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1 Introduction

A projection P : E — E on a Banach space E is a bounded linear operator such that P2 = P. The range space PE
has a topological complementary subspace (I — P)E, in the sense that E = PE + (I — P)E is a topological direct
sum of closed linear subspaces. An orthogonal projection g : H — H on a Hilbert space H is a bounded self-adjoint
projection, i.e., ¢ = g2 = ¢*. In this case, the range space ¢H has an orthogonal complementary subspace (I —q)H,
in the sense that H = gH + (I —q)H withqH 1 (I —q)H, or equivalently, ||gh +a(I —q)k|| = |lgh—a(I —q)k||
for all scalars o and all vectors &, k in H.

There are non-orthogonal projections on H . For example, P(x, y) = (x—y/2,0) is a non-orthogonal projection
on the two-dimensional Hilbert space, with complementary projection / — P sending (x, y) to (y/2, y). Clearly,
orthogonal projections carry richer structure than non-orthogonal projections.

Recently, there are some efforts in looking for suitable generalizations of orthogonal projections in the Banach
space setting. See [1, 2, 7-16, 18, 23-25, 29-31, 34, 35, 38, 39, 42, 43]. The main task is to get rid of the involution
in defining an orthogonal projection.

Observe that a bounded linear operator P : E — E on a Banach space is a projection if and only if 7' = 2P —/
is a symmetry, i.e., 72 = 1. For an orthogonal projection ¢ on a Hilbert space, U = 2¢q — I is a self-adjoint
symmetry. It amounts to say that U is a self-adjoint unitary, or equivalently, a surjective (linear) isometry with
spectrum o (U) = {1, —1}. In this set up, ¢ and I — ¢ are the eigenprojections of U associated to the eigenvalues 1
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and —1, respectively. This motivates us to call a (necessarily proper) projection P on a Banach space E a generalized
orthogonal projection if P and I — P are the eigenprojections of a surjective isometry 7 on E with T2 = [
associated to its eigenvalues 1 and —1, respectively. In this setting,
T=P—-—({U—-P)=2P—1 and P=#. (€))
Generalized orthogonal projections give rise to orthogonal decompositions of Banach spaces into closed subspaces
in the following sense. According to [41], two elements x, y in a Banach space E are said to be Roberts orthogonal
if |x + Ay|| = ||x — Ay|| for all scalars A. It is just by the definition that elements in PE are Roberts orthogonal
to elements in (I — P)E if and only if P is a generalized orthogonal projection. The Roberts orthogonality can be
considered as one of the strongest orthogonalities among others commonly used in the general Banach space setting;
see, e.g., [3, 4].
Note that the spectrum of a surjective isometry is contained in the unit circle T of the complex plane. We call a
projection P on a Banach space E a generalized bicircular projection if there is a surjective isometry 7' : E — E
with spectrum o (T) = {e27"1 ¢251} for some real numbers r, s such that P and I — P are eigenprojections of

T associated to 2771 and €271, respectively. Replacing T with e " IT | we can assume that e2™” ! = 1. In this
setting,
. T — eZnsiI
_ 2mwsi _
When e275t = —1, i.e., 275 is the straight angle (mod 27), we see that P = ! "Z'T is a generalized orthogonal
projection.

There is another way to make the generalization. Observe that a projection ¢ on a Hilbert space is self-adjoint if
€271 jg  unitary for all real ¢. Note that

oo . \n oo an
drtig Qrtig)" (2mti)
¢ - Z n! =1I+q Z n!
n=0 n=1
:I—I—q[ezmi—l]:ezmiq—l—(l—q).

Therefore, ¢ is self-adjoint if and only if ¢ +e~27?1(I —¢q) is a surjective isometry for all real #. We call a projection

271iP i5 a surjective isometry for all real ¢, and we call P a bicircular

P on a Banach space a hermitian projection if e
projection if P 4 e2™S1(I — P) is a surjective isometry for all real s. Above arguments say that hermitian projections
are exactly bicircular projections, see [34, Lemma 2.1].

