we find

1w=a4/_°° ()2

From this formula, we shall deduce Theorem 1.1 by removing the smooth weight w.

1+C
16' (1 gT)16dt+0(8T(logT)16)+O(T(T0) ) (3.8)

Proof of Theorem 1.1. Let 5 € (0, 1). Let ™ (¢) be a majorant for the indicator function
Li7,277(¢) supported on [(1 — )T, (2 + n)T], and ™ (1) = 1 when ¢ € [T, 2T]. Then

14QT) = 1y(T) < I

Let e € (0, 1). It follows from (3.8) and the choice Ty = nT that there is T, such that for
T > max(1/n2, Ty),

14QT) = 1o(T) < I+

oo

- gfg'4/ T (1) (og T)'® dt + O(T (log T)'®) + O(Ty~1=C)
: —0o0

_ 8ady

16!

T(logT)'® + O(eT(og T)'®) + O(T(og T)'®) + O(Tyn~ ). (3.9
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Let g € (0, 1). Set’ j = [log,(1/n0)] so that noT/2 < T/2/ < noT. Replacing T in
(3.9)by T/2,...,T/2/ and then adding, we obtain
14(T) — 1.(T/27)

= gfg"" T(lOg T)l6 + O(ST(IOg T)lﬁ) 4 0(7’]T(10g T)16) + O(TT]_I_C)

whenever 79T /2 > max(1/n2, T;). (Here, we use the bound T/2 + --- + T/2/ < T.) As
T/2/ < noT, by Harper’s result [ 14], on the Riemann hypothesis, there is 7" such that for
neT > T, we have

|14(T/2)| < Ls(noT) < (0T)(log(noT)'® < 10T (log T)'°.
Combining everything, we find that for 7 > % max(2/n?, 2T, 7~"),

g4a4
16!
+ C3Tn 7€ + CanoT(log T)'®

14(T) < T(log T)'® + CieT(log T)'® + C,nT(log T)'®

for certain absolute explicit constants C;, Cy, C3, C4. Now, dividing both sides by
T (log T)'® and taking lim sup, we obtain

) 14(T) 84d4
lim sup G < '
T—oo T'(logT) 16!

+ Cie + Can + Canp.

As e,n,1n0 € (0, 1) are arbitrary, we arrive at

) 14(T) gaa4
lim sup T e = e
T—o0 (log T) le!

The lower bound is proved similarly and is based on the inequality 14(27) — 14(T) >
I»—, where @™ (¢) is a minorant for 17 ,71(¢) supported on [(1 + n)T, (2 — n)T], giving

142T) — 14(T)

> —gfg,4T(log T)'® + O(eT(log T)'6) + O(T(log T)'6) + O(Ty~ =€),  (3.10)

For no € (0, 1), we again set j = [log,(1/n0)] and replacing 7 in (3.10) by T/2,...,
T /27, we obtain

14(T) — 1.(T/2/)
J

gaa T T\' 11—
> 1“6'4 > E(log 5) + O(eT(log T)'®) + O T (log T)'%) + O(Ty~1=C).
Ti=1

@3.11)

3Here log, denotes the base 2 logarithm.
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Note that
J 16 J
T T T 16 .
E ?(IOgE) :E > (u)(logT)”(—l log2)?
i=1 i=1 u+v=16
16 u( iv
=T (log T)*(—log2)? E 5 (3.12)
u
u+v=16 1—1

Now, observe that
v X v . 1\°
/ / . — I
> = 5 =Co+ 0( > 5) =C/+0@(27)y=C) + 0(no(log2%) )
i=1 i=j+1
for some constants C,, such that Cj = 1. Plugging this last estimate in (3.12), we find that

j T 7\ 16
>3 (e )

i=1

it

1\15
= T(ogT)'® + 0(noT(log T)'%) + O((l + 1o (log —) )T(log T)15).
Mo
From this, together with (3.11), we can establish

lim inf [4(T) > g4a4,
T—o0 T(lOg T)16 16!

which completes the proof of the theorem. ]

4. The diagonal terms: Proof of Proposition 3.2

From the definition (3.6) of Ip, we see

14(m)? —4sG0) 4syds
Ip =2/ w(t)—/l) Z pEe 4 (01 SU ds dt. 4.1

2mi

Lemma 4.1. For Re(s) > g9 > 0, we have

o0 2
2 :ET; = (1 +25)'°Z1(s), (4.2)
m=1
where 5 2
1 o
Zis) =[] (1 - —pms) 3 Zf—@s 4.3)

V4 m=1

In addition, Z1(s) is holomorphic and absolutely convergent on Re(s) > —1/4 + &o.
Also, Z1(0) = ag, where ay is defined in (1.5).
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Proof. For Re(s) > eo, the identity (4.2) is trivial. Now we shall show that Z;(s) is
holomorphic and absolutely convergent on Jte(s) > —1/4 + &¢. Note that for Jte(s) > &o,

&\ 74(m)> wa(p")? = (5 16
Z mlt2s HZ r(1+2s) HZ r(1+2s) H(l + p1+2s +BP(S))’

m=1 p r=0 p r=0 )4

4.4)

o ()
where Bp(S) = Zr:Z m By (43),

(16 L1 16
2060 =TT(X ()0 s ) TT (14 85 + 5

p r=0 p

16 16 | 16
( i+ + Z( )(_ ) r+2rs) l_[ (1 T i piF2s + Bp(s))

p

16 162 16
(1+AP(S)+ pl-‘rZSA (S)+A (S)B (S)+B (S) m—mBP(S)),

Ll
-l

4.5)
where A, (s) 1= 256:2 (lré)(—l)r#. Clearly, for Re(s) > —1/4 + &9,
16 | |
|AP(S)| < Z p(1/2+230)r < p1+480'
r=2
In addition, for Jte(s) > —1/4 + &9, we have
o (r+3)2 o /6 oo 1 1
[Bp(s) < 3 Samir < > PRSI > Szreor < vz
r=2 r=2 r=2

The last two bounds imply that (4.5) is absolutely and uniformly convergent when
NRe(s) > —1/4 + &, and thus is holomorphic in this region. Finally, Z;(0) = a4 fol-
lows from (4.3) and (4.4) by setting s = 0. ]

By (4.1) and Lemma 4.1, together with Lemma 2.2 (i), we get
b _ ( ) —4s774
Ip = 2] co(t)—f c+29)Z(s)m™* g(s,. )™ U dsdt

_ * 16 —4sG() 4s |s]* +1
—2/_00a)(t)2—m/(1)§‘(1+2s) Z1(s)(2r) TU (1+0( ; ))dsdt.

One can prove that the big-O term contributes an at most O(7#%0) error for any small
&o > 0. Indeed, moving the line of integration to Je(s) = g¢, without encountering any
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poles, gives
& 1 G 24+1
2 / o(t)z— C(1429)18Z1(s)(2m)™* (S)U‘*So('s'%) ds dt

—00 2mi (g0) N
o] U46‘0
< / (1) dt,
1) t

which is <« T#¢0. Thus, we have

o0 1 16 —45 G(S) 45 4e
Ip =2 w(t)— L +28)°Z1(s)2r) ¥ —=U" ds dt + O(T**°).
—00 2mi 1) §
(4.6)
Moving the line of integration to Jte(s) = —1/4 + &9, we encounter a pole of order 17 at
s = 0 and a new integral
& 1 G
z/ w(t)—,/ q¢! +2s)1621(s)(2n)—45ﬂU43 ds dt
—00 27[1 (—1/4+8()) s

&K TU 40  The0te  (47)

With the help of Maple, we see the residue of this pole is

2Z1(0)(log U)'® 15
————————— 4+ O((logU) ™). 4.8
o3s512875  + OWlee ™) 48
Substituting (4.7) and (4.8) in (4.6), we obtain
> 2Z,(0)(log U)'® 15
Ip =2 t)ydt —————— 4+ O(T(log T) ™).
b /_ww() 638512875 T OTee ™)

This, together with the fact that Z1(0) = a4 (see Lemma 4.1), completes the proof of
Proposition 3.2.

5. The off-diagonal terms: Sketch of proof

The most difficult part in evaluating 74(7T') is the off-diagonal term /. As the asymptotic
evaluation of /¢ is very involved, we provide a high level summary of the key steps. This
argument can be viewed as a descendant of the arguments in [10, 16, 18, 19,26]. The key
idea is that the off-diagonal terms can be evaluated by rewriting them in terms of additive
divisor sums and by inserting the main term from the additive divisor conjecture. The one
difference between this article and the earlier articles [10, 16, 19] is that the off-diagonals
are related to the smoothed sums (1.8) rather than the classical unsmoothed sums (1.7).
This approach was first used in [18] and then in [26]. Let £; > 0. We move the s-contour
in (3.7) to Re(s) = &1 to obtain

(m)a(n)
Io =21y B px i ),
m#n M
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where

. 1 Ges)( 1 1 [®/x\7" U\*
Sr(x,y) = ) S (ﬂ4xy) 7/_00(;) g(s,t)(T) w(t)dt ds.

First, a smooth partition of unity is introduced so that

Io=Y Iun.
M.N

where the sum is over M, N € {2¥/2 | k > —1}, and

InN = —ZN mz#nT4(m)f4(”)W(%)W(%)f*(m’”)'

The point of introducing the smooth partition of unity is so that we can apply Conjecture 1
(the quaternary additive divisor conjecture). The parameters M, N can be truncated to the
region MN < U*T€2, Note that since U = T!7¢, the function f*(m,n) is very small
if mn > U*t®2 and thus the contribution of Ipr y when MN > U*te2 is negligible.

Thus,
Io~ Y Iun.
M,N
MN<KU4Fe2
Note that
MN < U*T®2 < T3¢ fore, <e. (5.1)
Next, we claim that m and n must be close together, i.e., if |log(m/n)| > TO_H_‘gl ,
then f*(m,n) is very small. Thus, we may insert the condition
llog(m/n)| < Ty '+ (5.2)

with a negligible error. Note that this last condition forces M and N to be within a con-
stant multiple of each other, namely,

N/3 <M <3N.
Combining this with (5.1), it follows that
M, N < T2_38/2.

The idea now is to manipulate /ps,x so that instead of summing over m, n, the sum is
over r, n where the change of variable m = n + r is made. Thus

Iun = \/21\;_1\7 Z( 3 z4(m)f4(n)W(%)W(%)f*(m,n)) +Oo(T™19).

r#0 “m—n=r
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Further, conditions (5.1) and (5.2) imply we can insert conditions on r and 7 so that

2T m "
IMN = —— ( T4(m)f4(n)W(_)W(—)f*(m,n))
MN 1;) m;=r . M N
Irl< LTt llog(m/m)|<Ty te1
+ O(T719).

Applying the quaternary additive divisor conjecture we obtain

2T T\'* /2 10
Iy y = Y D +0(= T‘s)—i—OT_
M,N TN 7 (1) ((To) ( )

0<|r|<<TMOT(’,Sl

for a function f, defined in (6.7) below and Dy, (r) := Dy, .4 4(r) where we recall the
definition (1.8). Observe that since M < T2-3¢/ 2 square root cancellation gives VM <«
T173¢/4 and thus we obtain an error term O((T/T,)'+t€ T'1¢/2) from the quaternary
additive divisor conjecture (for full details see Lemma 6.3 below). It follows that

2T N r e 1—¢/2
I()=Z\/W 3 Df,(r)+0((7) T )

M.N 0<|r|<Ro 0

where D 7, (r) is the main term in the additive divisor conjecture, given by the main term
in (1.12) associated to f,. The next step is to sum back over the partition of unity. Doing
this, we arrive at

! o ¢q(r)Ga(z1.9)Ga(22.9)
lo=21 Y o [ [ tentiety
15%52130 (27[1)2 By J B> ; qzl+22
o 7\ 1+C
X/ f*(x,x—V)xZ1—3/2(x—r)22—3/2dxd22d21 + 0((—) Tl—a/z)’
max(0,r) TO

where
fHx,x—r)

L[ G 1 Ve .o\ U4
S bV L 25) ()

Observe that the expression on the right hand side depends on quantities that arise from
the additive divisor conjecture, such as the Ramanujan sum ¢, (r) and the divisor-type
functions G4(z, r). These quantities will then become part of the Dirichlet series

H(z1,22) = Z Z Cq(r)G4(Zl,q)G4(zz,q).

ot q21+22r25+2—21—22
= q_
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After summing separately over 0 < r < Ry and —Rp > r < 0 and then recombining terms
by using the symmetry ¢, (r) = c¢4(—r), we obtain

-2 dpg 4 . ¢q(r)Ga(z1,9)Ga(22,9) G(s)
lIo = (271)3 /561 /.;32 (83)5(21) {(z2) Z Z g 1t E2p st 2122 gphs

