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Abstract

Let E be a CM elliptic curve over Q. We refine the work of Cojocaru on the asymptotic
formulae for the number of primes p < x for which the reduction modulo p of E is of
square-free order. Also, we derive an unconditional short interval variant for the asymptotics.
Compared to the estimate derived from the generalised Riemann hypothesis, the presented
result is valid for even shorter intervals. Furthermore, we improve the short interval variant
of the cyclicity problem for CM elliptic curves previously obtained by the author.

Keywords CM elliptic curves - Square-free orders - The cyclicity problem

Mathematics Subject Classification 11N45 - 11G05 - 11N36

1 Introduction

Let E be an elliptic curve defined over Q, and let Ng be its conductor. For a prime p of
good reduction, we let E be the reduction of £ modulo p and E (F ) be the group of rational
points of E over F,. By Hasse’s bound, there is an integer a, such that |a,| < 2,/p and
|E(]Fp)| = p+1—ap,. For p > 5, p is called supersingular if a, = 0; otherwise, p is
ordinary.

Since Lang and Trotter [14] formulated an elliptic curve analogue of Artin’s primitive
root conjecture, the study of the structure of E (F p), as p varies, has attracted many mathe-
maticians. For instance, Cojocaru [5] determined an asymptotic formula for

he(x, Q) =#{p < x| pJ(NE,a,, # 0, and |E(IF,,)| is square-free} (1)

when E has complex multiplication (CM) by the full ring of integers Ok of an imaginary
quadratic field K. More precisely, she showed that
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where Li(x) = /, fog? is the logarithmic integral function,
1 (@) (m)
bE=3. el i AR 3)
o [K(E[a"DK(E[m]) : K]

the sum is over square-free integral ideals a of Ok composed of degree-one unramified prime
ideals and over square-free m € N, and p(a) is the number field analogue of the Mobius
function for K. Here, as later, E[m] (resp., E[a]) denotes the group of m-torsion points (resp.,
the group of a-torsion points) of E. Moreover, under the generalised Riemann hypothesis
(GRH) for the Dedekind zeta functions of the division fields of E, Cojocaru established

he(x, Q) = 8¢ Li(x) + O(x¥/°(log x)*(log(Ngx))'/?). 4

Recall that as E is defined over Q, the field K is one of the nine imaginary quadratic fields of
class number 1. It worth remarking that by [5, Theorem 1.3], one knows § > 0 whenever

K is Q(W/—11), Q(+v/—19), Q(v/—43), Q(+/—67), or Q(+/—163).

One of the objectives of this article is to prove the following improved estimates for

he(x, Q).

Theorem 1 Let E/Q be an elliptic curve of conductor Ng and with complex multiplication
by the ring of integers Ok of an imaginary quadratic field K. Then for any A > 0, we have

. X
he(e, Q) = 8p Li(x) + 04 (NEaOg—x)A), 5)
where S is defined as in (3).
Moreover, assuming GRH, for any n € (0, _%), we have
1/3
. . 5/6 (log(NEgx)) )
he(x, Q) = 8£ Lix) + 0, (x g ©)

uniformly in Ng < x'.
Remark For general elliptic curves E/Q, one may instead consider
ngF(x) =#{p<x|pfNgand |E(IFP)| is square-free}.

For E with CM, the methods used in [5] and this article can be adapted to study ngp (x). When
E is non-CM, Cojocaru [4] showed how to derive an asymptotic formula for ngF (x) under
the generalized Riemann hypothesis, Artin’s holomorphy conjecture, and the pair correlation
conjecture. However, the precise asymptotic of rrgF (x) is still not known unconditionally for
this case. Nonetheless, in [8], Gekeler proved that the conjectural asymptotic for T[%F (x) holds
on average over elliptic curves E. Moreover, in [2], Akhtari, David, Hahn, and Thompson
unconditionally established the predicted upper bound for EF (x) and showed that the average
results are compatible with the conjectural asymptotics at the level of the constants.

Itis worth mentioning that in [5], after establishing (2) and (4), Cojocaru studied an elliptic
curve analogue of Linnik’s problem as follows. Denoting pg the smallest ordinary prime p
for which |E(F p)| is square-free, she showed that if g # 0, then pg = O(exp(eN %)),
unconditionally, and pg = O.((log N £)21€) under GRH. In light of her work, we prove the
following refined unconditional bound for pg.