In [39, Theorem 1], one sees that a projection P on a Banach space E is hermitian if it is a generalized bicircular
projection for some irrational angle s in R\ Q, i.e., T = P + ¢2™Si(] — P) is a surjective isometry. Indeed, T" =
P +e2”S”i(I — P) will be again surjective isometry on E foralln = 1,2,.... Since s is irrational, the set {62”5”i :
n =1,2,...} is dense in the complex unit circle T. With a continuity argument, we see that P + e2mt i(I — P)isa
surjective isometry for all real #, and thus P is hermitian. Therefore, the study of generalized bicircular projections
emphasis on those associated to rational angles. According to [39, Theorem 3], for each rational angle r there is a
Banach space E, and a non-hermitian generalized bicircular projection P on E, such that P + ¢27"{(] — P)isa
surjective isometry on E,..

Obviously, all the notions of generalized orthogonal projections, generalized bicircular projections, bicircular
projections, and hermitian projections coincide with that of orthogonal projections in the Hilbert space setting. On
the other hand, only generalized orthogonal projections survive on the C*-algebra Co(£2) of continuous functions
when the underlying locally compact Hausdorff space €2 is connected. If 2 has a proper component Y then the
projection Pf = 1y f is a nonzero hermitian projection on Co(2), where 1y is the indicator function of Y. See,
e.g., [7,12,32].

After the efforts in studying generalized bicircular projections, people define the notion of generalized tricircular
projections. We call a projection Pg on a Banach space E a generalized tricircular projection if there is a surjective
isometry 7' : E — E with spectrum o(T) = {Ag, A1, A2} consisting of three distinct eigenvalues of modulus one,
such that Py is the eigenprojection of T associated to Ag. Replacing T with Ao, we can assume Ao = 1. Let
P and P; be the nonzero eigenprojections of 7' associated to the other two modulus one eigenvalues A1 and A5,
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respectively. Then
Po+Pi+Pr=1 and Po+ AP +APr=T.

Generalized tricircular projections on C(£2) for a connected compact Hausdorff space €2 were studied in [2].

Analogously, one can study projections Po on E which are eigenprojections of surjective isometries on E with
spectrum consisting of n distinct eigenvalues, and without loss of generality it can be assumed that Pg is associated
to the eigenvalue 1. This leads to the notion of generalized n-circular projections.

In this paper, we study generalized n-circular projections on JB*-triples and Hilbert C(£2)-modules. As a
special case of JB*-triples, Hilbert Cp(£2)-modules M are in one-to-one correspondence to Hilbert bundles H over
€ such that M is the Banach space of continuous sections f : € — H vanishing at infinity, and every surjective
isometry between Hilbert Co(€2)-modules arises exactly from an isometric isomorphism between the underlying
Hilbert bundles. See, e.g., [26, 27]. In this sense, next to Hilbert spaces, Hilbert Co(£2)-modules are the natural
objects on which we consider generalized n-circular projections.

2 Generalized n-circular projections

Ever since the papers [20] and [42], various classes of projections on JB*-triples attract many attention in literature.
According to [22, Theorem 4], see also [29, Theorem 2.1], every generalized bicircular projection on a JB*-triple
is generalized orthogonal or hermitian (hence also generalized orthogonal). Below we give a geometric meaning of
such projections. We shall say that a subtriple 71 is complementary to J» if ker(J1) = J» and J = J1 + J>. Here,

ker(J1) :={y € J :{x.y,2} =0.Vx.z € T}

is an inner ideal of 7. Note that 71 N ker(J1) = {0}. See [20] for details. We also refer the readers to [17] for the
general theory of JB*-triples.

Theorem 2.1. Let P be a generalized bicircular projection on a JB*-triple J. Then P is a generalized orthogonal
projection, and J = PJ + (I — P)J is a direct sum of JB*-subtriples. Furthermore, P is hermitian if and only if
PJ and (I — P)J are complementary to each other.

Proof. By [39, Corollary 2], every generalized bicircular projection P is bicontractive, i.e., both P and I — P are
contractive projections. It is pointed out in [22, Theorem 4] that a bicontractive projection of a JB*-triple is also a
generalized orthogonal projection.

Since the range of a bicontractive projection of a JB*-triple is a JB*-subtriple ([22, Proposition 3.1]), P gives
rise to a decomposition of the JB*-triple 7 = PJ + (I — P)J into a direct sum of two JB*-subtriples.