1<r<Ropq=1
o0 U 4s
x/ g(s,t)(—) (1)
—00 t

X T(—z1 —z2 + 28 +2)(

T 1+C
of(—) 71'2).
collm) )

Note that the x-integrals have disappeared as they can be computed exactly in terms of the
B function, which then leads to the five Gamma factors in the last equation. The next step
is to move the s-integral to the right to Jte(s) = 1 and to let Ry — oco. The point of this
is that the double sums Zr, 4 are absolutely convergent in this region and by extending
Ry — oo we obtain H#,(z1, z2). We then make use of the meromorphic continuation (see
Proposition 6.5 below):

F(zz—s—%+it) F(zl—s—%—it)
3 : + 3 .
F(s—zl—i—i—i—lt) I‘(s—22+5—1t)

) dtdsdz,dz;

C(1425)180(1 4+ 25 —zy — 22 +2)

Hoer22) = 0@s 2= = o) (I T 25— 55 +

j(zlyzz,s)

where . (21, 22, 5) is holomorphic for Re(s) > —1/4 + 25 for some § > 0. Furthermore,
we know from Lemma 2.2 that g(s, #) can be approximated by (¢/2)**, and thus

_ (= 2 .
fo= /—oow(t)((Zni)3 /531 /:82 (83)“21) {(22)

EA 429101425 —z21 —22+2) - G(s) (U\*
T(z1.22,8) —5 | &
CA+2s—z1 +D*C(1+ 25—z + 1)* s\ 2
F(Zz—s—%‘l—il) F(zl—s—%—it)
F(s—21+%+it) F(s—zz+%—it)

T 1+C
o= T2 ).
" ((To) )

A calculation with Stirling’s formula (see (8.13) and (8.16) below) shows that for |3 (s)]
S t + 17

XC(2s+2—2z1—23)

xF(—zl—Zz+2s+2)( )a’sdzzdzl)dt

M(zz—s—4+4ir) T(z—s—3—if)

F(s—zl—f—%—}—it) F(s—22+%—it)

~ 2~ @s+2-z1-22) COS(%(Z&‘ +2—z;— 22))’
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and it follows that

oo 4 ) )
o N/—oo w(l)((eri)3 /;31 /32 (53)“21) ¢(z2)

C(1425)10C(1 425 —z; — 22+ 2) Y G(s) (U\*
C(+25—z1+ DA +25—22 + 1) (Z"ZZ’S)WTS(E)

x (=21 —z3+2s + 2)t_(2S+2_Z‘_22) cos(%(2s +2—z1— 22)) dsdzy dzl) dt

xC(2s+2—21—25)

up to an error term O((T/To)' € T'~¢/2). These integrals are standard and can be eval-
uated by shifting the contour of te(s) past s = 0 and then applying the residue theorem.
Note that (1 +u) = 1/u + O(1) asu — 1 and .#(0,0,0) = a4 so that

Io ~aq /_:w(t)(# /1,)1 /;(32 /(83)

(2s —z1 + D*(2s — 2 + 1)* G(s)(U)‘”

X J—
(z1 = D*(z2 = D*Q2s + 1 —z1 —22)(25)10(2s —z1 —z5 + 2) s\ 2

X D(—z1 — 2z + 25 + 2)t*(2s+2721722) cos(%(2s +2—z1— zz)) dsdzs dzl) dt.

up to an error term O(T (log T)'° + (TLO)HC T1-¢/2). For full details of the calculation,
see Section 7 below. It should be noted that the last multiple integral is a multivariable
version of the types of integrals that appear in standard applications of Perron’s formula.

6. The off-diagonal terms: The full details

6.1. Using a smooth partition of unity and restricting M and N

Letey; > 0 and

. 1 Ges)( 1 \'1 [®/x\" U\™*
f ()C,y)-—z—j_[i o) (n“xy) T/—oo(;) g(s,t)(?) w(t)dtds. (6.1)

We move the s-contour in (3.7) to fe(s) = &; to obtain

(m)ta(n)
Io =21y 2 £ ),
m#n W

The next step is to introduce a smooth partition of unity so that the variables m and n
lie in dyadic boxes of the shape [M,2M] and [N, 2N]. This will allow us to apply the
smoothed additive divisor conjecture for 4.

We now recall that there exists a smooth function Wy supported in [1, 2] such that
> kez Wolx/ 2K/2)y = 1 for x > 0. (For an explicit construction of a smooth partition of
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unity, see [12, p. 360].) Note that for x > 1, we have

3 WO(%) —1.
M=2k/2
k>—1

Hence, setting W(x) = x~/2W,(x), we can write
Io=Y Iun.
M.N

where the sum is over M, N € {2]‘/2 | Kk > —1}, and

L v 14(m)t4(n)W( )W(%)f*(m,n).

Iyn = NiTii
m;én

We now restrict the size of M and N so that MN <« U*t€2, To do so, we shall show
that the contribution of M, N with M N > U**#2 is negligibly small. We first write

oo

1 —it ~
S =g /_ (%) o7, (rxy) dt, 62)

where V; (1) is defined in (2.3). By Lemma 2.2 (iii), when mn > U*t¢2 and ;T <t <

¢, T, we have
- U4\4
Vi(*mn) <« (—)
mn

for any A > 0. Then

o T 4\ A 4\ A
fr(m,n) < l/ m(r)(U—) dt < (U—) )
T JeoT mn mn

From this, it follows that

44 1 T4(m)t4(n) m n

M,N

MN>»U4te2 MN>»U4te2
14(m)1:4(n) m n
TU* — Wl —=
< Z mZ (mn)A+1/2 M)\ N

MN>>U4+52

1
LA VI s

M<m<2M
MN>>U4+82 N=n<2N

1
L TU* _
MN>U++e2

<< T U4A U—(A—Z)(4+82) X
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(1—&)(8+2¢2)+1+B

By taking A > )

, we have
Y Iun<T7E
M,N
MN>»U4tTe2
for any large constant B > 0, which allows us to assume M N < U*T#2 for Ij y in the
remaining discussion.

Our next step is to show that m and n must be close together. This is because f*(x, y)
is small unless x and y are close together, which we shall prove rigorously as follows. We
first control the inner integral in (6.1) for s such that $te(s) = &; and |s| < +/T. Using
integration by parts j times, we derive

o —it U 4s U481 T
/_w(E) g(“)(?) S TSI /CIT

To bound the above j-th partial derivative, we apply the generalized product rule to
deduce

o/ Ot ¥ w@))| dt
W(g(s,) w(t))|dt.

Yoy = Y (1 )L 0L 0
ot7 ’ e a,b,c)ora®”’ "ot ’

which by (iii) and Lemma 2.2 (ii) is

; b . j
j amde —a(|s|+]) —C |S| |s|+.] 1
< > (abc)m e R I & o el x
a+b+c=j "’

max(|s|, 1)/
o max(lsl, )/
Ty
Therefore, we arrive at
—it 4 i
[7(2) s (L) ot o el
—oo \ Y t llog(x/y)[/ T¢

whenever |s| < /T.
Secondly, we study the inner integral in (6.1) for s such that $te(s) = &; and |s| > /T .
By Lemma 2.2 (i), as fte(s) = &1 > 0, we know

(e’ —it 4s cxT
/ (f) g(s,t)(g) w(t) dt <</ g (s, 1)| dt
—oo \Y t caT
T t 4e1 |S|2
L o)

which is < (T + [s|2)T*1. As |s| > /T, itis clear that (T + |s|?)T*% « T*1|s|*> =
T4t max(|s|, 1)? and thus

D) 1)+
(T + |s|2)T481 < T4 max(|s|, I)Z(M) _ T1+461M

\/T TJ+1
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Assuming x, y > 1 and xy < U*T¢2, we see
llog(x/y)| < [logx| + |log y| < logU <logT <; T'/,

which implies that |log(x/y)[/ T{ <; TT] < T'*/.
To summarise, we have shown that for any s with Jte(s) = ¢,

/ (i) tg(s I)(g) sw(t) dt K T1+481M_
- t llog(x /)l T§

Plugging this bound into (6.1) then yields

f*(x,y) <« T481 ‘ / |G(S)| max(|s|,l)2j+2 |dS|
(xy)etflog(x/ NI TY Jeen 18]
T46‘1
L — (6.3)
log(x/y)I/ T§
if x,y > 1 and xy < U*"%2. Now, assume
llog(x/y)| > Ty .
By (iii) and (6.3), for any constant B > 0, we have
T4€1 .
R K = < THEID « 778
T(.)] 1
if we choose j > 2B/e1 + 8.
Now, setting m —n = r, we have obtained
2T m n " _B
Iun = \/M_NZ Z Ta(m)Ta(n) W i w N fH(m,n)+O(T™7)
r#0 m-n=r_ .
llog(m /m)|< Ty ' 1 (6.4)

for MN <« U**%2 and any constant B > 0. We shall further impose several other condi-
tions on M and N. First of all, observe that the condition |log(m/n)| < TO_HEl forces
the above sum to be empty unless N/3 < M < 3N. Indeed, if M < N/3or M > 3N,
then for m, n satisfying W(m/M)W(n/N) # 0, we have |log(m/n)| > log(3/2). In addi-
tion, as the conditions in the sum tell us 0 # r/N < T," ~!. we know that either the sum
is empty, or 3N > M > N/3 > |r|T01_"31 > Tol_el. In light of these, we only need to
consider the case 3N > M > N/3 in this section. For the sake of convenience, we write
M =< N to mean

N/3 <M <3N. (6.5)

(We will only use this restricted meaning for the notation < with M and N.) Note that the
contribution of M, N that do not satisfy M =< N > TOl “ltothe sum Yy «pater IMN
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is <« (log T)?>T ~B. From this, we arrive at

Io = > Iny + O(D), (6.6)
M,N
M=<N,MN<U*te2
MN>T) !

and it remains to evaluate Ips y for M, N such that M < N and M, N > TO1 ~¢1 Now,
fixing x — y = r and using (6.1), we have the following proposition that summarises what
we have done thus far in this section.

Proposition 6.1. Let B > 0 be arbitrary and fixed. For 0 # r € Z, set

_ —wl X PANE G 1V
f = et =W ()W (5 )5m [ S (5555)

1 o0 r —it U 4s
X —/ (1 + —) g(s,l)(—) o)dtds (6.7)
T J - y t

if x,y > 0; otherwise, set fr(x,y) = 0. Let Dy, (r) := Dy, 4.4(r) be the quaternary
additive divisor sum given by (1.8) with f = f, andk = = 4. Then for M, N > Tol_g1
such that M < N and MN < U*te2 we have

2T
Iy = D o(T™8). 6.8
My = Y. D +o(TF) (6.8)

0<|r|<<TMOT(‘)Sl

In addition, for those M, N > 1 satisfying MN < U*T2, such that either M % N or
min(M, N) < TOI_E‘, we have the bound Iy n < T75.

6.2. Applying the quaternary additive divisor conjecture
Observe that for e, < ¢, we have

U4+82 < (T1—8)4+6‘2 — T4+82—48—6‘6‘2 < T4_38.
In this section, we shall apply the additive divisor conjecture, Conjecture 1, to handle
Iy,n in (6.8). This first leads to the following lemma telling us that f(x, y) :=
T—*¢1 f,(x, y) satisfies conditions (1.9) and (1.10) with X = M, Y = N, and P =

T'*e1Ty 1, where fr(x, y) is defined as in (6.7). (The proof of this technical lemma
will be given in Section 10.)

Lemma 6.2. Let 0 < &1,&, < 1/2. Then
supp(fr:m,n) S [M,2M] x [N,2N].

In addition, for M < U>**2, M < N, and 1 < |r| < $T;", we have

XMy [ (xy) K TH1PT, where P =T'erTgl,
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By Lemma 6.2, the support of f(x,y) = T"*¢1 f,(x,y)isin [M,2M] x [N,2N] with
M =< N, and f(x,y) satisfies condition (1.10). In addition, we claim |r| < M1~
M€ for ¢’ <1 < 1/6.Indeed, if &1 < 1/6 and g5 < ¢, we have (M Tp)*! < T3 <
T1/2 < Tp, which is equivalent to

IA

M
FT(fl < M,
0

Now, by (6.6) and Proposition 6.1, applying Conjecture | (with X = M,Y = N, P
T Ty and f(x, y) = T™*1 f,(x, y)), we derive

Io = > Iun + > OEun)+ 0. (69
M,N M,N
M=N,MN<KU*t¢e2 M =N, MN <U*t%2
MN>T, °! MN>T, °!

where I is defined in (3.7) and

- 2T -
1 = D , 6.10
M,N NiTio Z 7, (1) (6.10)

0<\r\<<TM0Tg1

[e.]

