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Abstract We describe the structure of all bijective maps on the cone of positive
definite operators acting on a finite and at least two-dimensional complex Hilbert space
which preserve the quantum Xg-divergence for some o € [0, 1]. We prove that any
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such transformation is necessarily implemented by either a unitary or an antiunitary
operator. Similar results concerning maps on the cone of positive semidefinite operators
as well as on the set of all density operators are also derived.

Keywords Positive definite operators - Quantum X(f-divergence - Preservers

Mathematics Subject Classification Primary 46N50 - 47B49

1 Introduction

The study of automorphisms, symmetries or, more generally, maps on mathematical
structures which preserve relevant characteristics (numerical or nonnumerical) of the
underlying structures is an important general task in most areas of mathematics and
its applications, hence in mathematical physics, too. In the latter discipline, one of the
most fundamental corresponding resultis Wigner’s celebrated theorem on the structure
of so-called quantum mechanical symmetry transformations. These transformations
are bijective maps on the set of all rank-one projections on a complex Hilbert space
(representing the pure states of a quantum system) that preserve the quantity of tran-
sition probability which is the trace of the product of rank-one projections. Wigner’s
theorem states that any such map is implemented by a unitary or antiunitary operator
on the underlying Hilbert space. Motivated by this very important result, in a series of
papers we presented several results in which we determined the structures of transfor-
mations on the sets of density operators or positive (definite or semidefinite) operators
that preserve certain kinds of quantum divergence. Below we list those results of ours
which are in close connections to the present investigations.

In order to do this, let us first fix the notation. In what follows # stands for a finite
and at least two-dimensional complex Hilbert space, d = dim 7, and we denote
by Z(S) the set of all linear operators on 7. The symbols .Z*%(37), LT (37)
and £ 1 (5¢) stand for the collections of all self-adjoint, positive semidefinite, and
positive definite operators on 77, respectively. The linear space .2 (7¢) is endowed
with the Hilbert—Schmidt inner product (XY)ys = Tr XY*, X, Y € £ (), and
||| g s denotes the induced norm. We will also consider the operator norm on .Z (%)
which is denoted by ||.||0[,. The symbol . () stands for the set of all density
operators on 7, i.e., the set of all elements in . (%) with unit trace. The elements
of . () represent the quantum states of the quantum system described by the Hilbert
space 77, hence . (J¢) is also called state space. The set of all nonsingular (i.e.,
invertible) elements of . (%) is denoted by .t (J#) and | (¢) stands for the
set of all rank-one projections on 57 .

If f: I — Ris a function defined on an interval / C R, then the corresponding
standard operator function is the map

fi{Ae L) 0(A) C I} — L(H)
A= 3 aPir— f(A)i= ) [@P,

aco (A) aco (A)
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where o (A) is the spectrum of A and P, is the spectral projection corresponding to
the eigenvalue a of A.

Wigner’s above mentioned fundamental theorem states that any bijective map ¢ :
P(H) — P () which has the property that

Trgp(P)p(Q) =TrPQ (P, Q € Z1(H))
is necessarily of the form
¢(P)=UPU* (P e P\(KX)) ey

with some either unitary or antiunitary operator U on 7. (There is a vast literature
on this celebrated result, we only refer to Sections 0.3, 2.1 and 2.2 in the monograph
[7] and to the recent elementary proof given in [2].)

And now a short summary of our former and relating results follows. We begin
with noting that divergences, in particular, relative entropy type quantities are usually
defined on the state space or on the cones of positive definite or semidefinite operators
depending on the nature of the problem one considers. Therefore, we investigated
the corresponding preserver transformations on all those structures. Obviously, the
machinery we used in our arguments to obtain the results heavily depended on which
particular structures the maps were defined.

In the paper [13], we proved that those (a priori nonbijective) maps on the state
space .7 (.#’) which preserve the (Umegaki) relative entropy have the structure like
in Wigner’s theorem (1), they are all implemented by unitary or antiunitary operators.
Next, in [11] we presented a far reaching generalization of the resultin [13] by showing
that all maps on . (¢’) which preserve a so-called f-divergence (f being an arbitrary
strictly convex real function on the set of nonnegative real numbers) are also unitary
or antiunitary similarity transformations. In [18] the same conclusion was obtained
for the same kind of preservers which are bijective and defined not on the state space
but on the whole set Z*(#) of positive semidefinite operators. (We also remark
that in the very recent paper [9] we have made some steps toward the description of
quasi-entropy preservers on positive definite cones in the setting of C*-algebras but
the level of generality of the considered quasi-entropies falls far from what we could
consider sufficient.)