It is indicated in [42] that a projection P on 7 is hermitian if and only if P is a skew derivation, which means

P{x,y,z} ={Px,y,z} —{x,Py,z} + {x,y, Pz}, Vx,y,z€eJ.

Suppose that P is hermitian. We claim that in this case the JB*-subtriples P.7 and (I — P).J are complementary to
each other. Notice that for any modulus one complex scalar A, the surjective isometry T = P + A(/ — P) is a triple
isomorphism by [36, Proposition 5.5], i.e., T preserves the triple products. Consequently, we have

T{Px,(I — P)y,Pz} ={TPx,T(I — P)y, TPz}
= X{Px, (I—-P)y, Pz}, Vx,y,zeJ.
On the other hand, since both P and I — P are skew derivations, we have
T{Px,(I — P)y,Pz} = P{Px,(I — P)y,Pz}+A({ — P){Px,(I — P)y, Pz}
=2{Px,(I — P)y, Pz} —A{Px,(I — P)y, Pz}.
Therefore,

2—A—=M){Px,(I —P)y, Pz} =0.
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Choosing any modulus one A # 1, we have
{Px,(I —P)y, Pz} =0.
It amounts to say that (I — P)J C ker(P 7). Conversely, if { Px, y, Pz} = 0 for all x, z in 7 then

{Py,Py, Py} ={Py,y, Py} —{Py.(I —P)y, Py} =0.

This forces Py = 0, and thus y = (I — P)y. Therefore, ker(P J) = (I —P)J. Analogously, ker((/—P)J) = PJ.

Let us prove the converse. Suppose that ker(P7) = (I — P)J and ker(({ — P)J) = PJ. Then for all
x,y,z € J we have

{Px,Py, Pz} ={Px,y, Pz}, 2

{x,Py,z} —{Px,Py,z} —{x, Py, Pz} +{Px, Py, Pz} = 0. A3)

Since P is generalized orthogonal, 2P — [ is an isometry, and thus a triple isomorphism. Hence
QP —Dfi{x,y,z} ={@P—-Dx,2P —-1)y,2P — 1)z}, Vx,y,ze J.
From the above, using (2) and (3), we get
QP —D){x,y,z} =4({Px,Py, Pz} —{x, Py, Pz} —{Px,Py,z} + {x, Py, z})
+2({Px.y. 2} —{x. Py, z} +{x.y. Pz}) = {x.y.z}
=2({Px.y.z} —{x,. Py.z} +{x.y. Pz}) — {x.y.z},
which implies that P is a skew derivation, hence a hermitian projection. O

In [37, Theorem 5], it is shown that every isolated point in the spectrum o (7") of a surjective isometry 7 on a Banach
space is an eigenvalue of 7" with a complemented eigenspace. In particular, if o(7) = {10, A1,...,An—1} then all
A;’s are eigenvalues, and the associated eigenprojections P;’s satisfy

Po®dP1®d - ®Pyp—1 =1 and T=Pyo+AP1+ 4+ An—1Pn—1.

Here, we write P @ Q to indicate that the Banach space projections P and Q disjoint from each other, i.e., PQ =
QP = 0. By [37, Corollary 3], vectors x, y from different eigenspaces are James orthogonal, i.e., | x| < ||x + ay||
for all scalars «.

The following definition is equivalent to the one given in [31] but different from [1, 2, 7].

Definition 2.2. Let Py be a nonzero projection on a complex Banach space E, and n > 2. We call Pg a generalized
n-circular projection if there exists a surjective isometry T : E — E witho(T) = {1, A1,..., Ay—1} consisting of
n distinct modulus one eigenvalues such that Py is the eigenprojection of T associated to Ao = 1. In this case, there
are nonzero projections Py, ..., Pp—1 on E such that

Po®P1® - ®Py1=1 and T=Po+A1P1+ - +A—1Pr1.