A 1 cq(r)Ga(z1,9)Ga(z2,q)
D _ 4 4 q
)= G [, [, 0 e
x/ frxx —r)x? Y x =2 Ydxdzydzy, (6.11)
max(0,r)
T 1+4e1 TCsl T o
& = — | m/2teo, 6.12
M JMN 2 (To) 6.12)

o<lrl< 475!

Therefore, assuming Conjecture 1, to study /o we shall estimate I, Mm,n and &y y for
the sums in (6.9). To end this section, we bound the contribution of &xs, 5 to 1o in (6.9)
by proving the following lemma.

Lemma 6.3. Let g, gg, €1, 62 > 0 be constants such that
£
max(gg, e1,Ce1) < 0 and & < &.

Let &y, N be defined as in (6.12). Then for T sufficiently large with respect to these param-

eters, we have
T 1+C
> Emn < (—) T'7¢/2,
Ty

M,N
M=<N,MN<U*te2
Proof. Asejmax(C, 1) < 75 and M =< N, a straightforward calculation shows that &y, 5
is
1+461+C c c
<<T €1 €1 Z 1 M1/2+6’0 <<T§ 1 1 M1/2+6’0 MTEI
M To M )\ Ty To ’

0<|r|<<TM0T€1
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which is <« T¢/*(T/Ty)' € M /2. Hence,

T 1+C
Z Emy K Z T6/4(F) M2
0

MxN Mx=<N
MN<U4t%2 MN<U*t42
y T 1+C /
e/4 1/2
<T (70) > M2
M<gU2tTe2/2
N=xM
which is
7\ 1+C T\ 1+C
< T£/4 - (U2+€2/2)1/2:T8/4 s U1+62/4.
To TO

Finally, as e, < ¢, it is clear that

U1+32/4 — (T1—8)1+62/4 — T1—6‘+62/4—882/4 < T1—35/4

and thus

7\ 1+€ 7\ 1+C
Z 8MN << T€/4(_) T1738/4 < (_) T17€/2
M.N ’ To ~ \To

M=<N,MN «U*t2

as desired. [

6.3. Expanding the range of |r|
Recall that by Lemma 6.3, equation (6.9) yields

T 1+C y
Io = I o(l—) 7).
o Z M,N + ((To) )
M,N
M=N,MN<U*te2

MN>T, !

where 1, Mm,N is defined in (6.10). Note that for the s-integral of I M,N (see (6.7)), we

can move the integration from the line Jte(s) = ;1 to Re(s) = €3, where 0 < § < £3 <

0.15, without encountering any poles. (We remind the reader that § € (0, 1—10) satisfies
1
100 >
we first control I, n, defined in (6.10), by expanding the range of the sum in (6.10) to

0 < |r| < Ry with

<r1,ry <6, where rq, rp are the same as in Conjecture 1.) To handle the sum above,

Ro=T>.

Observe that from (6.1) and (6.7), it follows that the x-integral in (6.11) can be written as

. o X X —=r * z1—1 z2—1
iMNr = wWi{— |W f e, x —r)x (x—r) dx. (6.13)
max(0,r) M N

Since W is supported in [1, 2], we only need to consider the situation that the variable x
in (6.13) lies in (M,2M) N (N 4+ r,2N + r). It is clear that if such an open interval is
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empty, then ipz,n,» = 0. Without loss of generality, we consider the case r > 1. Note that
the condition x > N 4 r givesx —r > N > 2_1/2, which allows us to have x > r + 2-1/2,
Also, N +r <2M (because (M,2M) N (N + r,2N + r) is empty otherwise). This and
assumption (6.5) giver <2M — N <2M — M /3 = 5M/3. In light of these observations,
applying (6.3), we conclude that for r > M T‘91 and j sufficiently large,

T4E3 T4Eg
STxx =) < x 7= J
|10g(x—r)T0| |10g(2M r)TO|
as x € [r + 2712, 2M]. Thus, since [log(1 — x)| > x for x € (0,5/6], we arrive at
T4£3 T483
[P, x—r) < - L & T437Jer « 778 (6.14)

J J
log(1 = 557)To|” |55 T
Using (6.13) and (6.14), we then deduce ips n. < M7= for r > TMOTEI . Arguing

similarly, we also have ipr v, <K M 1428 7=B for 1 such that —r > TM()T&1 .
Note that we are trying to bound

y Y 2 b0
fr *
vMN
M.N 7 T5" <Irl<Ro
M= NMN<<U4+82
M,N>>T el

From (6.11), (6.14), and Lemma 2.3, it follows that

|l§ (I‘)| < / / 1 f: ((],r)(32w(‘1)1—4(q))2qr1+r2
" By I B> (rir2)* a=1 q2r-r2

2M
x/ T x| RGO |y — p[ReCD1 gy |z |d 2y
max(0,7)

(g, V)322w(q)f4(61) T—B ppltritr
(1 Z)Z q2=20r1+r2) M

( )4
<L 0T~ BM1+r1+r2 (6.15)

aslongasry + r, < 1/4 and ry, r, are bounded away from zero. (Here we use the bounds
Yaey (‘%) < 1,(r)¢(c) fore > 1, and w(q) < —22 1 1.) Thus, we have

loglog g
2T
Z Z 7 (V)T_BM1+rl +ra
vMN
M=N, AyN]LU‘*ﬂz #5To" <Iri=Ro
<« T8 > M2 (Rolog Ry)

M,N
M=N,MN<KU*t%2

< TP (Rolog Ro)(UZFe2/2) 1471472
<< TI—BROT(2+82/2)(1+I‘] +7r3) logT << T1+5+(2+€2/2)(1+I‘1 +r;)—B log T
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So, if we choose B > 2 4+ 54 (2 4+ &2/2)(1 + r; + r2), then we have an error term that
is O((log T)/T). Hence, we have established

3 2T Y 5 T\ e
Io = Df,(r)+0((—) Tl ) (6.16)
M.N VMN o 2R, To
M=<N,MN<U*t2
MN>Ty !

6.4. Making M and N unrestricted

In this section, we shall remove the conditions on M and N from the sum in (6.16)
by showing that ips v, is small for M and N not satisfying those conditions. Firstly, for
M % N,weknow N >3M or N < M/3. Without loss of generality, we consider the case
that N > 3M . From the support of W, in (6.13), we only need to consider x satisfying
M <x <2M and N < x —r < 2N, which tell us |10g(xxTr)| =log(:L) > log(%) >

X

log(%). Hence, by (6.3), (6.13) and the bound |z; — 1| < -, we deduce

10°
2M T483 | T483 1 T4£3 MN !
iMNr <) —(MN)10 dx € ——M(MN)10 & —— ——_(MN)10
e J M T] T.I T.l Tl €1
0 0 0 0

T4s3+%(1—s)(4+82)

<

T 0j+1—el ’

where we have used the condition N > Tol_‘?1 (resp. MN « Utte2 = 7(-)(+e2))
for the third (resp. last) estimate. Using (iii), we can choose j large enough that iy n ,
<« T~B. Therefore, for M and N with M % N, arguing as in the previous section we
obtain J% > o0<|rl<Ro P, (r) <K (log T)=2.

Secondly, we deal with the situation that either M or N < Tol_al. We may suppose,
without loss of generality, that M, N > 2~V 2 MK To1 “ and r > 1. By the support
of W, in (6.13), we can require that x > N + r > r > 1, which implies |log(ﬁ)| >
log(ﬁ) >x1>02M) > T(fl_l. Thus, by (6.3), for any B > 0, we derive

f*(x,x _ r) & T483T0_j(€1_1)_j < T—B

when j is sufficiently large. With this bound in hand, we again have

2T
vMN

From the above discussion, if we include in the sum in (6.16) all M and N with
MN < U*e2 such that either M % N or min(M, N) < Tol_s', we will introduce an
extra error, which is at most (log T')(log T)(log T)™2 <« 1 and thus negligible because
the choices for each such M and N are O(log T). In other words, we have removed the
conditions M < N and M, N > TO1 ~*! from the first sum in (6.16) upon a negligible
error.

> Dg(r) < (logT)™2.

0<[r|=Ro
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Lastly, we consider the contribution of A arising from adding those pairs (M, N)
with MN > U*t2 in (6 16) Using (6.2) and Lemma 2.2 (iii), for any constant A > 0,
we obtain f*(x,y) < ( )A if xy > U*. Similar to (6.15), for any 4 > 0,

~ T min(2M,2N +r) U4 A '
E<Ynl) Y / (si=) o s
M,N

20 , ~vMN max(M,N +r,r,0) )C()C - r)
MN>U*te2
M—-2N<r<2M—-N
U4 \4
<TY mlh ) (MN)‘”““”(W) min(M, N)
r#0 M,N

MN>»max(U4tT22 |r|)

provided that r; 4+ r, < 1/4 and ry, r, are bounded away from zero. (The condition
MN > |r| in the last sum above is due to the condition M — 2N < r < 2M — N which
implies |[r| < |[M + N| < M N.) To estimate the last sum over M, N, we may consider
MN = H, which forces M and N to satisfy min(M, N) < H1/?, Clearly, there is an
integer h = h(H) > 0 such that H = 2=2)/2 5 4+22_ Also, we observe that for every
given H, we can have at most h(H) + 1 < log H pairs M, N satisfying MN = H.
Hence, we arrive at

~ U\4
ALT Z HI/HI/IO(F) HY2(log H) Z 2(r)

H>»U4*te2 I<r<H
U4
<T > HZ(?) .
H>»U4*te2

For A > 2, the last sum is convergent and is & U2@te)—Aez — 7(1-e)(2(4+e2)—Ae2)
Therefore, A &4 1forany A > o5 8) = + + 2.

To summarise, we have removed all the restrlctlons on M and N appearing in (6.16).
More precisely, we have shown

. T 1+C
IO_ZF > Df,(r)+0((F0) TH/Z). 6.17)

0<|r|=Ro

6.5. A smooth partition of unity, again

Recalling W(x) = x~/2W,(x), we see that

> " ()" (%)

N VMN M N
_Z 1 X 20—y _1/2W X W xX—r
- JVMN \M N Nm )"\ N
M.N

_ _ X xX—r
= X I/Z(X—r) 1/2ZWO(M)W()( N ),
M.N




The eighth moment of the Riemann zeta function 31

which is equal to x™1/2(x — r)71/2 as D kez Wo(x/2%/2) = 1. From (6.7) and the above
identity, inserting (6.11) into (6.17), we have

¢q(r)Ga(z1,9)Ga(22.9)
o= Y oo [ ceote D St

1<|r|<Rgo q=1

o 7\ 1+C
X / S, x— r)x21—3/2(x - r)22—3/2 dxdzydz; + 0((7) Tl—g/2)7

max(0,7) 0

where

1 G(s) 1 S1 [ ro\"
SHex =) = 2711/(83) s (n“x(x—r)) Tj;oc(l—i_x—r)

4s
x g(s, t)(%) w(t)dt ds,

¢q(r)Ga(z1,9)Ga(22,9)
lo=2 ¥ o [ [ st Py it

1<|r|=Ro q=1

X/OO x21_3/2(x r)Zz 32 1 1 [ G(S)( 1 )S[oo (1+ r ) it
max(0,r) 271 Jey) s \mtx(x—1r)/) J (x—r)
U 4s T 1+C
X g(s,t)(T) wt)dtdsdxdzydzy + 0((?) Tl_s/z).
0

We now split this sum, according to 7 > 0 and r < 0, to obtain

¢4(r)Ga(21.4)Ga(z2.q)
=2 Y oo [, [l st )42 e

1<r<Rg

_‘t
y /oo xz]_3/2(x r)ZZ 32 1 1 / G(S)( 1 )S/m (1 + r ) i
max(0,7) 271 Jgy) S a4x(x —r) oo (x—r)

U 4s
xg(s,t)(—) w(t)dtdsdxdzydz,

ax Cq(=r)Ga(z1,9)Ga(22,9)
12 Y o / / (¥ (z2) Z pEee

1<r<Ro

s —it
T T N
max(0,—7) 271 Jey) s \mtx(x+1)/) Jooo (x+r)

U 4s T 1+C
xg(s,t)(T) wt)dtdsdxdzydz, + 0((7) Tl_s/z).
0
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In the x-integrals, we make the change of variable x = ry to deduce

4 ¢q(r)Ga(z1,9)Ga(z22,9) 71223
=2 ¥ G o [, g0t > e

1<r<Rp qg=1

X/oo 32y _ e L 1 / G(S)L( 1 )S/oo(y_l)it
max(0,1) 27i ) § r¥\nty(y-1) J_o\ ¥

U 45
xg(s,t)(—) w(t)dtds (rdy)dzy dz;

cq(r)G4(z1,9)Ga(z2,9) itz
+2 Z (27.[1)2[ f ¢(21)*¢ (22 )42 s 4qzll+22 e a3

1<r<Ry q=1

X/oo Y2y 4 32 L / G 1 ( 1 )/ (y+1)
max(O,fl) 27t1 (e3) S T y(y + 1) y
U\* 7\ 1+C
x g(m(?) w(t)dt ds (r dy) dz2 dz1 + 0((?) Tl—sfz).
0

It follows that Ip = I T 4+ I~ 4+ O((T/To)' € T17%/2) where

4 cq(r)G4(z1,9)Ga(z2,9) FI1+22-2
(2m)2 2 / / etz Z gt

1<r<Ro

% _ 1 G(s) 1 1 Sy F1\!
Lm0 ) [0
/max(o,ﬂ)y OFD o ) § rP\rtyOFD) Joo\

U 4s
xg(s,t)(T) w)dtdsdydzydz;.