In [12], we described the structure of all bijective maps on the positive definite
cone .Z T (%) which preserve the Bregman divergence corresponding to any differ-
entiable convex function on the positive reals with derivative bounded from below and
unbounded from above. In addition, we considered the cases of the particular functions
x = xlogx, x > 0 (von Neumann divergence, in other words, Umegaki’s relative
entropy) and that of x — —logx (Stein’s loss). In the former cases, the preservers
are all unitary—antiunitary conjugations while in the latter one they are conjugations
by any invertible linear or conjugate-linear operators on .77 . In the same paper, we
obtained results of similar spirit concerning maps on £ (J#) preserving Jensen
divergence. Similar investigation was carried out in [17] for bijective transformations
on the state space preserving Bregman or Jensen divergences.
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In the present paper, we consider a relatively new and important notion of quantum
divergence and determine its preservers. We emphasize in advance that the problem
has been a real challenge, the formerly developed techniques have needed to be altered
significantly and many new ideas have necessarily had to be brought in. Now, the basic
concept of the present paper is the following notion of quantum divergence which was
introduced in [15], see equation (7) on page 122201-3.

Definition 1 Let o« € [0, 1]. The quantum Xo%-divergence of the operators A €
LY (H), B e LTH(H) is defined by

Ko (A||B) := Tr B"%(A — B)B*"'(A — B).
Clearly, we can also write this as
Ky(A||B) =Tr B"“AB*'A —2Tr A + Tr B.
For a singular B € £ () we define

Ka(A||B) := lim Ko (A||B +&1). 2

Remark 2 1In relation with the above definition, we make a few comments. First, con-
cerning the existence of the limit in (2) observe the following. In the case of a singular
B € £ () one can easily see that if supp (A) € supp (B) (supp (B) denoting
the support of B which is the orthogonal complement of its kernel hence equals
the range g (B) of B), then we have K, (A||B) = Tr B"%(A — B)B*~ (A — B),
where the trace is taken over the subspace supp (B) of J7.

If supp (A) SZ supp (B), then we have K,(A||B) = oo. Indeed, assume that the
sequence {Tr(B+e, 1) “A(B+¢€,1)* " A},en is bounded for some sequence {€, },en
of positive numbers converging to zero. Since we have

a— —a |2
Tr(B + €,1) " “AB + 6,)* 'A =Tr [(B + enI)TlA(B +e, )2,

this yields that {(B +¢€,1) o A(B+¢€,1) 2 }nen 1s a bounded sequence in the Hilbert—
Schmidt norm and hence it has a convergent subsequence. Without serious loss of
generality we may and do assume that already the original sequence itself converges

(B4 e, )T AB +e,1) 3 — C.
Since
(B+e,1) > — B, (B+e,1)% — B,

it immediately follows that
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But this implies rng (A) C rng (B), a contradiction. Therefore, we have

Tr B~%(A — B)B*~'(A — B), if supp (A) C supp (B)
Ko (Al|B) = PP PP
00, otherwise.

Since
oa— —« 2
TrB™*(A— B)B* '(A— B) =Tr|B*T (A— B)B™"|

it follows easily that K,(A||B) > O for any A, B € ZT(5#) and K(A||B) = 0
holds if and only if A = B. Therefore, the xg-divergence is always nonnegative
and take the value O only at identical operators. This means that Ky(.||.) is really a
divergence or, in other words, a generalized distance measure.

We also note that in the special case where o € {0, 1}, the X,f—divergence coincides
with the so-called quadratic relative entropy. The transformations of the state space
() and those of the set .7 tT (J#) of all nonsingular density operators leaving
the quadratic relative entropy invariant have been determined in [10], see Theorems 2
and 3.