We also say that Py is a generalized n-circular projection associated with (A1, ..., An—1, P1,..., Ph—1). Moreover,
we call Py a proper generalized n-circular projection if it is not a generalized k-circular projection for any integer
l<k<n

It follows from the spectral theory that the surjective isometry 7" in Definition 2.2 is periodic, i.e., T = I for some
integer m > n, if and only if all its eigenvalues 1, A1, ..., A,,— are mth roots of unity. In this case, we can write

I+ AT - A= lpm=]
P; = d - L . i=0,1,...,n—1

We call the generalized n-circular projection Pg periodic (resp. primitive) if it is an eigenprojection of a periodic
surjective isometry 7 of period m > n (resp. of period m = n). In [1, 7] the authors assume generalized n-circular
projections to be primitive.
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Lemma 2.3. Let Py be a generalized n-circular projection (n > 3) on a Banach space E, associated with
(AMy.oosAn=t, P1,..., Pn—1). If Po is a proper generalized n-circular projection then all A1, ..., An—1 are of
finite order. In particular, the surjective isometry

T=Po+APr+ -+ An—1Pr
is periodic, i.e., T = I for some positive integer m.

Proof. LetAdg = land T = AgPo+A1 P1+---+Au—1 Prn—1. Suppose that there is some modulus one A; that is not
of finite order. Without loss of generality we assume that it is A,,—1. Let us define S = An—1T,and v; = AjA,—1,
i=0,...,n—1.Then S = voPo+---+Vvy—2Pn—>+v,—1 P,—1.Notice that vg has infinite order, and v,,—; = 1.

Suppose that vg, ..., vi—1 have infinite order, and vy, ..., v,;—1 have finite order, 1 < k < n — 1. For some
positive integer / we have

St =vhPo 4+ vh_ Py 4 Px 4+ Py
For simplicity of notations, we write Q = Py + -+ + Pp—1,and u; = vf,i =0,...,k — 1. Then we have
st = moPo + -+ pk—1Pr—1 + Q.

If k = 1 then Py is generalized bicircular, which is a contradiction. Thus in the sequel we assume that k > 2.

Write p; = €27 for j =0,...,k — 1. By assumption, all r; are irrational numbers in [0,1]. Assume first
that the set {ro, ..., x—1} is rational linearly independent, i.e., any rational linear relationship Z?;(l) m;r; =0
(mod 1) with integers mo, ..., mx—q is trivial; namely, mg = --- = myx—; = 0. For any distinct modulus one
scalars «g, ..., ¢x—1, with ¢x—1 = 1, by Kronecker’s theorem (see, e.g., [5, Theorem 7.10]), we have a sequence
{qi }i of positive integers such that

2q;r;mi

lim p 9" = lime =a;j, Vj=01,....k—1.
1 b 4

By continuity, we see that
aoPo + -+ ak—2Pr—2+ Pr—1+ Q

is a surjective isometry, which conflicts with the properness assumption on Pg.

Suppose now the set {rg,...,rx—1} is rational linearly dependent. We fix a maximal rational linearly
independent subset of it, {rg,...,r4—1}, say. Then all rj,...,rx—; are rational linearly dependent on members
in this subset.

If h = 1,thenry,...,rp— are all rational multiples of rg. Let co, ..., cxk—1 be positive integers such that

cori =cjrg, Yi=0,1,....k—1.

Changing the indices if necessary, we can assume further that co < ¢ < --- < cx—1. Consider the surjective
isometry
Ck—
MEO_]PO +/‘L21_1Pl +“'+Mkk_11Pk—l + Q

Using Kronecker’s theorem, we have a sequence {/, }, of positive integers such that

. h 27/ Cp—
Iimup,”  =e k=1,
M Hg—1

Then we will have a surjective isometry
eZC()JTi/Ckfl PO 4t 62ck,27ri/ck,1 Pk—2 + (Pk—l + Q)