Corollary 1.1 Lete € (0, 1). If g # O, then
PE = Oc(exp(Np)).
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Proof For ¢ € (0, 1), we apply Theorem 1 with A = 2/e€ to obtain

. X
he(x, Q) =8 Li(x) + O (NEW>'
As 8E > [ogrogny (see [3, Sec. 71), if we choose x = exp(Np), then hg (x, Q) > 0 for Ng

sufficiently large with respect to €. Thus, there is an ordinary prime pg = p = Oc(exp(NF))
such that |E(IF,)| is square-free. ]

Furthermore, as may be noticed, the estimates (2), (4), (5), and (6) present an “elliptic”
analogue of the prime number theorem. Indeed, a strong form of the prime number theorem
states that for any A > 0, one has

= Li 0 (7) 7
7(@) = L) + 0( g )
under the Riemann hypothesis, one has
7(x) = Li(x) + O(x'?logx). )

In a slightly different vein, as (7) gives

7(2x) — 7(x) = Li(2x) — Li(x) + O (L)

(log x)4
one may ask for an asymptotic formula of the distribution of primes in short intervals when
(x, 2x] is replaced by (x, x + h] for some x17% < h < x with § € [0, 1). Under the Riemann
hypothesis, (8) implies that for any A > 0,

n(x+h)—n(x)ZLi(x—I—h)—Li(x)—l—O( ©)

h
(log x)4 )
whenever x17% < h < x with § € [0, %). Although the Riemann hypothesis is still out
of reach, there are some progresses towards (9). For example, Huxley [11] showed that (9)
is valid for x!=% < h < x with § € [0, %). From the above discussion, one may further
consider

hp(x,h, Q) =#x <p<x+h| pJ[NE,a,, # 0, and |E(]F,,)| is square-free}.  (10)

By the virtue of (5), for any A > 0, we have

he(x,x, Q) = 8g(Li(2x) — Li(x)) + Oa (NE(log%)A)'

Furthermore, by (4), under GRH, for any x17% < h < x with 8 € [0, %), one has

he(e h, Q) = 8g(Li(x + ) — Li(x)) + O((log Np)'/3 (11)

h
(log x)4 )
for any A > 0. However, it is apparent that we are far from reaching GRH, which leads
one to ask whether an unconditional version of (11) can be obtained. In this article, we shall
prove the following estimate for i g (x, i, Q), which is not only unconditional but also valid
for shorter intervals compared to (11).
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Theorem 2 Let E/Q be an elliptic curve of conductor Ng and with complex multiplication
by the ring of integers Ok of an imaginary quadratic field K. Let A > 0 and 0 < § < %
Then for any x'78 < h < x, we have

h
he(x, h, Q) = 8g(Li(x + 1) — Li(x)) + 04 <NEW)’

where S is defined as in (3).

Remark The proofs of (2) and (4) in [5] respectively rely on the effective versions of the
Chebotarev density theorem established by Lagarias and Odlyzko [13] and Murty et al. [16].
In contrast, our proofs of (5) and Theorem 2 make a use of the Bombieri—Vinogradov theorem
for number fields due to Huxley [10] (see also Theorem 4 below) and its short interval variant
(Theorem 5). This is inspired by the works of Akbary and Murty [1] and Murty [15] on the
cyclicity problem discussed below. The key observation is that the Chebotarev conditions
involved in the proofs can be translated into congruence conditions over certain ray class
groups via Artin reciprocity. Nonetheless, to establish (6), we still require the effective result
of Murty et al. [16]. The new input in our argument is to consider a finer splitting (17) below
and invoke the Brun-Titchmarsh inequality (for K) due to Hinz and Lodemann [9] to control
the “middle range” Ny(x, y, x?).

Last but not least, we recall that rooted in the Lang—Trotter conjecture, there is a problem
of finding an asymptotic formula for the number of primes p < x for which the reduction
modulo p of E is cyclic.! More precisely, one may consider

we(x, Ey=#{p <x| ptNg and E(Fp) is cyclic}.

This has been studied by Akbary, Cojocaru, Gupta, M.R. Murty, V.K. Murty, and Serre (see
[18] for a more detailed discussion and references therein). Similar to the above-discussed
problem concerning square-free orders for CM elliptic curves in short intervals, one can also
consider

Te(x +h,E)—m.(x,E)y=#{x < p<x+h|ptNgand E(}Fp)is cyclic}.