In the main result of this paper, we show that all bijective maps of the positive
definite cone .1 () which preserve the Xc%-divergence for some o € [0, 1] are
unitary or antiunitary similarity transformations.

We remark that in [15] an even more general concept of x >-divergence depending
on a function parameter was also defined in the manner of f-divergences, see equation
(10) on page 122201-3. Important properties of these notions (both the more restricted
one given in Definition 1 as well as the just mentioned more general one) were inves-
tigated in several further papers. Without presuming to be exhaustive here, we refer
only to the works [3,5,6,14,16].

Before presenting our results, we would like to make clear a point. In the light of our
structural results given in [11] and [18] concerning maps preserving f-divergences,
one may immediately put the question that what about the preservers of the general
notion of x2-divergence. The honest answer is that we do not know. As the reader
will see below, compared to the above listed previous results of ours, the description
even in the considered case of xé-divergences is remarkably more difficult and more
complicated requiring the invention of many new ideas. Presently, we do not see any
ways how one can attack the general problem.

2 The main results
In this section we present the main results of the paper. Select an arbitrary number @ €
[0, 1]. Itis clear that for any unitary or antiunitary operator U on /¢, the corresponding

conjugation

A UAU*  (Ae LT (1))
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leaves the quantum Xo%—divergence invariant. In our results, we show that the con-
verse statement is also true, i.e., the preservers of the quantum Xg—divergence are all
necessarily unitary or antiunitary conjugations.

The precise formulations of the statements read as follows. We begin with the case
of the positive definite cone.

Theorem 3 Let« € [0, 1] be an arbitrary but fixed number and let ¢ : L+ () —
LT () be a bijection which preserves the quantum Xs-divergence, that is, satisfies

Ko(¢(A)llp(B)) = Ku(AllB) (A, B € L7H(x)).
Then there exists a unitary or an antiunitary operator U : 7€ — F such that
#(A) =UAU* (Ae 2L (x)).
The theorem will be proven in a separate section. We next formulate the corre-

sponding results concerning the cone of positive semidefinite operators and the state
space.

Proposition 4 Leta € [0, 1] be an arbitrary but fixed number and let ¢ : L+ () —
LT () be a bijection such that

Ko(9(A)llp(B)) = Ku(AllB) (A, B e LF(X)).
Then there is a unitary or an antiunitary operator U : 7 —  such that
p(A) =UAU* (A e Lt ().

Proposition 5 Let o € [0, 1] be an arbitrary but fixed number and let ¢ : .S () —
S () be a bijection such that

Ko (¢p(A)ll¢(B)) = Ka(AllB) (A, B € S(X)).
Then there exists a unitary or an antiunitary operator U : 7 — ¢ such that
¢(A) =UAU* (A e S X)).
The proofs of the latter two propositions can be obtained by using arguments similar

to the ones that we will employ in the proof of Theorem 3. Therefore, we will only
sketch those proofs in the last part of the next section.

3 Proofs

This section is devoted to the proofs of our results. However, let us begin with the fol-
lowing remark. We have already mentioned that in our previous works [12] and [18]
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we presented structural results concerning maps on the positive definite or semidefi-
nite cones preserving Bregman divergences, or Jensen divergences, or f-divergences.
Therefore, it is necessary to make it clear that what we obtain in the present paper,
our main result Theorem 3 is a really new result, it is independent from the previous
ones. So, we need to verify that the xé-divergences we consider here are neither f-
divergences (with the exception of the cases « = 0, « = 1), nor Bregman or Jensen
divergences on the set of all positive definite operators.

Indeed, these are very easy to see. As for f-divergences (see, e.g., Section 2 in [4]),
write A =1tI,t > 0and B = [ into

Sr(AllB) = Ko (Al|B)
and obtain that f(t) = (t — D2, ¢ > 0. It then follows that
S¢(Al|B) = Ko(Al|B)

holds for all A, B € £+ (#) which implies thata = 0 or a = 1.
As for Bregman divergences (see, e.g., Section 1 in [12]), we do something similar.
We write A =tI,t > 0and B =s/,s > 0 into

Hy(A||B) = Ko (Al B)

and, for s = 1, conclude that f is a quadratic function. Letting now s vary, we see that
the left-hand side of the equality above is quadratic in s, while the right-hand side is
not so. This gives a contradiction.