This provides a contradiction since Pg is a proper generalized n-circular projection.
Suppose i > 2. Let
Ji(ro.....rp—1) =mrj,
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where m is a positive integer and f; are polynomials in / variables with integral coefficients forall j = h,...,k—1.
Choose distinct modulus one scalars «g,...,a,—1, with ay—; = 1, with arguments 2sozi/m,...,2sp—17wi/m
such that the set {so, ..., s5—1} is rational linearly independent. Notice that s5,—; = m, and f; (so,...,Sp—1) does

not belong to the Q-span of the set {so,...,s4—1} for j = h,...,k — 1 by the independence. The arguments as
above will bring us a surjective isometry

aoPo+ar P14+ +apoPpo+apPp+---+oag_1 Pr—1 + (Pr—1 + Q)

to establish a contradiction again. O

3 Generalized n-circular projections on Hilbert Cy(£2)-modules

Let 2 be a locally compact Hausdorff space, and let Cp(£2) denote the algebra (with usual pointwise operations) of
all continuous complex-valued functions on €2 vanishing at infinity. Equipped with the involution f*(w) = f(w)
and the supremum norm, Co(€2) is a commutative C*-algebra, thus a JB*-triple. According to [22, Theorem 4],
every generalized bicircular projection on Co(£2) is hermitian, or generalized orthogonal.

Surjective isometries T: Co(2) — Co(£2) are weighted composition operators. By the Banach-Stone theorem
(see, e.g., [6, Theorem 7.1]), there exist a homeomorphism ¢: 2 — €2, and a continuous unimodular function

u: Q — C (that is, a continuous function satisfying |u(w)| = 1 for every w in €2), such that

Tf(w) =u(w)f(pw)), V[ eCo().Vw e Q.

Using this, we can write down explicitly the structure of a generalized bicircular projection on Co(£2). See, e.g.,
[7, 12]. We want to extend this line to generalized n-circular projections on Hilbert C*-modules over Co(£2).

Recall that a (right complex) Hilbert C*-module M over a C *-algebra A, also called a Hilbert A-module, is a
right A-module equipped with an 4-valued inner product (-, ) : M x M — A such that

1. (x,ya) = (x,y)aforall x,y in M and a in A;
2. {x,y)* = (y,x) forall x, y in M;
3. {x,x) >0, and (x, x) = 0 exactly when x = 0.

Moreover, M is a Banach space equipped with the norm ||x|| = ||(x, x)||!/2. We note that any C*-algebra A is

itself a Hilbert .A-module with the inner product (a,b) = a™*b. See e.g. [40] for more information about Hilbert
C*-modules.

We know from [33, Theorem 1.4] that every Hilbert C*-module is a JB*-triple with respect to the Jordan triple
product given by

foy2) = 5. 2) + 20020

Therefore, by [22, Theorem 4], we see that all generalized bicircular projections on Hilbert C*-modules are hermitian
or generalized orthogonal.

Remark 3.1. Suppose that P is a hermitian projection on a Hilbert C*-module M over a C*-algebra A. Then
Ty </ P + A(I — P) is a surjective linear isometry on M for every modulus one A in C. We call P a complete
hermitian projection if all Ty are complete surjective isometries with respect to the operator space structure of M.

By [28, Theorem 1.1], in this case, there exists a x-isomorphism ¢;: A — A such that
(Thx.Tay) = oa((x.y)) and Ty(xa) = Tr(x)gr(a), Vx.y e M,Vae A

Let us define a new module operation o on M by x oa = xw;l (a) for all x in M and a in A, and a new A-valued
inner product [-,-] by [x,y]a = @a((x,y)) for all x,y in M. Let us denote the obtained Hilbert C*-module by
M. Notice that T: M) — M is A-linear since Ty (x oca) = T, (X(p;l (@)) = Th(x)a forallx € M), a € A
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By [40, Theorem 3.5], Ty, is a unitary, that is, T)’f Ty = Inm, and Ty, T/{“ = I zq. Since Ty, is adjointable, P is also
adjointable. Now for every modulus one scalar A, we have

Ipm =TTy = (P + A1 —P)(P+A(I —P))*
=1y +2PP*—P —P* + A(P* — PP*) + A(P — PP™),

which implies PP* = P = P™*. Hence, P: M — M is a self-adjoint idempotent.

If the underlying C*-algebra A is abelian, i.e., A = Co(S2) for some locally compact Hausdorff space 2, every
surjective (complex linear) isometry is a complete isometry ([27, Theorem 1]), therefore every hermitian projection
on a Hilbert Co(2)-module M is complete hermitian, and thus corresponds to a self-adjoint idempotent on M.