By the work of Akbary and Murty [1], one has

7.(2x, E) — 7.(x, E) = ¢ (Li(2x) — Li(x)) + 0Aﬂ((log%)“‘>
uniformly in Ng < (log x)D , Where
N um)
e n; [QEDm]) : Q1

and the implied constant depends on A and D. Moreover, under GRH, the work of Cojocaru
and Murty [6] yields

we(x +h, E) —n.(x, E) = cg(Li(x + h) — Li(x)) + OE< (12)

oy
(logx)A
forany x'™® < h < x with0 <8 < %. Unconditionally, in [18], the present author showed

that the estimate (12) is valid whenever X170 <h<x,with0 <6 < L In this article, we

25°
shall further sharpen such an unconditional result as follows.

I Note that if |E(F p)| is square-free, then E(F p) is cyclic. So, the study of the square-freeness of |E(F )l
may be seen as an intermediate problem between such a cyclicity problem and Koblitz’s conjecture [12] on
the primality of |E(Fp)|.
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Theorem 3 Let E/Q be an elliptic curve of conductor N and with complex multiplication
by the ring of integers Ok of an imaginary quadratic field K. Let A > 0 and 0 < § < %
Then for any x'78 < h < x, we have

we(x + h, E) = me(x, E) = ep(Li(x + h) — Li(x)) + O(NE“"g NE)(logLX)A)’

where the implied constant depends on Q(E[2]) and A.

Remark The key idea for the improvement is to use a number field analogue of the Brun-
Titchmarsh inequality, the estimate (35). A similar estimate of such an analogue also plays a
crucial role in proving Theorem 2, especially bounding the first inner sum in (31). By these
estimates, we then only require the Bombieri—Vinogradov theorem for number fields and its
short interval variant to control small suitable initial ranges through the sieving procedures.

The rest of this article is arranged as follows. In the next section, we will discuss the
strategy of proving Theorems 1 and 2. We will prove Theorems 1, 2, and 3 in Sects. 3, 4, 5,
respectively. We also note that throughout our proofs of (5) and Theorems 2 and 3, we will
implicitly assume Ng < exp(4/log x) as the claimed estimates hold trivially otherwise.

2 Overview of the proofs of Theorems 1 and 2

In this section, we shall collect some necessary facts and review the strategy of Cojocaru [5].
Let E/Q be an elliptic curve with complex multiplication by the full ring of integers Og of
an imaginary quadratic field K. Let Ng, E[m], and E[a] be defined as in the introduction.
We recall that for any m € N, there is an injective Galois representation

om 2 Gal(K (E[m])/K) — GL2(Z/mZ)

such that
tr o, (0p) = ap (mod m) (13)

and
det pp (o) = N(p)(mod m), (14)

for any prime p  mNg of K, where oy, denotes the Artin symbol at p, N(p) is the norm of
p,and ap = N(p) + 1 — |E(Fp)|. Following Cojocaru [5], we set

Dy = {g € Gal(K (E[m])/K) | det o (g) + 1 — tr p(g) = O(mod m)).

By a criterion of Deuring [7], for any prime p > 5 that is of good reduction for E, p is
ordinary (i.e. a, # 0)if and only if p splits in K. Moreover, if p splits in K and p is a prime
of K above p, then we have N(p) = p and ap = a,,. Thus, from (13) and (14), it follows
that the condition |E (Fp)| = 0(mod m?) is equivalent to o, € D,,». Hence, we obtain

#{p < x| pJ(mNE,ap # 0, |E(IF‘p)| = O(modmz)}
1

= —#{p C Ok | N(p) <=x, pJ(mNE,op CD,2}+ 0(£ —I—log(mNE)>,
2 log x

where the error comes from the degree-two primes p of K such that N(p) < x (there are at
most O(4/x/log x) such primes) and ramified primes (cf. [1, Eq. (3.2)]).
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For the sake of convenience, we shall set
D, (x) =#{p C Ok |N(p) <x,ptmNg,op € D,2}. (15)