Finally, as for Jensen divergences, it is clear that they are symmetric in their variables
while the X(f—divergences are not so. Consequently, the results of the present paper are
really new. In fact, as can be seen from the arguments to be given below, the proofs
are more deep and involved than any of the previous results we have obtained so far
in this line of research.

In the next pages, we present the proof of Theorem 3. For the sake of transparency,
we divide it into three parts given in the following three subsections the first two parts
being split into several substeps.

3.1 Proof of Theorem 3: part one

In what follows, let « € [0, 1] be an arbitrary but fixed number and let ¢ :
LAY — LT () be abijective map such that

Ky (¢(A)|lp(B)) = Ko(A||B) (A, B e L (0)).
In the first part of the proof, we show that ¢ is a homeomorphism and it can be
extended to a map ¥ on the set £+ (7). (We make a remark here: observe that

ZL*(S) is a finite dimensional linear space, hence there is only one locally convex
Hausdorff vector topology on it, the topology of the operator norm, and whenever
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we use topological notions we always mean that unique topology.) Furthermore, we
also verify that the extension v is bijective on £ (J#), it almost preserves the xo%-
divergence (for the definition of this notion see Claim 12), and it preserves the trace.

In what follows we will need the continuity properties of the Xo%-divergences what
we collect below.

Remark 6 First, it is clear that the map

Ko (||B) : LT () — [0,00); A Kq(A||B) =TrB~*(A— B)B* (A —B)
is continuous for any fixed B € £ (), and the map

Ko (All) : LTH(#) > [0,00); B Kyo(A||B) =Tr B™%(A — B)B* (A — B)

is continuous for any fixed A € £ (7).

We remark that K (.||.) is not continuous in its first variable when the second
variable is a singular element of .Z " (7). To see this simple statement, let B = P be
arank-one projection and set A, = P+ (1/n)I (n € N), a sequence which converges
to A = P. Then, we have K, (A,||B) = oo foralln € Nbut K4(A||B) = 0.

We next show that the Xg-divergence is not continuous on .Z 1 (J#) in its second
variable. We consider only the case where « = 0 or @ = 1, that is when K, (.||.) is an
f-divergence. In the remaining cases, one can argue in a similar way.

In fact, we have the discontinuity already in two dimension. To this, set

1 1
wef) ]
i
1 0
P_[o O].

We clearly have B,, — P and one can verify

=

for every n € N and

2 4
KO(P||Bn):4+I’l2—2+<1+—2+_4) = 0o
n n

although K, (P||P) = 0.

We mention that this example shows that the statement Proposition 2.12 in [4]
asserting that the f-divergences are continuous on %" (%) in their second variables
is false.

We use the above-mentioned continuity properties of Ky (.||.) to prove the following
statement.

Claim 7 The map ¢ is a homeomorphism.
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Proof Since ¢ is a bijection on £ (J#) preserving the Xg—divergence, S0 is its
inverse d)‘l. Therefore, we need only to show that ¢ is continuous. Let {A, },en be a
sequence in .1 (7)) which converges to some A € .+ (7). By the continuity
of the map K, (.||A), see Remark 6, we have

lim K, (A,]|A) = K, ( lim A,
n—oo n— 00

A) = Ka(AlIA) =0.
Therefore,
nli)rréo Ko (9 (An) ll9 (A)) = 0.

On the other hand, we compute1

Ka (9 (40) 19 (A))
= Tr ($(A)7F @ (An) = $(4) ()T

(s 6 (A — pan ()T )’

o act |2 3)
2 o078 @ A —oaneT ||
_ A -G, 1Ig (A — A1,
B H"“A)% ? H"“A)%a ? 16 (Dllop
op op

The first inequality holds because the Hilbert—Schmidt norm majorizes the operator
norm, and the second inequality holds because of the submultiplicativity of the operator
norm. The term ||¢ (A)]| op is independent of n, hence, we conclude that ¢ (A,) —
¢ (A) proving the claim. O

The following assertion is a sort of identification lemma relative to the set . = (7°)
of all nonsingular states.