We continue to study the structure of non-hermitian n-circular projections on Hilbert Co(€2)-modules. To this end,
we recall that every Hilbert Co(£2)-module is exactly the continuous section space of a Hilbert bundle based on 2.
We sketch briefly the construction below.

A Hilbert bundle H over a locally compact Hausdorff space Q2 is a pair (Hq, 7q). Here Hg is a topological
space and o : Ho — 2 is a continuous open surjective map. For all w in €, the fiber H,, = ng_zl (w) carries a
nonzero complex Hilbert space structure. Moreover, we assume:

(HB1) Scalar multiplication, addition and the norm on H, are all continuous wherever they are defined.
(HB2) If w € Q and {h;} is any net in Hg such that ||4;|| — 0 and 7(h;) = w in , then h; — 0, (the zero
element of H,,) in Hg.

A continuous section f of a Hilbert bundle (Hq,wg) is a continuous function from 2 into Hg such that

ro(f(w) = w,ie., f(w) € Hy for all w in Q. Denote by Co(£2; Hg) the Banach space of all Cop-sections

of (Hq,mq), i.e., those continuous sections f with 11_r>n | f(w)|]| = 0. Note that the space Co(2; Hg) is a
w o0

Hilbert Co(£2)-module with pointwise module action and inner product

(fP) () = f(@p(@). (fg)(@)=(f(w).gw)). VfgeCo(iHtHa) Ve Co(R). Yo e Q.

Conversely, every Hilbert Co(€2)-module M can be represented as Co(£2; Hg) arising from some Hilbert bundle
(Hq, mq). Here, we outline the construction in [26, 28], which is based on [19]. For each w in €2, let

Iy ={f € Co(R) : f(w) =0}.
By Cohen’s factorization theorem,
Mly ={vf:veM, fely}

is norm closed in M. In particular, if u € M1, and w € M, we have (1, w)(w) = (w,u)(w) = 0. Then M/ M,
is a pre-Hilbert space with inner product

(U + Mgy, v+ Mly) = (u,v)(w).
Denote by H,, the completion of M /M, Let

Ho = || Ho = {(Zw)weg Lz € Hw}.

we2

Each element u in M can be regarded as a section from €2 into Hg by
u(w) :=u+ Mli,.

Let mq : Ho — 2 be the canonical projection. By [21, Theorem 13.18], there is a unique topology on Hg such
that (Hq, rg) is a Hilbert bundle over 2 with Cp-section space Co(2; Hg) = M.

We assume in below that all Hilbert Co(X)-modules M = Co(R2; Hg) are full, i.e., the *-subalgebra
(M, M) = {{u,v) € Cop(R2) : u,v € M} is dense in Co(£2). In this case, all fiber Hilbert spaces H,, are nonzero,
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and for any vectors a; in Hy, and as in H,,,, there exists a continuous section a in M such that a(w1) = a1 and
a(wz) = as.

The following is a consequence of [26, Theorem 3.1], which asserts the more general case of into isometries of
Banach Cp(€2)-modules; see also [28] for the real Hilbert C*-module case.

Theorem 3.2. Let Q2 be a locally compact Hausdorff space and M = Co(2; Hg) be a Hilbert Co(2)-module. Let
T : Co(RQ2; Ha) — Co(2; He) be a surjective isometry. Then there exist a homeomorphism ¢ : Q — Q and, for
each w in @, a surjective isometry u(®) : Hgp(w)y — He such that

T(f)(@) =u(@)(f(@@)). V[ eCo(RHa).

The examples below can be considered as extensions of the product Hilbert bundle case given in [12], i.e., the case
Ho = Q x H for a fixed Hilbert space H with Co(Q2; He) = Co(R2, H).

Example 3.3. Ler Q be a locally compact Hausdorff space and M = Co(2; Hg) be a Hilbert Co(2)-module. Let
T: M — M be a surjective isometry. Assume that the spectrum o(T) = {Ao, A1, ..., An—1} consists of n distinct
unimodular eigenvalues of finite orders. Thus there exists m > 2 such that T = I and all A;’s are distinct mth
roots of unity. Note it is necessary that m > n. Write

T(/) @) =u(@)(f(p@)). Vfelo(iMta) YoeQ,

as in Theorem 3.2.