Similar to [5, Sec. 2], by the inclusion—exclusion principle, Hasse’s bound, and the above
discussion, we can express hg(x, Q) as

he(x,Q = Y wm#p <x|ptmNg,a,#0,m* | |EF,)]}
m=2yx [ (16)
= N, y) + M, 3,233 + 0(X22 4y log(yNe) ).
ogx

where hg(x, Q) is as introduced in (1),

1
NG y) =5 3 nmmp,, (),

m=<y
and
MGy, 2vH =0( Y #p x| pimNe.ay £0.m* | [EE,]).
y<m<2./x

In addition, we can consider a finer splitting
1

146
he(x, Q) = N(x, y) + No(x, y, x%) + M(x, 2%, 2/%) + 0()1602@ +x log(NEx)),
a7

for 6 € (0, %), where

Nox v, ¥ =0( Y pom?ap, (). (18)
y<m§x‘9
On the other hand, reasoning similarly, we also have
Xy
B (e h, Q) = N, by y) + MOx by v, 207%) + 0(1*0% +ylog(yNp)),

where hg(x, h, Q) is defined in (10),

1
NGk y) =2 ) nm#lp € Ok | x <N@) < x+h,ptmNE, op € D2},

m<y
and

M(x, h,y,2+/x + h)

=o( Y #x<p=x+hlpimNg.a,#0,m* [|EFpI)).
y<m=<2+/x+h

To establish asymptotic formulae for hg(x, Q) and hg(x, i, Q), it is crucial to anal-
yse M (x, y) and NV(x, h, y), respectively. In [5], Cojocaru applied effective versions of the
Chebotarev density theorem established in [13, 16] to handle &g (x, Q). Under GRH, the
effective version due to Murty et al. [16] provides a satisfactory error term. In contrast,
the unconditional result obtained by Lagarias and Odlyzko gives a much weaker estimate,
which led Cojocaru to use a more delicate sieve argument. In light of the works of Akbary
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and Murty [1] and Murty [15], we observe that the Chebotarev conditions involved (i.e.,
op € D,,2) can be further translated into congruence conditions over certain ray class groups
via Artin reciprocity (see Sect. 3 for more details). This observation hints at using the follow-
ing Bombieri—Vinogradov theorem for number fields and its short interval variant. As shall
be seen, such a Bombieri—Vinogradov theorem for number fields will play a crucial role in
improving Cojocaru’s estimate (2).

Let F be a number field, and let a and q be integral ideals of F. For any (a, q) = 1, we set

7(x,q,a) =#{p C Or | N(p) < x and p ~ a(mod )},

where p ~ a (mod q) means that p and a belong to the same ray class of the ray class group
modulo q. (For the background on ray class groups, we refer the reader to [3, Ch. 3].) In
[10], Huxley proved the following Bombieri—Vinogradov theorem for number fields, which
improves the previous result of Wilson [17].

Theorem 4 (Huxley) Let F be a number field. Then for any A > 0, there is B = B(A) > 0
such that for Q < xl/z/(log x)B, one has

Z @ max max |7 (y,q a)—LLi(y) <LF A _r
X I » 4, . e
Nzo P (@) (@@=1y=x h(q) (logx)

where h(q) is the cardinality of the ray class group modulo q, and ¢ (q) is the number field
analogue of Euler’s totient function for F.

Also, we recall the following short interval variant established by the present author in
[18].

Theorem 5 Let F be a number field of degree n. For() < § < %,ﬁxo <0< ﬁ(z_
5nfg$é). Then for any x170 < h <xand A > 0, we have

S D e g0 — e g @) — 2 ZHE) "

Ny 2@ @a=1 h(q) (log )4’

where the implied constant depends on F and A.

In our consideration, we will take F = K, an imaginary quadratic field of class number
one associated to a CM elliptic curve E as discussed in the introduction. For such an instance,
the factor 9 can be dropped from the estimates in Theorems 4 and 5 as follows. Let hp

denote the class number of F and r; be the number of real embeddings of F. It is known that

hp2'
h(q) = FT(;ﬁ)(CI)

where T (q) is the number of residue classes (mod q) that contain a unit (see [17, Eq. (7)]).
Now, for imaginary quadratic fields of class number one, it is known that 7(q) < 6, and
h(q)

hq) o1 h(q)
hence 3@ > 5 Thus, the factor B(q) can be removed.