Lemma 8 Assume A, B € L()" are such that for all C € () we have
Ky (Al|C) = Ky (BIIC). 4)
Then we obtain A = B.

Proof By (4) we have

Tr (C*“AC“”A) “2TrA=Tr (C*“BC“*‘B) —2TrB

! The reviewer of the paper kindly called our attention to the fact that an inequality stronger than (3) could
be deduced using the techniques of Lemma 5 in [16].
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for all C € .t (). Pick arbitrary rank-one projection P € £(s¢) and let
Q=1—P.Foranyt € (0, 1) insert t P + ;%tl Q into the place of C in the displayed
formula above (d is the dimension of .77°).

First consider the case where @ = 0. We have

TrAQA —-2TrA = ;TrBPB+ 0

1 d
;TrAPA+ 1 TrBQB —2Tr B.

—1 —1

Since the functions 1, %, ﬁ are linearly independent over the interval (0, 1), it follows
that

Tr AP = TrAPA = Tr BPB = Tr B2P

holds for every rank-one projection P on .7 which implies A> = B? and then we
deduce A = B. The same reasoning works for the case where o = 1.

Now, leta € (0, 1). Again, the argument is practically the same, but the computation
is a bit more complicated. For P, Q given as above and for any 7 € (0, 1) we have

1 t a—1
;TrPAPA—}-fa (d_1> Tr PAQA

1—\" d
+ ("' Tr QAPA+ S— TrQAQA -2Tr A

d—1 —t

a—1
R Tr PBOB
d—l) rPBQ

1 _
=;TrPBPB+t «

1—t\"% . d
+ (“"'Tr QBPE + - TrQBQB —2Tr B,

d—1 —t

Using the linear independence of the functions

1
1, - ¢ ) ot G B el

—_
| —_
~

over the interval (0, 1) in the case where o # 1/2 (if o = 1/2, the last two functions
are the same) we get that Tr PAP A = Tr P B P B holds for every rank-one projection
P on J% which easily gives us that A = B. The case @« = 1/2 can be treated in the
same way. O

Claim 9 Let {A,}nen be a convergent sequence of positive definite operators on
S and let us denote its limit by A. (Clearly, A € LV(3).) Then {¢ (A,)}nen
is convergent and, obviously, lim,_, o ¢ (A,) € LT (). Consequently, it follows
that if {A,}nen and {Bplnen are convergent sequences of positive definite opera-
tors on FC such that lim,_, oo A, = lim,_ o By, then we have lim,_.~ ¢ (A,) =
lim;, 00 ¢ (By) .
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Proof Let{A,},eN be a convergent sequence of positive definite operators on .7 with
lim, 00 A, = A € £1 () and let X be an arbitrary element of .+ (7). Then,
by Remark 6,
Ky (AllX) = lim Ky (Ay]1X) = lim Ky (¢ (Ay) [19(X)) . (%)
n— o0 n—0o0

By the inequality (3) in Claim 7, we have

¢ (An) — ¢ (X113,

Ky Ay X)) >
(¢ (An) ll@(X)) = 1601,

The left-hand side of the above inequality is convergent and hence bounded, so
llg (An) — ¢ (X)ll,p, is bounded as well. Therefore, the sequence {¢ (An)}nen is
bounded. Assume that {¢ (A;)}nen has two accumulation points, say By and Bj.
That is, we have

lim ¢(Ax,) = By and lim ¢(A;) = B,
n—oo n—o0

for some subsequences {¢ (Ax,)}nen and {¢ (A}, ) }nen. The X(f—divergence is contin-
uous in its first variable when the second variable is nonsingular, Remark 6, hence

Ko (Billg(X)) = lim Ko (¢(A,)l¢(X))
and
Ko (Ballp(X) = lim Ko (¢(As,)]1¢(X))

hold for any X € Z*T (). However, the right-hand sides of the above equa-
tions coincide as the sequence {K (¢ (Ay) ||¢(X))}nen is convergent, see (5). So,
we deduced that

Ko (B1]l¢ (X)) = Ko (B2[|9 (X))

for any X € 1 (s#). By Lemma 8 we obtain that By = By. It follows that the
sequence {¢ (Ay)}nen is convergent.