We see

2 cq(r)Ga(z1,9)Ga(22, q)
= (27i)3 /i»’l fﬂz (83)§(21)4§(22)4 > Z : zl+12r12s+2 :, jz

1<r<Rpq=1

G 1 00 U 4s (o) . .
% (S) = / g(s, t) (_) Cl)(l) (/ yzl—s—3/2—1t (y T 1)22—&—3/2+1Z dy)
s —00 t max(0,%1)

xdtdsdzydzy.

For n = %1, we have
oo . .
/ yzl—s—3/2—1t(y ¥ l)zz—s—3/2+1t dy

max(0,%1)

* 3/2—i 3/2+i

:/ yZI—S— / —1t(y _n)zz—s— /2+it dy,
max(0,7)
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which equals

{B(zz—s—%+it,—21—22+2s+2) ifn=1,

B(zi—s—4—it,—z1—z2+2s+2) ifn=-1,
[(z2—s— 4 +i)[(—z1 — 22 + 25 + 2)

[(s—z1+ 3 +it)
F(21 —s—%—it)I‘(—zl —22+2s+2)

F(s—zz—i—%—it)

ifn =1,

if n=—1.

Here, we have used the following identities for the Beta function B:

oo xu~l _ IR OINCESY
/0 —(1 ey dx =Bu,v—u) = —F(v)

for Jte(u) > 0 and Re(v — u) > 0. Therefore,

2 o~ ¢q(r)Ga(21,9)Ga(22,9) G(s)
Iop = (271—1)3/;@1 [@2 . ¢(z1)*¢(z2)* Z Z qqz1+12r12s+2—:1—52

45
ST
) 1=r<Rpq=1
s

00 4
X /_ g(s,t) (g) o) (—z1 —z2+25 +2)

(o 0]
(F(zz—s—%—i—it) F(zl—s—%—it)

I(s—zi+3+it) T(s—z+3—ir)

T 1+C
+ 0((—) Tl_s/z). (6.18)
To

6.6. Moving the integral right to Re(s) = 1

)dt dsdzydzy

We now move the s-integral in (6.18) right to the line Je(s) = 1. We do this so that we
can apply Proposition 6.5 (i) later. Observe that the sum in the round bracket in (6.18) has
simple poles ats =p; = —1/2+z; —itands =py = —1/2+ z +it. Using '(z) ~ z ™!
as z — 0, we find that the residue at s = p; (for the s-integral) is

__ Gl o t)(g)““ T(—zy — 2+ 2p1 +2)
p17w4P1r2P1 ’ t [(p1—z24 3 —ir)

and the residue at s = p; is

__ G(p) . t)(g)4p2 ['(=z1— 22 +2p2 +2)
pamr4P2r2p2 2T g T(p2—z1+ 2 +1ir)

Inserting p; = —1/2 + z; —it and p = —1/2 + z, + it into the above residues, respec-
tively, we see that the residue at p; is

G(pi) U\*
—mg(pm) ry .
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By Lemma 2.2 (i), when ¢1 T <t < ¢, T, the above is

|G (pi)| rl—zme(zi)(g)_2+4m2(2i) (I3m(z;) + (=D'r)* + 1
VISm(z) + (=12 + 1 ¢

2

As G(p;) < (ISm(z;) + (—=1)it])®> + 1)~B, we conclude that the contribution of each
residue is at most

r2—Re(z1)—Re(z2) qéﬁe(zl)+.‘Re(zz)

Z ¢(21)¢(2)|* i lcq(r)Ga(z1,9)Ga(z2,q)]
-

1<r<Ro

) dr.

y /czT(Z)—2+4SRe(Zi) ((lsm(zl) + (—l)il|)2 + 1)_Br1—2.‘Re(zi
aT \2 t

The sum over ¢ can be bounded in a similar manner to (6.11) and (6.15). Therefore the
above is

<T*E 3 20 By — 758,

rl—r] —rp
1<r=<Rp

Choosing B to be large, we then obtain

2 4 4 S\ ¢q(r)Ga(z1,9)Ga(z2,q) G(s)
Io = i) /:6’1 /32 /(1)5(21) DD gF T 2542z gpds
4s

1<r<Rop q=1

X /oo g(s, t)(g) o) (—z1 —z2 + 25 +2)

(zp—s— 1 +i M(zy —s—1—i
x( (2 =5 §+1.[)+ (&1 = 2 l,t))dtdsdzzdzl
F(s—zl+§+1t) F(s—22+5—1t)

T 1+C
+0(1)+0((F) T”/z). (6.19)

0

6.7. Extending Ry — oo

In this section, we shall extend Ry to oo for the sum in (6.19), which requires a deli-
cate analysis of the Gamma factors involved. To proceed, we shall invoke the following
technical lemma (whose proof can be found in [11, Lemma 4.6]).

Lemma 6.4. Let |a;,|, |bi,| < 6. Let n; € (0,1/2) and A > 0. Assume

Re(ai, +51) €[0,A] and Re(bi, +52) € [0. 2 —m]U[L +n1.3 —m]
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(i) Assume Re(sy + 52 +ai, +bi,) < 1. When [Swm(s1)| <t + land |Sm(s2)| <t +1,
we have

F(% — biz — 5, * il)

I3 +a; +s1 £it)

. : 'jT
= ~(1+sa+ai; +biy) eXp(:FIE(Sl + 82 +a;; + biz))

2 2
« (1 +0(1 + |SI|, + [s2] ))

(ii)) When |3m(s1)| >t + 1 or [Swm(s2)| >t + 1, we have

1 : o o
[ (53 —bi, — 52 +it) < Sm(sy)? + ém(sz)zegmm(slﬂzn_

[(3 +ai, + s1+ir) 12
(iii) Assume Re(sy + 52 + ai; + biy) > 1. When |Swm(s1)| <t + land |3m(sy)| <t + 1,
we have
L(z b —s2£it)  Fm(s1)” +3m(2) sz @msisa
I'(L+ai, +s1 £if) 12

Now, we start by recalling that T%o <ri,rmn<§< % (where rq, rp are as in Conjec-

ture 1) and observing Re(s —z; + 1) € [1 —6,1+ 8] <[0.9,1.1],i = 1,2, because |z; — 1]
= r;. This implies that Re(s —z; + 1 + 5 —z, + 1) =2 —2§ > 1. For |[Jm(s — z; + 1)|
<t+1,i =1,2,by Lemma 6.4 (iii), it follows that

T(zz—s—5+it) T(3—(s—z+1)+i)

F(s—zi+3+it) TE+G6—z1+1)+it)

< Rm(s —z1 + 1))2 + (Sm(s —z2 + 1))26%3m(2s—21—22)
12 ’

and
T(zi—s—5—it) T(3-(G—z1+1)—ir)
P(s—z+3—it) TE+G-—z+1)—i)

o 2 oY 2
Sm(s —z1 + 1)) —i; Sm(s—zx+ 1)) o F¥m(2s—z1-22)
t

<
Therefore,
F(zz—s—%—i—it) F(zl—s—%—it)
T(s—zi+32+it) T(s—z+32—it)

< Bm(s—z1 + 1))* + Bm(s — 22 + 1))26%|3m(2s—21—22)|_
t2

(6.20)
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On the other hand, assuming either [Swmi(s —z; + 1)| > ¢t + 1 or [Sm(s — z2 + 1)| >
t + 1, by Lemma 6.4 (ii) we also have
F(Zz—S—%-Fil) F(zl—s—%—it)
F(s—zi+32+4it) T(s—z+2—ir)
o MG —z D+ @M =22+ D) 5pmas-ni)

> (6.21)
By Stirling’s formula, for -4 < x < 4 and |y| > 1/2, we have
IT(x +iy)] = [y 231, (6.22)

which gives

|F(—Zl —Zy + 25+ 2)| < (|2S —zy— Zz| + 1)4—9%(»_‘(21)—%e(zz)—l/Ze—%ISm(Zs—zl—22)\‘
(6.23)

In the above, we have used the trivial bound |I'(—z; — z2 + 25 + 2)| < 1 for
Sm(2s —z1 — zp 4+ 2) < 2. Combining (6.20), (6.21) and (6.23), for fe(s) = 1 we have

[(z2—s— 1 +it) F(zl—s—%—it))
D(s—zi+3+it) T(s—z+3—ir)
< [Sm(s —z1 + l)|21—i; [Sm(s —zo + 1)|?

I'(—z1 —zo + 2s +2)(

(|2S —zy— Zz| + 1)4—.‘Re(zl)—2)’te(zz)—1/2.

Thus the s-integral in (6.19) is

U\* G N\ 241
<(5) [ ) (1+0(BEE) )t vlat+al 07222 s
t ) |S| 2 t

< r‘th/ |G(s)| |s]'0 |ds| <« r~2t2.
ey

Hence, the removal of the condition » < Ry = T adds to the right of (6.19) an error of
at most

cT
> / O(r~2t2%2) dy
1T

r>R() ¢

oo

cq(r)Ga(z1,9)Ga(z2,9) 3 —2+2§
Z q21 +z2 < T Z r 2 (r)
q=1 r>T5

L T3T79H198 1,

This means that on the right of (6.19), we can omit the condition r < Ry. Now, by absolute
convergence, we may swap the order of summation and integration there to obtain

. 2 4 4 0 G(S) U 4s
to = G [ [ et [~ oo [ Tewn(T) iz
F(ZZ—S—%+il‘) F(zl—s—l—i[)

2
F(s—zl—i-%—i-it) F(S—Zz—‘r%—ll)

T 1+C
+0(1)+0((70) Tl_"’"/z), (6.24)

XF(—21—22+2S+2)( )dsdtdzzdzl
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where

Hy(z1,22) = Z Z ¢q(r)Ga(z1,9)Ga(22,4)

zl +zzr2s+2 Z1—2Z2

r=1q=1
It is convenient to write
H(z1,22) = (21— 1,20 — 1,21 + 22 = 2,5) (6.25)
where
cq(r)Ga(l +u1,q)Ga(l + uy, 61)
H (U uz,uz, ) = ZZ ! pETE T (6.26)
r=1¢g=1

6.8. Handling #Hs(z1,z2)
We begin with the following proposition connecting 57 (uy, u, 13, s) and £ (s).
Proposition 6.5. Let §’ € (0,1/5). Fori = 1,2, 3, assume

lui| <6 (6.27)
(i) For Re(s) > 1/2 + 28', we have

C(1+25)100(1 + 25 —uy —us)

A0 213, 8) = L8 = U3) (1 T (T T 25—

S (uy,uz,us3,s),

where
S (uy,uz,us,s) =l_[ﬂp(u1,u2,u3,s) (6.28)
p

and

Ip(u1,uz,uz3,s)

1 16 1 1 —4 1 —4
=(1-—— - 1= ——— l———
p1+2s p1+2s—u1—u2 p1+2s—u1 p1+2s—u2

e . ) 1_p2s 1-u3
X (1 +ZG4(1 +u1, p')Ga(l —i—uz,P’)‘W)- (6.29)
j=1

(ii) For Re(s) = o > —1/2 + 28, we have
Iy Uz us,s) = 1= Y, p 2% 4 0(p7T2@),
where
Y, = —6X;% —6X; 2 —16(X1 X2) ' +4(X,2 XY

+4(XT2X5Y) — (X1 X2) 72 =36 + 24X, 4 24X71,
X;=p™ fori=12,3, (6.30)
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and
-2 if o >0,
V(©0)=13-2-20 if0>0>-1/4,
360 if—1/4>0>—1/2.
Moreover, % (u1,uz,us,s) is holomorphic in Re(s)>—1/4+6, and 7 (uy,uz,uz,s)
is meromorphic in fe(s) > —1/4 + §' with poles at
_l+us urt+uy p—l4+u; p—14uy

707 b b
2 2 2 2

s (6.31)

where p ranges through the non-trivial zeros of {(s).