Secondly, we shall control M (x, y, 24/x) and M (x, h, y, 2+/x + h) by the sieve methods
used by Cojocaru [5]. As remarked by Cojocaru, the difficulties of the proofs lie in analysing
M(x,y,24/x) and M(x, h, y, 2+/x + h) since the classical Brun-Titchmarsh inequality is
not strong enough. Consequently, similar to the argument in [5, Sec. 5], we will require a
Brun-Titchmarsh type estimate for short intervals in Sect. 4.

Last but not least, we remark that instead of directly following Cojocaru’s argument to
control Vg (x, v, x?), one can derive a refined estimate for this range by applying the following

’
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number field analogue of the Brun—Titchmarsh inequality established by Hinz and Lodemann
[9, Theorem 4].

Theorem 6 (Hinz—Lodemann) In the above notation, for any (a, q) = 1, if N(q) < x, then

2x loglog(3x/N(q))
rwa 0 2 e (N )

3 Proof of Theorem 1
3.1 Proof of the first part of Theorem 1

Recall that by the theory of complex multiplication, Murty [15, Lemma 4] showed that there
exists an integral ideal f = fg of Ok such that

Km C K(E[m]) € Kfm,

where K (resp., Ksm) is the ray class field of K of level m = mOk (resp., fm). Moreover,
as remarked in [1] (see also [15, p, 163]), f above can be taken as the conductor of the Hecke
character associated with E, and thus Ng = N(f)dk, where di is the absolute discriminant
of K. In particular, we have ¢ (f) < N(f) < Ng.

Now, we let sz stand for the preimage of D, under the quotient map from
Gal(Ksm2/K) to Gal(K(E[mz])/K). As [)mz is a conjugacy set in Gal(Kjn2/K), we can
let w b, ) (x) denote the number of unramified primes p in K2 /K such that N(p) < x and

the Artin symbol &, at p is contained in D, . It is known that

log de2 )

19
[Kfm= : K] (1

7,2 () =5 () + O

where D, » (x) is defined as in (15) (see, e.g., [16, p. 268]). Recall that by Hensel’s bound
(see, e.g., [5, Lemma 3.4]), for any Galois extension L/K of number fields, one has

logdp <[L : K]logdx +np Zlogp + nyp log[L : K],
p

where for a number field F, dr and nr denote its absolute discriminant and degree, respec-
tively, and the sum is over the primes p lying below primes of K that ramify in L/K. Thus,
applying the above inequality with L = K2, we have
logdk;,,.
[Kim= : K]

asng =2and [Ksym2 : K] <h(fm?) <1 20. ¢ (fm?) < N(fm?). Hence, we arrive at

<logdk +ng logN(fm*) + ng log[Kjm> : K] <logdg + 4logN(fm?)

logdk;,,-

m <LK logN(fm ) (20)

Moreover, by Artin reciprocity (see, e.g., [3, Ch. 3 and 5]), there are u(m?) ray classes m;

modulo fm? so that
u(mz)

p (0= ) e fmEm), @1

i=1
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where u(m?) < h(fm?) < N(fm?). It then follows from the Chebotarev density theorem and
the prime ideal theorem for ray classes that

|D,,2| |D,2| u(m?)
[K(E[m?]) : K] [Kfmz : K] h(fm?)
We are now in a position to estimate A/(x, y). Choosing y = z/N(f)!/*, we write
1
Ny =5 3 wmmp, @)
m=z/N(HV 23)
1 |D,,2| Li(x) 1 5
== Y um— s Y um)E(x, mP),
2 m=z/N(H!/+ LK(E™D : X1 - 2 m=z/N(f)1/4
where D 2| Lito)
2y _ 'm2 1(X
En ) =0, 0) = e ) - KT
By (19), (20), (21), and (22), we have
2 om0 1Dl i) .
Ev,m?) =mp (x) (Ko K] + O(logN(fm?))
5 (e fm* m) — - 4 00 N(m?)
I R T E) ¢ '
1/2—€

Therefore, by Theorem 4, together with the discussion beneath Theorem 5, for 4 <x
and A > 0, we have

Z ’S(x,m2)|

m=<z/N(H)/4

u(mz)
< ¥ (X |, m,>—h(f(x3) +logN(jm))
N(fm2)<zt  i=l
Li)