Since T™ = I, we have
f@) =u(@)--u@" () f(™ ). VfeCo(QHa) Yo Q.

If there exists an w in Q2 such that $"" (w) # w then we can choose an f from M such that f(w) = 0 and f(¢" (w))
is any nonzero vector in Hym (4 to yield a contradiction. Hence ¢™ (0) = w, and thus u(w) ... u(¢" (@) = Iy,
the identity operator on the fiber Hilbert space H,, for every w in 2. Let

1

_ o
I+ 2T +-+2 T
P; = FAT A , i=01,....n—1.
m
Being the eigenprojections of the surjective isometry T, all P;, i = 0,1,...,n — 1, are generalized n-circular

projections. In particular, each P; is a nonzero projection,
Po®PL®---®Pr—1=1, and AoPo+A P+ - +A—1Pp—1 =T

Example 3.4. If the locally compact Hausdorff space 2 has a proper component Y, then the indicator function 1y
of Y gives rise to a hermitian projection Pf = 1y f on Co(2; Hg). If Q is connected, any hermitian projection P
of Co(2; He) is of the form

Pf(w) = pl@)f(w), YoeQ,

where w — p(w) is a field of projections on the fiber Hilbert space H, such that it is continuous in the sense that
the section w — p(w) f(w) is continuous whenever f € Co(2; HQ).

Example 3.5. Assume 2 is a connected locally compact Hausdorff space. Let P be a generalized bicircular
projection on Co(2; Hg) associated with a surjective isometry T = P + A(I — P). Then

Tf(@)—Af(@)  u(o)f(d@)) —Arf(o)
1—2A - 1—2 ’

Pf(w) =

for a homeomorphism ¢: Q — Q, and a surjective isometry u(®) : Hyp () — Hy between the fiber Hilbert spaces
of the Hilbert bundle H. Since P2 = P, we have

(1= D)W@) f($()) = Af (@) = u(@)u(p(@)) f($* (@) — 2Au(0) f($(@)) + 1* f (@),
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or

U(@u($(@)) f($* (@) = (1 + Vu(@) f($(@)) + 1f (@) =0, V[ € Co(QiHa) Yo € Q.

If ¢ () # o then ¢(w) # w either. Choosing any f from Co(Q2: He) such that f(w) is nonzero and f(¢p(w)) =
f(p2(w)) = 0, we will arrive at a contradiction as A # 0. Hence, $%(w) = w on Q.
If there is an w such that ¢ (w) # w then by considering a continuous section f with f(w) = 0and f(¢(w)) #
0, we have
Casel. A = —1,and P =
If p(w) = w for all w in Q then the unitary operator u(w) on the fiber Hilbert space Hy, satisfies the operator

I+T

is a generalized orthogonal projection.

equation
u(@)* — (1 + Vu() + Ay =0, Yo eQ,

where 1, is the identity operator on H,,. By spectral theory, the spectrum o(u(w)) can contain only 1 and A.
Because Q2 is connected, the unitary operator field w +— u(w) is a multiple of the identity whenever it is so at
any one point w. Since P and I — P are both (proper) eigenprojections for Tf(w) = u(w) f(w), we see that
ou(w)) = {1,A} forall w in Q. Let u(w) = p(w) + A(l, — p(w)) be the diagonal decomposition of u(w) into
the orthogonal sum of its two proper eigenprojections. In this setting, we have

Case 2. Pf(w) = p(w) f(w) arises from a nonvanishing continuous field of Hilbert space projections w + P ().

We end the paper with a structure theorem about generalized n-circular projections on an abelian C*-algebra Co(£2).
The general Hilbert Cp(£2)-module case looks far away to us at this moment.

Recall that a modulus one complex scalar A is called a primitive mth root of unity if A = 1 but AX # 1
fork = 1,...,m — 1. We also note that the scalars Aq,...,A,—1 associated to the proper generalized n-circular
projection Pg below are automatically of finite orders by Lemma 2.3.