We postpone the proof of this proposition to Section 8.1 and focus on handling
Hs(z1, z2). By (6.25) and Proposition 6.5,

E1+2)1%c(1+25—21 —22+2)

j b b b
(1425 —z1 + D*C(1 + 25 — 25 + 1)* (z1,22,9)

(6.32)

Hs(z1,22) =25 +2—21 —22)

where
SI(z21,22,8) = IF(z1 — 1,20 — 1,21 + 25 — 2, 5).

We see that Js(z1, z2) has an analytic continuation to Re(s) > —1/4 + ', where =
1’ (8), with the exception of poles at
Z1+ 2z — 1 Z1+z2 p+z1—2 p+zp—2

:—707_1 5 ) B
* 2 B 2 2

where p ranges through non-trivial zeros of {(s). We also see that I'(—z; — z + 25 + 2)
in (6.24) has a pole at s = #, while

F(zz—s—%—}-it) F(zl—s—%—it)

F(s—21+%+it) F(s—zz—i—%—it)

has poles at
S = Pp1,Pp2-

6.9. Moving the integral in (6.24) left to Re(s) = e3

Recall (6.24). We first observe that H;(z1,2z2) = (1 —z1,1 — 22,21 + 22 — 2, 5)
and move the contour to JRe(s) = &3 with €3 > § > 0, which is large enough to
miss poles at s = 0 and s = —1 + % of Hs(z1, z2) and the pole at s = %
of I'(—zy — zz + 25 + 2). For the pole at s = % of Hs(z1, z2), we note that
g ESZE;S ;;ﬁi‘lg + g((szi;; I_;ﬁ:ﬁg has a zero at the same point. Also, the contribution from
the pole at s = p; in the s-integral of (6.24) is

G(p; U 4p; . _ 2
——I()Pl)g(l)i,l)(7) Hyi (21 22)m P < Ipil‘l‘BU“”‘*e‘Pt’@ < T35
L
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It then follows from the above bound and (6.24) that

_ 2 4 4 0 G(S) U 4s
IO - (27.[1)3 /."31 /_‘;2 é‘(Z]) z(ZZ) /Oo(l)(t)\/(\s?)) Sn4sg(S,[)(T) ‘;{S(ZleZ)

F(zz—s—%+it) F(zl—s—%—it)
D(s—zi+3+it) T(s—z+3—ir)

T 1+C
+0(1) + 0((—) Tl_s/z).
To
By Lemma 2.2 (i), we know that

_ 2 4 4 oo G(S) t 4s U 4s
to= g Jy J sevsent [ oo [ S2(5) () e

M(zz—s—4+4it) T(z—s—1-—it)
F(s—zi+32+ir) T(s—z+32—it)

T 1+C
+10,E+0(1)+0((T—0) TH/Z), (6.33)

xF(—21—22+2s+2)( )dsdtd22d21

xl"(—zl—22+2s+2)( )dsdtdzzdzl

where

2 N G(s) (1\* [IsP+ 1\ (U\*
IO,E_WXB] B> ;(Zl) é‘(ZZ) /—oow(t) (3) s (5) 0( ! )(T)

F(zz—s—%—i—it) F(zl—s—%—it))
I(s—zi+32+it) T(s—z+3—ir)
X dsdtdzydzy. (6.34)

X Hs(z1,22)0 (=21 — 22 + 25 + 2)(

We shall give an upper bound for /o g. Observe that for 0 < § < 3 < 0.15, we have
Re(s —z; +1) €[ez — 8,63 + 6] €[0,0.4],i = 1,2. This implies Re(s —z; + 1+ 5 —
z3 4+ 1) < 0.8. We remind the reader that in (6.34), ¢ does not denote the imaginary part
of s but a variable satisfying ¢17 <t < ¢, T. It follows from Lemma 6.4 (ii) and (6.22)
that the inner integral in (6.34) on |Sm(s —z; + )| >t + lor|Sm(s—zo + )| >t + 1
is

G(s) s|?
< / w1 IO(U 2B e zal2s = 21— 2ol 412
[Sm(s—z1+1)|>t+1 |S| t
or |[Sm(s—zr+1)|>1+1
ISmQ2s—z1—22)| |3m(s —2z1 + 1)|2 + |Sm(s — 2z + 1)|2e
[2

x =% Z13m(2s—z1—z2+2)| d|s|

< U463/ Fte(s)=e3 G ()| |s|Hs (21, 22)| d 5]
[Sm(s—z1+1)|>t+1
or |Im(s—zo+1)|>t+1

< T(1_£)483/ Re(s)=e3 Is|=10d|s|
[Sm(s—z1+1)|>t+1
or [Im(s—z2+1)|>2+1

LT, (6.35)
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In the second last inequality above, we have used the fact that for fte(s) = ¢3 and 0 <
8 < €3,
1 1

1 1
H , 2 2—2z1— —
| S(Zl ZZ)| < |§( s + Z1 Z2)| 8;6 283 DY (283 — 5)4 (283 — 8)4

<L |s|+ 1,

which can be deduced from (6.32) and Proposition 6.5. By Lemma 6.4 (i) and the bound
NRe(s —z; + 1+ 5 — 2z + 1) < 0.8, the inner integral on |[Sm(s —z; + 1)| <t + 1,
i =1,2,in (6.34) is

|G(S)| ses ISP+ 1 2
<[ o S0 (U T ezl -2 -l )

|Sm(s—z;+1)|<t+1,i=1,2
_T|¥ —gq— — —
Xe 3 |Sm(2s—2z; Zz)l[l 25+z1+zo ZCOS(%(ZS —zi—zy+ 2))

— T —_—— — 2 _ 2
+ O(t 2£3+2862\3m(2s z1—z2)| 1+|s Zl+1|t+\s zo+1] )]d|S|

GO,

<
Re(s)=e3 |S|
|Sm(s—z;+1)|<t+1,i=1,2

_ i — o —_—— _ — 2 — 2
Z13m(2s—z; 22)|62|3m(2s z1 22)\t 233+28(1+ 1+|s zl+1|t+|s z2+1| )d|S|

5|2 +1
o(v*= XD st er. (25 =2zl 4 12

Xe

« T1+2e3+28—4e3e (6.36)
In the second inequality above, we have used the fact that for z € C,
|cos | &« eZR3me)I

Thus, substituting (6.35) and (6.36) in (6. %4) we have I g <« T?63+20-4838 705,

provided that 0 < ¢3 < 0.15and 0 < § < 10, which, together with (6.33), yields

__2 apya L[ GO v
o= o |, st /(83) ez [ ( ) w(t)

(F(zz—s—%—i—it) F(zl—s—%—lt)
M(s—zi+3+4it) T(s—z+3—it)

X )F(—zl—22+23+2)dtdsdzzdzl

T 1+C
+0(T°'5)+0((70) Tl—s/z). (6.37)

7. Further evaluation of off-diagonal terms: Proof of Proposition 3.3

In this section, we shall give a further simplification of /o, and extract one main term
from there. By a rearrangement for (6.37), we write

o0 2 45
Io 2/ a)(t)—/ &(E) F(s,t)dsdt
—00 271 Jgy) S 2w

T 1+C
+0(T°‘5)+0((70) Tl_""/z), (7.1)
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where
A (s,1) := ﬁ/& /:82 £(z1)*8(z2)* Hs (21, 22)

(F(zz—s—%—}—it) F(zl—s—%—it)
X

F(s—zl+§+it) [(s—z+32—it)

)F(—21 —z34+25+2)dzydzy
= [ £(z2)* x inn(z2) dza,
27i

inn(z,) 1= Z_m/ t(z) Fou(z1.22)dzy

1 lrod
B /31 (Z 1)4 ((Zl 1);(21))4\14&[(21,22) le’

27r1

and
‘(Fs,t (z1,22)

M(zz—s—%+it) T(z—s—1-
= J(S(Zl’zz)( (22 N > + lf) (Zl s — 2 lt)

I(s—zi+3+it) T(s—z+3—ir)

)F(—zl — 2z 4+ 25 +2).

Setting H(z1) = ((z1 — 1){'(21))437}J (z1,22), we have

Jf/“—i——H@odm==H®“)= >

27i Jg, (z1 —1* 3! it

b FEO (1, zz)
il

where b;/ € R satisfy
hz) = (=D =1+ bi(z=1) +ba(z = 1)* +
Here S
iogi

22) 1= — — F5 (21, 22).

‘{Fs‘(,lt’]) (Zl s 9z 8 ]

We now compute ?S(,’;’O) (z1,22) for i € {0, 1,2, 3}. By the generalized product rule, we
obtain

i i
FEOU )= ) ( )J(’S(u’o)(zhzz)

Au,v,w
ut+vt+w=i
av (F(zz—s—%—i-it) N F(zl—s—%—it))

9 \T(s—z1 + 2 +it)  T(s—z2+3—1ir)

z1=1

(=D)YT ™) (=2, 4 25 + 1).

(7.2)
Observe that by Proposition 6.5 (i), for Rte(s) > 1/2 + 46 and u € Zx, we have

(NG (1. 9)Gaz2a) ()"
HO (21, 20)|z=1 = Z ( )ZZ : qltzap2sti-z g; '

i1+ix=u r=1q=1
(1.3)
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Hence,
1 1
H(s.1) = 27“/ ¢(z )“(2711 /Bl (Z _1)4H(21)dzl) dz,
)
- 4 birFs(1,22) 22)
_2m/ (z2) /+l R i
bis
- Z l' 271-[1/.:3 (Z 1)4((22 1);(22))4(\’(1 O)(l 22)d22
i'+i=3
= Z t’ Z 137(”)(],1).
i’+i=3 ! jl4+j=3 !

From (7.2), it follows that

f“(l])(l 1)
J J (u,a) (v.,b) wer(w+e)
- Z U, v, w Z a,b,c H (L DG (1L, D(=D)*TT (25),
utvt+w=i T a+b+c=j s U
where

v 9b o1 —_g—1_j
(vb)(l 1= a 8_(F(22 s 2—|-1t) F(21 s— 3 1t)) 7.4

02y 0z5\T(s—z1 + 2 +it) T(s—z2+3—ir)

z1=z2=1

By (7.3), we also know that for fe(s) > 1/2 + 46,

FED(1,1)

> )2

a)iﬁ Cq(r)G(ll)(l q)G(]l)(l q)( gi)iz-i-jz

2,28
irt+iz=u h J1tj2=a J1 r=1q=1 q-r q
= Z (u) Z ( )%(11,11,12+j2,0)(0 0,0,s), (1.5)
i1+iz=u h J1+j2=a i

where 77 is defined as in (6.26). Note that the above identity is also valid in the region
Re(s) > —1/4 + 26 since st("’”)(l, 1) can be meromorphically extended to that region
by Proposition 6.5 and the meromorphic continuation is unique. We then arrive at

Sn= Y - by > ’3?(”)(1,1)

i’+i=3 ! j'+j=3
“YE X H Y () X (a
! J! AU, U, W \a.,b,c
i'+i=3 j'+j=3 utvtw=i a+b+c=j

x HED (1, 1G5 (1, 1) (~ 1) +er®@+o 2y),
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Combining this with (7.1), it follows that

% 2 G(s) (U \* bis bjs i
o=[ oo [ N%) THEE T T (o)

i'+i=3 " jr4j=3 utvtw=i

x ) ( Jc)%;"’”(l,1)ﬁ§,’2’“(1,1)(—1)w+cr<w+”)(2s>dsdf

. T 1+C
+ O(TOS) + O((_) TI—S/Z)
To

=2 ) = b Z ) (u,i,w) 2 (a,é,C)

! v
i’+i=3 j'+j=3 u+v+w=i a+b+c=j

00 G U 4s
x/ (z)—/( ) () (E) F 8D (1, 1H)g8P (1, 1) (= 1)+ r @+ (25) ds di
_ o

2i Ky
T 1+C
+ O(T%) + 0((70) Tl_*’/z). (7.6)

The last s-integral can be further evaluated by the following lemma.