< Y um? maxz’n(x,fmz,m,-)— +togx (24

N(mz)<zt 1<i<u(m?)

h(fm2)

<A 4(10gx)5A+12

as u(m?) < N(fm?). Since there are only nine imaginary quadratic fields K of class number
one, we can make the implied constant independent of K.
By [5, Eq. (36)], one has

M(x, y, 24/x) < g(logx)3 + Vx(log x)*. (25)

Also, by [5, Eq. (39)], one knows

w(m)| D2l xlogy
KEm2) K] 5P € Jlogr

m>y
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As y = z/N(HY* and N(f) < N, the above two estimates, together with (16), (23), and
(24), then give

Iy um)D,2| xy*
heln @ = Z[K(E[ sy 1O+ 0 (Ve o)
X 5 4 xlogy JxXy
O(f(logx) + /x(logx)* + —== +y10g(yNE)).
y ylogx log

Finally, choosing y = (log x)413, we conclude that for any A > 0,

he(x,Q) = Z _HmIDw2l 10 4 0, (N

o)
[K(E[m?]) : K] (logx)*/”

which, together with the identity

u(m)| D,z | 1 wu(a)p(m)
= - 26
Z [K(Em2]) : K]~ 2 ; [K(E[a’])K (E[m]) : K] (20)
(see [5, Eq. (11) and (40)]), yields the claimed asymptotic formula (5).

3.2 Proof of the second part of Theorem 1

The proof of (6) follows closely Cojocaru’s argument. The main difference lies in bounding
No(x, y, x?) by Theorem 6, the Brun-Titchmarsh inequality for number fields due to Hinz
and Lodemann.

We begin by recalling that as K (E[m?])/K is an abelian Galois extension, Artin’s (holo-
morphy) conjecture is proven for this case. Applying the effective Chebotarev density theorem
established by Murty et al. [16], Cojocaru [5, Eq. (34)] derived that

pmID,al
Nix,y) = Z[K(E[ 5 ] @ + 0675 log(Vex),

m<y
for y < 2,/x, under GRH. Hence, by (26), one knows

w(m)|D,|

N(x,y) = 85 Li(x) + 0(2x' 2 log(Ngx) = Z < K (Elm?) < K]

Li(x). 27)

In [5, Lemma 3.12], Cojocaru showed that |D,2| = g for any odd prlme q that is
unramified in K. From this, she deduced in [5, Corollary 3.13] that | D,,2| < m? for any odd
positive square-free integer m composed of primes which are unramified in K. We remark
that this bound can be extended to all square-free integers m > 1 so that |D,2| < m? as
follows.2 Observe that for any prime ¢ that is even or ramifies in K, we always have

|Dp2| < | Gal(K (E[£%])/K)| < €.

As only finitely many primes ramify in K, we can write thisbound as | Dy2| <k 1.Inaddition,
since K must be one of nine imaginary quadratic fields of class number one, we deduce that
|Dy2| is absolutely bounded (i.e. |D,2| < 1) for any prime £ that is even or ramifies in K.

2 In fact, such an extension has been used implicitly in [5, Eq. (34) and (39)].
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This, combined with the above-mentioned result of Cojocaru, yields |D,,2| <« m? for any
square-free integer m > 1. As a direct consequence, we have

1£(m)| D, p(m)2|D,z | m> 1 1
L REmD K< 2 KEm) K1 < 2 5007~ 2 gt <y
(28)
where we used the bound [K (E[k]) : K] >> (1b(k)2 for any integer k > 3 (see, e.g., [5, Eq.
(19)]). Hence, the last sum in (27) is < ylogx (cf. [5, Eq. 39))).

Now, we shall estimate Ny (x, y, x?) introduced as in (18) with y < x? and 6 € (0, i).
To do so, it suffices to bound

> umymp ,(x).

y<m<x?
It follows from (19), (20), and (21), this sum is

u(mz)
Do owm)? Y alx, fm*,my) + 0 log(NEx)).

y<m=<x? i=1

Moreover, applying Theorem 6, when Ng < x1749=¢ (50 that N(fm?) < N pm* < x!7¢ for
m < x?), we can bound the double sum above by

u(mz)

5 x M(m)lemz' i
€2 D e~ 2 [RGB K gy
i= y<m=<x

y<m=x?