We can easily show the rest of the statement, that is, that lim,_. A, =
lim,,_, oo By, implieslim, . ¢ (A,) = lim,— ¢ (By,) . Indeed, assume that { A, },,en
and {B,},en are convergent sequences of positive definite operators such that
lim, . A, = lim,_.« B,. Let the sequence {C, },cn be defined by

Cop := Ay and Cyp41 := By (neN).
Clearly, {C,, },¢n is a convergent sequence of positive definite operators, hence by the
first part of this Claim (which has been already proven) the sequence {¢ (Cy,)},eN 18

also convergent. Therefore, any subsequence of {¢ (C;)},en is convergent and has the
same limit. In particular, we have lim,_, » ¢ (A,) = lim,_ ¢ (By) . O
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Remark 10 Observe that the statements in Claim 9 hold also for ¢~ as the latter map
is also a )(O%-divergence preserving bijection just like ¢.

Now we are in the position to define the map

Y L) - LT A Y(A) = ¢(Z). (6)

lim
Z—A,Ze L ()

The definition in (6) is correct by Claim 9. The map ¢ is continuous by Claim 7,
hence ¥ (B) = ¢(B) for any B € £+ (). It follows that v is an extension of ¢.
By Remark 10, we can also define the transformation

U L) - LEH); A YR (A) = ¢~ '(2).

lim
Z—A,Ze L ()

Claim 11 The above defined map * is the inverse of ¥, that is, Yy o y* = Y oy =
id ¢+ (). In particular, V is bijective.

Proof We only show that ¥* o ¢ = id ¢+ () as the equality ¥ o ¥* = id o+ )

can be proven very similarly. Let A € Z1(J7) be arbitrary and let {A,},eN be a
sequence of positive definite operators on ¢ with lim,—. A, = A. Then

Y(A) = lim ¢ (An)
and thus, by the definition of ¥/*, we have
U (Y(A) =y~ (nlgrolofb (An)) = ,}EEO")_I (¢ (Ap)) = A.

O

Claim 12 The transformation { almost preserves the Xg-divergence by what we mean
that

Ko (Y (MY (B)) = Ko (AllB)
holds for any A € L (A°) and B € LT+ (H). The same is true for the map ¥~

Proof Pick A € £V (), B € £ () and let {A,,},en be an arbitrary sequence
of positive definite operators on .7’ converging to A. Then

Ka (W (A)I1Y(B)) = Ko ((A)]$(B) = Ka ( lim ¢ (A lI6(B))
= lim Ko (@ (A 119(B) = lim Ko (A,]|B) = Ka (AIIB).

The verification of
Ko (0T I (B)) = Ko (AIB) (A€ LF(), B e 27H00))
is similar. O
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Claim 13 The map ¢ : LTV () — LT () preserves the trace, that is,
Tr¢p(C)=TrC (Ce LT ().
Proof For any positive definite operators B, C and X on /7 we have
Ko (X||B) — Ko (X||C) =Tr B *XB* 'X —TrC™*XC* 'X +TrB—Tr C.
Therefore, the set
{Ka (X||B) — Ka (X||O)|X € 27 ()}
is bounded from below if and only if the inequality
TrB™*XB* 'X > TrCc*XxC*'X
holds for every positive definite X. Moreover, in this case we clearly have
inf {Ky (X||B) — Ko (X]|O)|X € LT ()} =Tr B —TrC.

Now, assume that B < C holds for some positive definite operators B and C on 7,
that is, C — B is positive semidefinite. Then

{Ka (X[|B) — Ko (X]|O)|X € ZHH ()}

is bounded from below. Indeed, by the Lowner-Heinz theorem (see, e.g., [1, The-
orem 2.6]), the map t — 7 is operator monotone decreasing on (0, co) for any
p € [—1,0]. Therefore, B~ > C~* and B*~l > ¢! for any « € [0, 1]. Con-
sequently, X% B‘"‘X% > X%C_“X% and X%B“_IX% > X%C"‘_IX% holds for any
X € LT (). It is folklore that an operator A € % () is positive semidefinite
if and only if Tr AT > 0 for any T € £ (J#). Therefore,