Lemma 7.1. Let0 < § < —and0<5<83 < 0.15. Let u,a, v, b, w, ¢ be non-negative
integers such thata +b + ¢ <3 andu + v+ w < 3. Forx = (u,a,v,b,w, ¢), set

1 4s
o= _'/ @(2) HEO1, )G (1, 1) (=) Her @+ 25) ds.
(€3) 2r ’

2 )
Then
U2 —1/2+48
ix = ix,O + ix,l + 0((7) )v (77)

where

u i2+j2 ir+ ja
w= X ()T () ¥ (")

i1+iz=u J1+Jj2=a x0=0 x1+x2+x3=i1 y1+y2+y3=/1

X1,X2,X3>0  y1,¥2,y3>0

ey (0 (0
X1,X2,X3 Y1,Y2, )3

L b L v+b—r|—r}
X (—1)b+” Z (—1)’1+’2(:/)(r/)(logt)’ﬁ’z(i%)
2

1

r1 €{0,...,v}
r5€{0,...,b}
v+b—r{—r,=0(mod2)
1 1

X
2x¥1tyitxatyatwretlo (x; 4y 4+ x5 + yo +w + ¢ + 10)!
x1+y1+x2+y2+w+c+10(xl + 1 + x5+ I w4+ 10)(10g U_4)k

X
2 i
k=0
« Jéxl-i-yl+xz+y2+w+c+10—k)(0)’ (7.8)
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and

= E RO S s ()

i1+iz=u J1+Jj2=a x0=0 x1+x2+x3=i1 y1+y2+y3=/1
X1,%2,X320  y1,¥2,y3=0

ccpormen( B Y
X1, X2, X3 Y1,)2,)3

— b T U+b_ri_ré
X (_1)b+v Z (_1)r1+r2(:/)(r/)(logt)rl-f—rz (I%)
2

r1€{0,...,v} 1
75€{0,....b}
v+b—r|—r;=1(mod 2)

b4 1
X
2x1+y1+x2+y2+w+c+10 X1+ y1+x+y2+w+c+9)!

x1+y1+x2+y2+w+c+9(x1 + i x4 s w4+ 9)

x k
k=0

U ( +y1+x2+yr4+w+ +9_k)
X X w-—rc
X (log —[ > ) J 1 (g 27T r2 (0)

Here, Jo(s) and J1(s) are defined by
Jo(s) = Jo(s; X0, X1, Y1, X2, Y2, X3, ¥3, 2, j2, W, C)
= GO g £+ 200221 () 20)™ 1, (0) (29
x CETTYD (] 4 25)(25)" 1112 cos () (— )W T T @H) (25) (25) 0 FeH]
x 33z t2=x0.0)(0 0,0,5); %0 (2s),
and
Ji(s) = J1(s;x0, X1, Y1, X2, Y2, X3, V3,12, j2, W, C)

: C(1+25)%(25)gx, (5)(25) ™2 3 gy, (5)(25)72 2

= G(S) W
2isin(s)
b4

% ;(X1+y1)(1 + 2s)(2s)x1+y1+1 (_1)w+cF(W+c)(2s)(2s)w+c+1

x . 393,02+ j2—x0,0) (0,0,0, S)é'(xO) (29),
where gx,(s), gy, (s) are given by
go(s) = £(1+2s)°,
g1(s) = 42 (1 + 25)¢(1 + 25)2,
g2(8) = 208" (1 4 29)%C(1 + 25) — 4P (1 + 25)¢(1 + 25), (7.9)
g3(s) = 1208 (1 + 25)% — 60’ (1 + 25)¢P (1 + 25)¢(1 + 25)
+ 4291 + 25)2(1 4 29)2,
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and 7(0,0,0, s) is defined in (6.28). Clearly, both Jo(s) and J1(s) are holomorphic for
—1/4 + 28 < Re(s) < 1/2, and Jo(s), J1(s) < 1/(1 + |3m(s)|'%) uniformly in this
region.
In addition, we have
ix1 < (log T)". (7.10)

To prove this lemma, we shall require the following two technical lemmata that give
a further computation for ﬁs(f;’b) (1,1) and ¥, s("’a) (1, 1). Their proofs are postponed to the
next section.

Lemma 7.2. Let ﬁs(f;’b)(l, 1) be given as in (7.4). Assume Re(s) = €3, 0 <5 < %, and
0<68<e3<0.15.

(i) Let |Sm(s)| <t + 1. We have

b v
7 7 b 7 ’
gs(};,b)(l’ 1) — (_1)b+v Z Z (_l)r] +r5 (:/ ) (r/ )(lOg t)r1+r2t—2s
1 2

/ /
ry=0r;=0

T v+b—r|—r} .y
X (15) ((—l)v+b_r1_'2 exp(—ims) + exp(ins))

1+ 2|s|?
+ 0 ((S_b_”t_me(s)Jrz‘g exp(m|Sm(s)| + 78) (%'S'))

(ii) Let |3m(s)| >t + 1. We have

R 2
gs(,';’b)(l, 1) K S_b_”wenlkm(sn'

Lemma 7.3. Let st(u’a)(l, 1) be given as in (7.5). Assume Re(s) = &3. We have

U a
FEO D) = (14297 Y (l) > ()
i1+ix=u 1 J1+j2=a J1
ir+J . .
D D DR S e
X0
x0=0 x1+x2+x3=i1 y1+y2+y3=J1
X1,X2,X3=0  y1,y2,y3>0
i1 J1
00 ) ) )00 29
X1, X2, X3 Y1,)2,)3
% *3,93,i2+j2—x0,0) (0,0,0,5),

where Z(0,0,0, s) is defined in (6.28), and

ok 1
— 7
8k(s) 1= E(1 +29) (—§(1+2S_Z)4) (7.11)

z=0

(Note that the explicit expressions of gi(s) fork =0,...,4 are given in (7.9).) In addition,
the gi (s) are holomorphic everywhere with the exception of poles at s = 0.
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Proof of Lemma 7.1. From Lemmata 7.2 (ii) and 7.3, it follows that the |3t (s)| > ¢ + 1
part of iy is

1 G@s) [ U\* b
H/ Se)=es 3 (E) HEO (1 DEGT A DD T Q2s) ds
[Sm(s)|>14+1

u a
< ()= ()
e o\l /) = \J1
i1 +ir=u J1tJj2=a
i2+ )2

ir+ j2 i1 J1
XZ Z Z ( Xo )(xl,X2,X3)(Y1»yzaY3)

x0=0 x| +x2+x3=i1 y1+y2+y3=/1
X1,X2,x3=20  y1,¥2,¥3=0

1 Gis) (U \* 2+ (x0) Ge1+v1)
<o Lo |2 (3r) 80+ 29200 o) (OE 0 29
[Sm(s)|>1+1

[ 2
7 x3,¥3,i2+ j2—%0,0) (0,0,0,5)0 (‘S n;gs) eﬂlgm(S)I) rw+e) (25)

X

dls|

< T2,

due to the rapid decay of |G(s)|. Therefore, it suffices to consider the |[Sm(s)| <t + 1
portion of ix. To do so, we first note that

2cos(mws) ifv+b—r]—r)=0(mod2),

— 1)U exp(—imrs) + explins) =
( ) P( ) p( ) 2i Sil’l(]TS) ifv+b— ri — ré =1 (mod2)

Hence, by Lemmata 7.2 (i) and 7.3, together with the above bound, we obtain

ix = jx,O + jx,l + jx,error + O(Tiz)’

where
ir+J . .
. u a) =’ I+ J2
e X (SO » v ("
ir+iz=u N1 jitjp=a J1 x0=0 x1+x2+x3=i1 y1+y2+y3=/i 0

X1,%2,X3>0  ¥1,¥2,y3>0

% (_1)x0+x1+y1 ( i )( J1 )(_1)b+v
X1,X2,X3 Y1,)2,)3

’ ’ v b sy [T v+b_ri_ré
B e ()

r1 €{0,...,v}
75 €{0,....b}
v+b—r|—r,=0(mod2)

! Luzy” ! Ji d 7.12
S | mew=es 3\ 7 (25)2FR2 323 x Fy1HFwtet] ols)ds,  (7.12)

|3 (s)| <t 1
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i2+j2 . .
. u a I2 + 2
A= ) 2 )X X >
= \i ). = \J1 — _ _: Xo
i1+iz=u J1+j2=a x0=0 x1+x2+x3=i1 y1+y2+y3=/J1
X1,X2,X3=20  ¥1,¥2,y3=0

x (—1)*otxi+y ( i ) ( s )(—1)b+v
X1, X2, X3 Y1:)2,)3

e (VN (B o {7\ TS
oz e

1 €{0,...,v}

v+b—r{—r)=1(mod2)

1 1(U2\* s I d 13
“omi ] mer=es S\ 7 ) (2s)rrmritnasexa ruter] 1(s)ds,  (7.13)

[Fm(s)|<r+1
and
ir+j2 . .
. ) u a 2+ J2
Jx,error +=— Z . E . Z Z Z
e\ \J1 — . . X0
i1 +i2=u J1tj2=a x0=0 x1+x2+x3=i1 y1+y2+y3=Jji

X1,X2,X3>0  y1,¥2,y3>0

x (—1)x0+x1+y1( i )( ;1 )
X1, X2, X3 Y1,Y2,)3

1 G(S) U as 2 +(x0)

$omi e () €0+ 22980 0800
[Fm(s)|<t+1

% {(X1+y1)(1 + 2s)j(X3,y3,i2+J'2—xo,0)(0’0’0’ s)

1+ 2|s|?
t

x O (a—b—“z—mwﬁ exp(r|3m(s)| + nS)( ))(—1)w+0r<w+0> (25) ds.

Clearly, jxemor < U3 T—263420-1  T=1/2 gince 0 < § < % and 0 < g3 < 0.15. Note
that the integrals in jx o and jx 1 can be extended to the contour Jte(s) = 3 at the cost of
O(T~2) since the [Sm(s)| > ¢ + 1 parts of the integrals are < T2,

Observe that the integral in (7.12) (over the full line Re(s) = e3) is

1 1 U\*» 1 s d
- X1+y1 a2ty twtet10 i tyatwierir J00) ds.
271 J(g5) 2 t s

We then move this integral to $e(s) = —1/4 4 25, where the integral on the new vertical
line is < (U2/t)~"/2+48 gsince

J —_——,
ols) < 1+ |3m(s)|100
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and we see that the residue of the pole at s = 0 is

1 1
2x1+y1+x2+y2+w+c+10 (Xl +yi+x2+y+w+c+ 10)!
dX1+yitxa+y2+tw+e+10 U2\2
x ((F) )
ds*¥1+y1+x2+y2+w+c+10 ¢
B 1 1
T ox1tyi+xaty2tw+e+10 X1+ y1+x2+y2 +w+c+10)!

Xx1+y1+xz+zyz+w+c+10 x1+y1+xz+y2+w+c+10 o U_4 k
k &8

k=0

x Jéx1+y1+xz+y2+w+c+10—k)(o).

s=0

Similarly, the integral in (7.13) is

1 T U2 2s 1 , )
21 J(e5) 2X1HV 1R 2R WACHIO A g s¥IFYIFx2+y2+wc+10 1(s) ds.

Moving the integral to fe(s) = —1/4 + 2§, we find that the new integral on Re(s) =
—1/4 + 28 is < (U?/1)71/2+43 and the residue of the pole at s = 0 is

T 1

2x1+y1+x2+y2+w+c+10 X1+ y1+x+y2+w+c+9)!
X1 +y1+x2+y2+w+c+9(

N x1+y1+x2+y2+w+c+9)

k=0 k

X X w-—rc
X (]Og _) Jl 1T)1 2TY2 (0)

Gathering everything above together, we complete the proof of (7.7).

The functions Jy(s) and J; (s) are holomophic for —1/4 + 28§ < He(s) < 1/2 because
#(0,0,0,s) is holomorphic in this region due to Proposition 6.5. The upper bound for
Jo(s) and J;(s) is trivial since |G(s)| decays exponentially.

For iy 1, we know

., 4\ X1 +y1+x2+y2+w+c+9
ix1 < (logt)"17"2 (log ,—2)

& (log T) i +75+x1+y1+x2tyFwe+9
Since

M+t x i+t yptwte+9
Svtbt+xityitxetytwte+9<v+b+(i1+j)+w+c+9,

whichis<(@+b+c¢)+u+v+w)+9<3+34+9=15, weestablish (7.10). =
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By (7.6) and Lemma 7.1, we have

bjs bjs i i > .
=2 Y X 2 ()Y () [ ewiear

i'+i=3 " j+j=3 7" utvtw=i a+btc=j -
T 1+C
+ O(T(log T)'%) + O(T(F) )
0

where iy o is defined in (7.8). Note that we only need to consider the case i = j = 3 since
otherwise the above sum is < T (log T)! /10 « T(log T)'>. With the help of Maple,
this gives

0 4 4/.2y\12 5 4/,2\\11
Io =/_ a)(t)(—(k)gt) (log(U"/1%)) (log?)>(log(U*/17))

535088332800 122624409600
(log)®(log(U*/12))!®  (logt)*(log(U*/12))'*
T 66886041600  119027426918400
(log1)*(log(U*/1?))" (log(U*/1?))'¢

- 7(0,0,0,0) dt
6376469299200 171399494762496000

T 1+C
+ O(T(log T)'%) + O(T(F) ) (7.14)
0

Letny,n, > 0 be integers satisfying ny + n, = 16. As we work over 17T <t < ¢, T,
we know log? = log T + O(1) and hence

[ ” o) (log )" (log(U* /12" dt

—00
o0

= (logT +O(1))" (4(1 —&)log T —2log T + 0(1))"2 / w(t)dt

= ((log T)"' 4+ O((log T)"1 1)) ((2 —4e)"2(log T)"* 4+ O((log T)”2_1)) / w(t)dt

—0o0
o

= ((2—4e)"2(log T)"' "2 + O((log T)"1 "271)) / w(t) dt

o0
= (2"2(log T)'® + O(e(log T)"'®) + O((log T) %)) f w(t) dt. (7.15)
—00
Note that in the second equality, the terms O((log T)"'~!) and O((log T)"2~!) are valid
evenifny =0orn, = 0.
Finally, plugging (7.15) into (7.14), we derive

212 211 210 214
0= (_ 535088332800 + 122624409600 66886041600  119027426918400
213 216

o0
— £(0,0,0,0 t)dt
+ 6376469299200 171399494762496000) ( )/_Oo ()

T 1+C
+ O(eT(log T)'®) + O(T (—) )
Ty
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13381.#(0,0,0,0) [
— ( ) w(t)(log T)'® dt
2615348736000 J_

T 1+C
+ 0(eT(log T)'®) + O(T(—) )
Ty

We see from (8.9) that .#(0, 0,0, 0) = ay4. This completes the proof of Proposition 3.3.