where the equality is due to (22). Therefore, by (28), we deduce that

+x1 L

No(x, y, x") <
ylogx ylogx

upon recalling the assumption that y < x? with 6 € (0, }T). As (25) gives

M(x, 5, 2%) = 5 (log)* + Va(logx)*,
x
we then arrive at

. X X
he(x, Q) = 85 Li(x) + O <y2x1/2 log(Nx) + —— + ~(logx)* + ﬁ(logx)“).
ylogx = x

Therefore, choosing 6 = é + € and

L 1/6

~ (logx) B (log(Ngx) /3’

we obtain 1
5/6 (log(Ngx)) /3

he(x, Q) ZSELi()C)-i-Oe(x W)

1-4—5¢

whenever Ng < x , as desired.
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4 Proof of Theorem 2
We start by setting y = z/ N$Y* and writing

1
NGohy) =2 35w, (x+h) = 7p, (1))
m=<z/N(f)1/4
D2 |(Li(x +h) — Li(x)) 1
=2 2. um KEM]) K] 2 2

m=z/N(p)/4 m=<z/N(H)/4

pw(m)€ (x, m?),

where
|D,2|(Li(x + h) — Li(x))

[K(E[m?]) : K]

E,m*) =mp ,(x+h) —7p ,(x) -

As argued in Sect. 3, é(x, m2) is equal to

| Dy |(Li(x + h) — Li(x))

[Kfm2 K] + O(logN(fm~))

ﬂsz(x-i-h)—ﬂbmz(x)_

u(mz)
= > (TG +hfmE m) = 7, fm,m) —

i=1

Li(x + ) — Li(x)

h(fm?) ) + O(log N(jm*)).

Now, for § € [0, %), 0 € (0, %), and z* < xY, applying Theorem 5, for any A > 0, we
derive

u(n12)
P ‘ﬂ(erh,fmz,mi) — 7 (x, fm*, m;)

N(jm2)<zt i=1

~ Li(x 4+ h) = Li(x)
h(fm?)

Li h) — Li
< Z max ‘n(x +h,q,a) —m7(x,q,a) — M
, (@)=l h(a)
N(g)=z

hy4

NE —=i13
<a E logx)3A+13

whenever x17% < h < x. Thus, we arrive at

4
Y JEGmd)] <a Ne e
(logx)SAHZ

m=z/N(H4

As remarked previously, in order to adapt the sieve method developed by Cojocaru in [5,
Sec. 5] (to control M(x, y, 24/x)), we shall require a number field analogue of the Brun-
Titchmarsh inequality as follows. Assume K = Q(+/—D). For an ordinary prime p t 6NE,
we write pOg = ())(7p) and note that N(;r;,) = p. Observe that

W=D <((P-1?<N@m,— D <P+ D> <Wx+h+1* (29

for x < p < x + h. Following Cojocaru [5], we shall use the decomposition m = m;m,my,
where m; is composed of primes inert in K, m, is composed of primes ramifying in K, and
my is composed of primes splitting completely in K. It follows from [5, Lemma 3.17] that
for any square-free m € N such that m? divides |E (F p)| for some ordinary prime p, one
knows

(7717 — 1) =mim,I(my) - (o) (30)
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forsome o € Ok . Here, I (ky) is anideal in Ok obtained from the product of the ideals qq, qz,
or g% in accordance to whether 7 splits completely in K (E[qq]), K (E[q?]), or K (E[G?]),
respectively, while q runs over the primes of K above prime divisors g of m;. (As remarked
in [5, p. 610], there are 3vims) possibilities of such ideals 7 (k;).) Hence, forx < p < x + h,
by (29) and (30), we have

W= _ Ny N D aFR+ DT
m2 - N(m; m,l(ms)) - m?