Theorem 3.6. Let 2 be a locally compact Hausdorff space with at most n — 1 connected components. Let Pg be a
proper generalized n-circular projection on Co(2) associated with (A1,...,An—1, P1,..., Pn—1), where n > 3.
In other words,

I =Py®PLPD---®Py—1, and T = Py+ A1 Py +---+ An—1 Pn—1 is a surjective isometry.

Assume that all Ay, ..., An—1 are primitive mth roots. Then m = n, {1,A1,...,Ap—1} is the complete set of nth
roots of unity, and T"™ = I. Thus all Po, P1, ..., P,—1 are primitive generalized n-circular projections.

Moreover, there exist a homeomorphism ¢: 2 — Q, and a continuous unimodular scalar function u on Q such
that

¢"(w)=w,  uw)--u@" " (w) =1, Tf(w) = u(w) f(¢(@)).

and

— —n—1
I+ XT +-- 44 T !

Pi f(w) =
n
_ —n—1 _ _
_ Jw) + Aiu) f(¢w)) +--- + A uw) . u(@" W) f(¢" T (w)
n
forall f € Co(R2), we Q,andi =0,1,...,n— 1.
Proof. Assume all A1, ..., A,— have the same (minimum) order m > n. Consequently, 7" = I.

Suppose m = rs and r > 2. Consider the surjective isometry
S:=T° =Py +A°;P1 + - +lf1_lpn_1.

Note that none of the eigenvalues A7, ..., A7, _, is 1. By the properness assumption on P, we see that all coefficients
are distinct. Since they are the rth roots of unity, we conclude thatn < r.
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Write
Tf (@) = u(w) f(¢(w)) 4)

for a homeomorphism ¢ : 2 — € and a continuous unimodular scalar function u on 2. Since 7" = I, we see that
¢ (w) = w for all w in Q. It also follows from the spectral theory that

n—1
[[@-xn=o0. 5)
i=0
Putting (4) into (5) we get
n i—1
pof(w)+ D pi [Tu@ w)f@' ) =0 VfeCQ), weQ, ©)
i=1 j=0

with some scalars ;s in which o = AoA1---An—1 # 0.

Suppose an w in €2 is not equal to any of ¢’ (w) fori = 1,...,n. We choose f from Co(£2) such that f(w) = 1
and f (¢’ (w)) = Oforalli = 1,...,n. Then (6) provides a contradiction that ;1o = 0. Hence there exists a smallest
positive integer k,, such that 1 < k,, < n and ¥ (w) = w. Since ¢"" (w) = w, we can assume that k,, is a factor
of m by the division algorithm. As n is not greater than any factor of m other than one, we see that k,, = 1 or
ko = n. Suppose all k,, = 1. Since T'" = I, we have

f(@) =T" f(@) = u(@) - u@" " (@) f(@" (@) = u@)” f(®), V[ eCo(R) Yo e Q.

It amounts to say that the continuous scalar function u assumes values from the finite set of mth roots of unity on 2.
Hence, u assumes constant values on each component of €2, and thus 7 is a sum of at most n — 1 scalar multiples
of the canonical hermitian projections on components (cf. the Case 2 part of Example 3.5). But 7 has n distinct
eigenvalues. With this contradiction we know that some k., = n, and thus 7 is a factor of m. Moreover,

" () = w, YoecQ.
Write m = nb for some positive integer b. Since 7" = I, we have
f@) = T" f(@) = u@u@©@) - u@" " @) f¢" @)
= [u@u@@) - u@" @) f@). V[ @) Vo e,

Hence the continuous unimodular scalar function u(w)u(¢(w))---u(¢" ! (w)) assumes values from the discrete
set of bth roots of unity. Since €2 has at most n — 1 connected components, it assumes at most n — 1 different values
uo with ug = 1. Consequently, on each component of €2, with some constant uo from them, we can write

uo f(w) =T" f(@) = Pof(w) + ATPLf(@) + -+ A Pr1 f(@), Vf€Co(Q). Yo Q.

Since each projection above is nonzero on some of the at most # — 1 components of €2, and they sum up to the
identity, we have all such

up=Al=...=1l_, =1
It follows that m = n and {1, A1,...,A,—1} is the complete set of nth roots of unity. The asserted representations
of P;’s then follows (see [31], or Example 3.3). O
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