8. Proofs of Proposition 6.5 and Lemmata 7.2 and 7.3

In this section, we prove Proposition 6.5. Then we obtain an asymptotic formula for
(v >0)(1,1) in (7.4). We shall also simplify & (1, 1) which appeared in (7.5).

8.1. Proof of Proposition 6.5

In this proof, we let 0 = He(s). From the bound |c4(r)| < (¢, r) and (2.6) of Lemma 2.3,
it follows that 77 (uy, uz, us, s), defined in (6.26), is absolutely convergent in Jte(s) >
1/2 + 2§'. Furthermore, since ¢z (r) = _ ;/(4.r) 414(q/d), we have

_ i i cq(r)Ga(l +uy,q)Ga(1 +usz,q)

q2+u3r23—u3

=Y w Y Y duta/d,

g=1 r=1 diqdlr

(U1, Uz, U3,S5)

Ga(1+u; 4)G4(1+u2 q)

where oy = peze and ¢ = 25 — u3. Thus,
oo o0
q 1 d//«(q/d)
s = Ve Dan() T fe= P e TAHE
q=1 dlq r=1,d|r q=1 dlgq
= §(c) A" (U1, uz,u3,5),
where
n(d)
A (U1, Uz, U3, S) = Zaq = CZ I
dlq
For any prime p and j > 1, we have Zd| pi 51@3 = 1 — ——. By multiplicativity,

H*(u1,uz,us,s)
o0 : .
_ 1—[ (1 N Z Ga(1 + u1,P].)G4(1 + uz,pf)(pj)1+u3—2s(1 _ pZS—l—u3))
i=1

(pj)2+u3

e ) . 1_p2s—1—u3
=1_[(1+ZG4(1+u1,p1)G4(1+u2,pf>-.—). 8.1)

, = (p])1+25
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We aim to simplify the above expression with the brackets. At this point, it will be conve-
nient to introduce the following notation. Let

U=p?', W=p ™2, X,=p, (8.2)
fori = 1,2, 3, where |u;| < &’ as required in (6.27). Observe that
wl<p™72, p <Xl < p¥

fori = 1,2, 3. Also, we shall set

. . 1= p2s—1—u3
T; = G4(1 +uy, p/)Ga(1 + up, p’) and f; = I (8.3)
for j € Z>o. Note that
o0
HC* Uy, uz, U3, s) = l_[ (1 + ZT,fj)
P j=1
We aim to simplify this further. It follows from (8.2) that for j € N,
fi =W/ - X;U*w/—L, (8:4)
Also, by (2.9) and (2.10), fori =1, 2,
- .
Gs(1 +u;, p) = 1—u ;)O‘j(xi)(ﬂv
’; (8.5)
1 .
Ga(1 +u;, p*) = 1—u Z,Bj(Xi)U],
j=0
where
ao(X)=4—-X"1 o(X) =—-6X, ax(X)=4X2% o3(X)=-X3,
Bo(X) =10—4X""  B1(X) = —20X +6,
Ba(X) = 15X —4X, B3(X) = —4X> 4+ X°.
Note that we have the bounds
ao(Xi), Bo(Xi) < p¥ and  o;(Xy), B; (Xi) < p/ (8.6)

for j = 1,2,3. By (8.3) and (8.5), we know
T = (-0 (P xnu? ) (X e (x2)u”)
Jj=0 j'=0

6 o]
=(1-U)?) AU* =" AU,
k=0 k=0
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where
Ar= Y oj(X)ay(X2) and A= Y (i +1)4;. (8.7)
j+j'=k i+j=k
0<j,j'<3 0<j<6

It follows from (8.6) and (8.7) that

B B G+18 forj =1 6
, )4 or j ,...,0,
A() << p25 s A] << {(J + 1)p78/ fOI'j - 7

We now have

Tifi = (i LUS)w - x;U?).
k=0

Expanding this out, we find that
o
Tifi = AW + 0(p™ =) + 0 (Y 14elU*) (71727 + p=2+7)).
k=1
Observe that
[e9) 6
Z |/Ik|Uk & Zp(k+l)8’—k + p148’—7 < p28/—1,
k=1 k=1

as long as §’ < 1/2, and thus
Ty fi = AgW + O(p¥'=2 4 p?¥'-2720 | ;33
_ /fOW + 0(p38’—2 + pzs/—z—zo)_ (8.8)
Since
Ao = Ao = ao(X1)ao(X2) = (4= XTH(A = X;1) = 16 —4X]' —4X5 ! + (X1 X2) 7,
and the error term in (8.8) is O(p3¥ T9@)) it follows that

16 4 4 1

_ _ 38’+9(0)
plA2s T piEzsmun | pltzs—u + PIEIETE + O(p ).

1+ThfAi=1+

Therefore, for o > 1/2 + 2§, we can factor out some zeta factors from (8.1), which leads

to
E(1+25)'¢(1 4 25 —uy — up)

C(+2s —up)*C(1 + 2s —uy)?

where % (uy,us, usz, s) = ]_[p Fp(U1,uz,u3,s) is as in (6.28), and S, (41, Uz, u3,s) is
defined as in (6.29). We note that

J* Uy, Uz, U3, 8) = (U1, u2,u3,5),

-1

9 e} _
[]40.0.0.00=]] (1 - %) x (1 + > Ga(1. p/)?- ! (pf) ) =as, (8.9)
p j=1

p
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which is shown in [7, p. 595, starting at (43)]. We now aim to provide an analytic contin-
uation of . (uy, u,, us,s). Observe that

Tpur,uz,us,s) = (1+ YT £ )M, (8.10)
j=1
where
O=0-W)*a-x7' X' wya — x7'w)=* (1 - x;'w)y™. (8.11)

To simplify the local factor (8.10), we first write IT = Z}’io aj W/ with

ag =1,

a; = 4X7'+ 44X - (X1 X))t - 16,

az = 10/ X3 + 4(4/X1 —1/(X1X2) —16)/ X2 + 10/ X}
+ 4(=1/(X1X2) — 16)/ X1 + 16/(X1X2) + 120.

Observe that a; = —Aj. It follows from (8.11) that la;| <« j7p(-i+1)8/ and thus

- Wi — 7 Gins{ L ) s P pt 45/ +9(0)
Zai < Z Jp 720 ) <P 1520 ) = 3760 P :
= = P p P

Therefore, we have

O=0+aW +aW?) + 0(p* 7)),

To bound the terms with j > 3 in (8.10), we make use of | 7| < (32)2r4(pj)2(pj)23/ and

(8.4) to obtain
o ) , -
) e 1 J § 1 J
2 j28 p
Zu(p’) p’ ((p1+20) +F(p1+20) )

Jj=3

63’ R AN R U R T T 1
<p pl+2o +F plt2o =p p3+60+p4+40

< p78’p19(a).

o0
YT <
j=3

We now analyse T3 f>. By (8.3) and (8.5), we get

T2=(1—U)‘2(iﬁj(X1)Uj)( 3 ﬂf’(XZ)Uj)
j=0 Jr=0

6 oo

=(1-U)2) BU* =Y BU
k=0 k=0

where

Be= Y Bi(X)Bi(Xz) and Bi= ) (i+ 1B

j+i'=k i+j=k
0<j,j'<3 0<j=<6
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With these observations in hand, we find
Bo < p?'. By <« pUtYY forj=1,....6,

pUHDS for j =1,....6,

Bo < p¥, B« { o
P

for j > 7.

‘We then arrive at

o0
I fa= (Z 1§1<Uk)(W2 — X3U2W) = BoW? + 0(p3'—3729)
k=0

#O((X 1Bt 4+ 1)

which gives
T2f2 = EOWZ + 0(p38’_3—20' + p28/_3_40— + p35/_4_20)
= BoW? + 0(p* 7).

Putting everything together, we find from (8.10) that

jp(”l,uzﬂ/l&s)
= (L4 AW + BoW? + 0(p™ p* @) (1 + W + a;W?* + 0(p* 7))
=1+ (Bo + Aoar + az)W? + 0(p™ p?©@).
Using Maple, one may check
Bo 4 Apay +ap = Y,

where Y, is defined in (6.30). From this, we see .#(uy, U2, u3, s) is holomorphic in
Re(s) > —1/4 + &8 and 57 (u1, us, us, s) has a meromorphic continuation to fe(s) >
—1/4 + §' with the exception of the poles listed in (6.31).

8.2. Proofs of Lemmata 7.2 and 7.3
We assume Re(s) = 3 and recall from (7.4) that

v b T R § 1 T _ o1 _
ﬁs(f;’b)(l,l)z L) ( (z2—s— 5 +1ir) (z1—s5-13 11))

0z0 926 \T(s—z1+ 2 +1it)  T(s—z2+ 2 —it)

z1 =22=1
Making the change of variable z, = 1 — B and z; = | —« for the first termand z; = 1 — 8’

and z, = 1 — o for the second term, we obtain

g(v,b)(l 1) — (_1)b+v£ 9" F(% _ﬂ -5 +1t)
S 9L da® T(L +a + 5 +1ir) [g=po
g T - —s—ir)
9P 9B T+ +s i)

+ (_1)b+v

(8.12)

a’=p"=0
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Now, by using Lemma 6.4, we can derive Lemma 7.2, which in particular expresses
€®:0) : :
s (1,1) as a combinatorial sum.

Proof of Lemma 7.2. Recall (8.12). It follows from Lemma 6.4 (i) that for |3mu(s)| <
t+1,

r-pg—s+ir 1+ 2s|?
(12 P ) :[_(25+°‘+ﬂ)exp(—i£(2s+a-i—ﬂ)) (1+ 0(—+ st ))
(3 +a+s+ir) 2 t

(8.13)

Observe that the v-th derivative, with respect to o, of the main term above is

il m
— (t_(23+°‘+ﬁ) exp(—iE(ZS +a+ ,3)))

do?
v v , g b4 vy
= E (—DHN ( ; )(logt)’lt_(zs+°‘+’3) exp(—i5(2s +a+ }3)) (_iE) )
ri=0 1
1

By a direct computation, we see that the b-th derivative, with respect to 8, of the above
expression is

3b 8 b g
(2s+a+pB)
365 3 v( exp(—l—2 (2s+a+/3)))

v+b—r|—r)
Z Z( Iy +r2( /)(b/)(logt)r{+r§t—(2s+a+ﬂ)(_iZ) i=r5
r, 2

r —Or =0
X exp(—iE(ZS +a+ ,3)). (8.14)

Now, we handle the error term in (8.13). Note that

1+ 2|s|?
f—@st+at+p) exp(—i%(Zs +o+ ﬁ)) 0(+—|S|)

t

is holomorphic in the region ||, || < 8. By the Cauchy integral formula, we have

o o ( (—@st+a+p) ( L+ 2051
exp —1—(2s +o+ /3)) (—))
B,Bb da? t a=p=0

blv! 1+ 2s|?
:_”2/ / m@stetB) exn(iZ s +a + ) )0 12k
27i)? Je.8) Jc(0.5) 2 t

x ﬂb+1av+1

do dp

1+ 2Js]?
&« §7bTU 2RO oy ( Fn(s) + 718)(—+t sl )
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where C(0, §) is the circle centred at 0 with radius §. This estimate, together with (8.14),
gives

ab v I(
080 dav T (

— B —s+it)
a+s+1t)

(X
2
1,
2 =B=0

v b L pu v+b—r|—r}
E E (=1)71+72 ( )( ,)(logt)’l+’2t_2s (—iz) exp(—irms)
/ ’ r2

=0r;=0

1+ 2|s|?
+ 0(5 b =2Re()+28 oy b (7 3m(s) +n8)(%|s|)). (8.15)

Similarly, by Lemma 6.4 (i), we have

r(i—p —s—it .y 1+ 2|s?
(12 p : ) =~ @s+o'+B) exp(iz(Zs +o + /3')) (1 + 0(—+ il ))
(3 +o +s—it) 2 t
(8.16)

It can be derived that

b v
9 8— (t_(25+“/+ﬂ/) exp(i£(2s +ao + ,3/)))

8a/b a‘B/U
b ’ ’ 2 o/ +B’ JT vtb r,l r2/

r —Or =0

X exp(iE(2s +a + ,3’)).