The number of such « is

(«/x+ f+2 )(«/x+m\/>f+2 1) (\/x-l- f )

h Vx4 h
<=+
m m

]

which is

for m < 24/x + h. (Here, we used (v/x + h — /x)> = h + 2(x — «/x + hy/x) < h. Note

that if x /A tends to oo as x — oo, we have

o x—~x+hyx .
lim ———— = lim U(l
X—00 h V—00

1+ =
v

1 1=Vt w 1
)= i L=YIEY L
w—0 w 2
where the last equality is due to 1’Hopital’s rule.)
Processing an argument similar to [5, Eq. (36)], we have

M, by, 2Vx +h) < > > 1
y<m<2J/x+h x<p<x+h
m square-free ap, #0

m=mimmg  (Tp — 1) =mim,I(my) - ()

< 3 3 LA— ﬁ)

2,22 .
m>msm mim;nig
y<m=<2Jx+h e
m square-free
m=m;m,mg €1y}

> Yt ﬁ)

m=m; mmyg
mg<2+/x+h <m<2«/x+

< X 3”("“)(ﬁ+ﬁ )

mg
my<2+/x+h

h
< ;(logx)3 + Vx(logx)*,
where the last bound follows from the elementary estimates  , _ .- = logx + O(1) and

> 3"« x(logx)*.

m<x
Also, as in [5, Eq. (39)], it can be checked that
m)|D hlo
ROODuzl x4y — Lic) < 082
= [K(E[m?) : K] ylogx
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Now, gathering everything together, we deduce

L wmIDel . hy
he(x, h,Q) = Emz_: W(Ll(x +h) — Li(x)) + 0A<NEW>
( og.x)° + Vx(log v)* + 082 Toe + 0 ogove)).
og x log

Finally, choosing y = (log x)4*3, we conclude that for any A > 0,

p(m)| D,y |

1 o0
he(e b, Q) = Z[K(E[ 7)) K]

h
(Li(x + h) — Li(x)) + Oa (NEW)

whenever x' 7% < h < x with § < g. Recalling the identity (26), we conclude the proof.

5 Proof of Theorem 3

Following [15, Sec. 3], by an application of the inclusion—exclusion principle, one has

2%
we(x, E)y=#{p <x| ptNg and E(Fp) is cyclic} = Z u(m)mg(x, m),

m=1

where 7 (x, m) denotes the number of primes p < x such that p 1 Ng splits completely in

Q(E[m])

In [18, Sec. 4], the present author used the estimate

X
wE(x,m) K — (32)
m
(for square-free 3 < m < 2.,/x) to obtain
X X
Z wp(x +h,m) —rp(x,m) K Z 2 < Né/zg. (33)
/NP 2<m<2/x+h /NP2 <m<2/x+h

The key to proving Theorem 3 is to improve (32) (and thus (33)) as follows. Observe

wEg(x +h,m) — g (x, m) (34)
<#{n, €Ok | ptNe,x <N(@mp) =p <x+h,m, =1(modmOk)} + 2.

(Here, we use the fact that for square-free m > 3, if p { 6Ng splits completely in Q(E[m]),
then pOg = () (7)) and 7, = 1(mod mOf). See [1, Lemmata 2.4 and 2.5].) Now, for
3<m<+x+h,ifx <N(@r,)=p<x+hand

(Tp—1D=m- ()

for some @ € Ok, then it follows from (29) that

(«/)7—1)2<N(a)_N(7Tp—1)<(vx+h+1)2
m2 - ~ Nm) m? '

As shown in the previous section, the number of such o is < # + —an‘”’ Hence, by (34),
for3 <m < 2+/x + h, we deduce

x+h

h
ntr(x +h,m)—nmp(x,m) < ) + (35)
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This leads us to

T+ h E)—me(x, EYy= Y pm)(re(c+h,m) = mg(x,m)
l<m=z/N(j)!/?

+ ONY*hz™" + x logx).

Now, controlling the range 1 < m < z/N(f)l/2 as in [18, Eq. (4.2)-(4.4)], we see that

we(x + h, E) — n.(x, E) equals

> M(Li(x + h) — Li(x))
1<m=z/N(j)!/? n(m)

V2 + (log Ng)z

12, -1 h
+O(NE hz +ﬁlogx+NE(logNE)W s )

where n(m) denotes the degree of Q(E[m]), and the implied constant depends on Q(E[2])
and A, whenever z2 < x’ and x! ™% <h < x with0 <0 < §5(1 —58) and 0 < § < 1.

Finally, from the last paragraph of [18, Sec. 4], we know

12
> M(Li(x +h) —Li(x)) < NEZ .

oA n(m)

Hence, forany 0 < § < % andx!'=% < <x, balancing the errors, we obtain

Te(x + h, E) — mc(x, E) = cp(Li(x + h) — Li(x)) + O<NE(10g NE)(long)A),

which completes the proof.
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