Again, applying the Cauchy integral formula gives

8b 3" ’ ’ T 1 =+ 2|S|2
—(2s+a’+8) .
Y 9B (t s exp(l—2 2s+ao + ,3/)) O(—t ))

o/ =B'=

1+ 2|s?
& §HRRR o) 4 718)( +t |s| )

and thus

d° ( (=B —s—it) )
I B\ (2 +a' +s5—it) ) |w=pr=o
b v+b—r|—r)
’ ’ b ’ ’ 1 2
= 1)’1+’z( y ) ( ! )(mgz)’ﬁ’zz—zf (ﬂ) exp(ins)
or, r r 2
ry=0

1

< NI'— Nh-

14 2[s|?
O(S—b—vt—Z.‘Re(s)-i-ZS exp(—rIm(s) + ng)(%m)) (8.17)

Finally, combining (8.15) and (8.17), we complete the proof of the first part of the lemma.
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Now we prove the second part. By the Cauchy integral formula, it follows that for
[Sm(s)] >t +1,

LR ( (1—,3—s+iz))

BP dar¥ F(+oa+s+ir)

a=p=0

blv! / / r(i-B-s+it) 1 dodp
= - adp.
@71)2 Jews) Jews (2 +o+s+it) poHlavt!

Note that by Lemma 6.4 (ii),

) r(% — B —s+it) Sm(s)? omI3ms)]

(L +o+s+ir) 12 ’

Therefore,
b v ( (5 —B—s+ il) ) < §—b—v gm(s)z e I3 m(s)|
BP0 \T (5 +a+s+i) )| _,_, fz

In a similar way, we can derive

o (F(% — B —s —it) ) « 5= 300 3me)
da’® 9B \T (5 + o + 5 —it) 12

Y ﬁ /=0
This completes the proof. |

To close this section, we prove Lemma 7.3.

Proof of Lemma 7.3. Recall the relation between % (1, 1) and 7 (u1, uz,u3, s) from
(7.5) and the remark below it. We only need to handle J# (11, u5, u3, s). By Proposition
6.5, for Je(s) = e3, it follows that

giztia E(1+ 25) 100 (1 + 25 —uy —up) L (ia + ja
— . . 5 = 1 o
Buairr 7 U2 U3 S) = e T S T 2 = uz)* Z ( )( )

% é-(xo)(zs _ u3)j(o,o,i2+jz—xo,o)(uh Up, U3, S).

9i1  gizti2
'l duz2tiz

By a direct calculation, we see that JC(uq,uz,us,s) equals

1 24)16 i2+Jj2
g(él-(—i- _;S j)1,12)4 Z (12 . ]2)( l)xoé'(x())(zs —)

5 Z ( i1 )(_])xlé‘(xl)(l + 25 —u; —up)

X1,X2,X
X1+x2+x3=i 1,42, 43
X1,X2,X3=0

%2 1 L
(x3,0,i2+ j2—x0,0)
X 3u1xz(§(1+2s_u1)4)j (u1,u2,u3,s),
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/1 91 dinti2

and thus Sz T By T Bua2 ¥ 2 FC(uq,uz,us,s) is equal to
i>+Jj2 i +j
L(1+29)' 37 ( ’ 2)(—l)’€°z<m>(2s—u3)
x0=0 Xo

i1 v a2 1
x Z (xl,xz,x3)( D 8u1x2(§(1+2s—u1)4

x1+x2+x3=i]
X1,X2,X3>0

x> ( ] )(—1)y1;<x1+y1)(1+2s—u1—u2)

y1+y2+y3=ji Y1, Y2, Y3
Y1,¥2,y3=0
aYZ 1 . .
x 7 &3,93,i2+j2—%0,0) (), JUp. U3 S).
up2 \ (1 + 25 —uy)* (1. u2,u3.5)

Taking u; = u, = u3 = 0, we obtain
91 9l iz ti2

ux /1 Qu it Qusizti2

JC(U1, Uz, U3, S)

u=u=u3z=0

i2+j2 . .
=1+ 25)? Z Z Z (12 :’0]2)(_1)xo+x1+y1 ;-(xo)(zs)

x0=0 x1+x2+x3=i1 y1+y2+y3=/1
X1,X2,X3=0  ¥1,¥2,y3>0

i J

x( 1 )( ! )gxz(s)gn(s)z(xﬁyl)(l +25)
X1, X2, X3 Y1,)2,)3

x . *3,¥3,i2+j2—%0,0) (0,0,0,s),

where g (s) is defined as in (7.11). Together with (7.5), this completes the proof. ]

9. Appendix 1: Additive divisor conjecture for z; and t,

This appendix is based on the ideas of [9] and follows closely their notation and presen-
tation. Let f(x, y) be a smooth function compactly supported on [X,2X] x [Y,2Y], and
let ¢ be an even smooth compactly supported function ¢ which satisfies ¢(0) = 1. Note
that

Drae(r)= > w(m)te(n) f(m.n)p(m —n—r).

m—n=r
We set F(x,y) = f(x,y)p(x —y —r), and we define §(u) = 1 if u = 0 and 6(u) =0
otherwise. We have

Dyije(r) = Z e (m)te(n) F(m,n)8(m —n —r).

m,n>1

Since 8(n) = 3921 37 (moda) e(“;—")Aq(n), it follows that

Dyge(r) = > w(m)ze(n)F(m.n)» Z* e(%(m—n—r))Aq(m—n—r).

m,n>1 q=1d (mod q)
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Set E(x,y) = F(x,y)A4(x —y —r) and thus

Drae) =Y X" e(=2) Y rume(2) Y el (2

q=1d (modq) m>1 n>1

Recall the Mellin transform of the smooth function E(x, y) is

- o0 o0
E(z1,2) = / / E(x, y)x?171y?2" gx dy.
o Jo

By the inverse Mellin transform, we have

1 -
E(x,y) = —2/ / E(z1,22)x 7'y 22 dzy dzy,
@ri)* Jeen Jiea)

where cq, c; > 0. Inserting this into (9.1) gives

tk(m)e )
Dyigu(r) = / / E(ZI’ZZ)
’ qX;d (%(:iq) (27”)2 (c1) J(e2) mZ>1
Te(n)e
X Z % dzr dzy.
n>1

Define Dy (s, dE) =30, rk(n)e(%)n_s. Then we have

Dy o(r)

) . 1 ~
_ § § —dr d —d
= e( 4 )W/(q)/(cz) E(Zl,Zz)c(Dk(Zl,E)@((Zz, T)dedZ].

q=1d (mod q)

Note that (see [7]) since Dy (s, ;—‘) ~ ¢t (5)k G (s, q), we expect that

Dyige(r) ~ Z Z

q=1d (mod q)

N2 / / E(Zl,Zz)q Zlé'(zl)ka(zl,q)
(27”) (c1) J(c2)
X q7728(22) Ge(22,q) dza dzy.
We next simplify E (z1, z2). Note that
/ E(x.y)y="tdy = / F(x,y)Aq(x —y —r)y®=7'dy
R R
= [ Flrx == A - d
R
and thus

/ E(x,y)y2ldy ~F(x,x —=r)(x —r)27 ! = f(x,x —r)(x —r)?27!
R

)E(m,n). 9.1
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since the behaviour of A, (u) is similar to that of the Dirac delta function. Hence,

E(zl, Z3) ~ / fle,x —r)x? Y x —r)?2 7 ldx.
0

From the definition of the Ramanujan sum, it follows that Dr.x ¢(r) is equal to

! k ¢ - ¢q(r)Gi(z1.9)Ge(z2,9)
: /m) et >

(2mi)? = g7 1tz
o0
X / fl,x —r)x? Y x —r)?2 Vdxdz, dz;.
0

Since &(z1)¥ and £(z2)¢ have poles at z; = 1 and z, = I, respectively, we expect that
Dy .k ¢(r) is asymptotic to

k exo Ca(r)Gr(z1,9)Ge(z2, 9)
(27.[1)2/ / $(21)"¢(22) Z J

+z2
q*!
qg=1

x/ f,x —rx1 Y x —r)?2 Y dxdzy dzy,
0

where 8; = {z; € C | |z; — 1| < rj} for j = 1,2. We believe that this last expression is
the main term in the additive divisor conjecture for 7z and ty.

Conjecture 2 (k-{ additive divisor conjecture). There exists C > 0O for which the fol-
lowing holds. Let ¢y and &' be arbitrarily small positive constants. Let P > 1, and let
X,Y > 1/2satisfy Y < X. Let f be a smooth function satisfying (1.9) and (1.10). Then,
in those cases where X is sufficiently large (in absolute terms), one has

Dyigee(r) = (2711)2/ / t(z1)¥e(z )éch(r)Gk(Zl,q)Gz(Zz,q)

+z2
q*!
g=1

X / f(x,x — V)le—l(x — r)Zz—l dxdz,dzy + O(PCX1/2+80),
0

uniformly for 1 < |r| < X%, where fori = 1,2, B; ={z; € C | |zi — 1| = r,} ccC

are circles, centred at 1, of radii r; € (T%O’ %), and cq(r) =Y 5 (mod q) e( L) is the

Ramanujan sum.

10. Appendix 2: Proof of Lemma 6.2

For ¢ € (0, %],M < U2 N =< M, 0#£r <K TMOTsl,and (x,y) e [M,2M] x [N,2N],
we claim
XMy M (x ) « TP where P =T'To17;!, (10.1)
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By (6.7), the definition of f,, we can write f.(x,y) = W(%)W(%)qb(x, y), where

1 Gis){ 1 \°1 [® r\ U\*
¢(X,J’)—2—ni ey S (n“xy) ?[_w(l+;) g(s,t)(T) w(t)dt ds

for x, y > 0 (and ¢(x, y) = 0 otherwise). It suffices to prove that for x < M and y < N,

xmyn(P(m,n)(x’y) <« T4 pr, (10.2)

This is because by the generalized product rule and (10.2), we have

£ (x, p)

SO

Z ( n )W(jl)(%)N—jl(p(iZajZ)(x’ )

iy +ir=m Jitj2=n J1
m x\ " . y\ 7 iy — 4ei pJj
< Y 2 Oil(l)(i) Y2 Ojl(l)(i) X"y 0 (T4 piy
i1+ix=m J1+j2=n
m n
= (Z Y Onjima(D) - P_jl)T4E‘P”X"”y‘”,
i1=0j1=0

where we have used the fact that W(u) = 0 for u > 2. By (iii), for all sufficiently large T,
we know P > 1 and thus we obtain (10.1).
Now, we shall prove (10.2). We first write

1 GG) [ 1\1 [ am o0 [ _. _ r\ "
(m,n) - — ) = _ sy,7S —
P =0 /(81) s (774) T [m dxm gyn (x g (1 - y) )g(s’t)

4s
x(g) w()dtds. (10.3)

As shown in [26, pp. 56-57], when He(s) = e, x <M,y < N, t <xT,1 <|r| K
TMOTS1 =o(M),and P = TLOTSI > 1 (by (iii)), one has

am o r —it
o By (x_sy _S(l " 5) ) KM [P YT (104)

Note that |G(s)/s| < |G(s)|/&; for Re(s) = €1, and

4eq
lg(s. 1) < (%) (1 + 0(s?> 4+ 1)) < (14 |s])?r4e

for fe(s) = ey and ¢t < T > 1 (by Lemma 2.2 (i)). Using (10.3), (10.4), and these two
bounds, combined with (ii) and (iii), we derive

Xy tmm (x, y)

< PnM—281/

(e1)

1 * m+n+2pde T4 o n
—_ 1 PR
|G(s)|(T [w(l+|s|) T |a)(t)|dt)|ds| < (Mz) P



N. Ng, Q. Shen, P.-J. Wong 62

for x < M, y < N and m,n € N U {0}. Finally, as M > TTT°1|r| > TTTOI > T1/2-¢
(by (iii)) and thus T4/M? « T3%721 < T* whenever ¢; € (0, 1/2], we complete the

proof of Lemma 6.2. n
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