TeB*XB* !X = Tr (X%B""X%) (X%BO"IX%)
>Tr (X%C_"X%> (X%B‘HX%) >Tr (X%C—“X%) (X%C‘HX%)
=Trcoxce!x
holds, so we have the required boundedness from below.
Let us now pick some C, D € ZT7 () and choose an ¢ > 0 such that e < C
and ¢/ < D. Then, as we have seen above,

{Ko (X|le]) — Ko (X||IC)|X € L7 (52}

is bounded from below and
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inf {Ky (X||e]) — Ko (X]|C)|X € LT ()} =Trel —TrC.
Similarly,
{Ko (X|lel) — Ko (XIID)|X € L7 ()}
is bounded from below and
inf {Ky (X||e]) — Ko (X||D)|X € L ()} =Trel —Tr D.
By the bijectivity of ¢ one can see that

{Ko (X|le]) — Ko (X[|O)|X € L))
= {Ko (X|l¢ (1)) — Ko (Xl (C))|X € ZTT (00},

hence the latter set is also bounded from below, and its infimum is Tre/ — Tr C. On
the other hand, by the first observation of the present proof, this infimum is equal also
to Tr¢ (¢1) — Tr ¢ (C). Hence, we have

Trel —TrC =Tr¢ (el) — Trep (C)
and very similarly we get
Trel —TrD =Tr¢ (el) —Tr¢ (D).
Consequently,
Tr¢ (C) —TrC =Tre¢ (D) —Tr D.
The operators C and D were arbitrary, so we derive that
Tr¢p (C)=TrC+68 (Ce L))

for some § € R which is independent of C. Clearly, § < 0 is impossible and the
bijectivity of ¢ excludes the possibility 6 > 0. So we infer that § = 0 implying
Tr ¢ (C) = Tr(C) for any C € LTF(#). |

Claim 14 The map v : LT () — LT () also preserves the trace, that is, we
have

Try(A)=TrA (AeZLT(X)).
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Proof Let A € £+ () and select a sequence {A, }, <y of positive definite operators
on JZ converging to A. Then by the trace-preserving property of the map ¢, Claim 13,
and by the continuity of the trace functional, we have

Try(A) =Tr lim ¢ (A,;) = lim Tr¢ (A,) = lim Tr A, = Tr A.
n—oo n—oo n—0oQ

Remark 15 Clearly, the transformation v~ also preserves the trace.

3.2 Proof of Theorem 3: part two

In this subsection let & : S() — () be a bijective map such that
E(STT () = ST () and assume that

Ky (§(A)[|E(B)) = Ko (A]|B) @)

holds for A € . () and B € ./ T (7).
In what follows we prove that & equals a unitary or an antiunitary conjugation on

SIH(H).

Claim 16 Let B € L+ () be fixed. The map

Ko(||B) : LT () — [0,00); Ar> Ky(A||B) =Tr B"“(A — B)B* (A —B)
is strictly convex.

Proof Indeed, we have

Ko(Al|B) = TrB™“AB* 'A—2TrA+Tr B

o oa— 2
- HB_TABT] ‘HS _QTrA—TrB).

The first term is strictly convex in A since the Hilbert—Schmidt norm is strictly convex,
and the second term is affine in A. This implies the assertion.? O

Claim 17 The map & restricted to P1(F) is a bijection from P\ (F) onto itself.

Proof We have seen in Remark 6 and Claim 16 that the map K, (.||B) : L1 () —
[0, 00); A — Ky (A||B) is continuous and strictly convex on £+ (%) for any fixed
B € £t (#). Therefore, so is the restriction of K (.|| B) to the compact and convex
set S () C LT () of states.

2 Thereviewer of the paper pointed out that the convexity part of this statement follows also from a celebrated
result of Lieb, see Corollary 2.1 in Convex trace functions and the Wigner—Yanase—Dyson conjecture,
Advances in Math. 11 (1973), 267-288.
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Recall that d denotes the dimension of the Hilbert space .77. On the one hand, if

K, (PH$I> =max{Ka (XH%I)‘X € Y(%”)}

holds for some P € ./ (), then P is an extremal point of .¥() by the strict
convexity of Ky (| | }11 ) . This implies that P € &1 (7). On the other hand, for any
P, Q € P (H) there exists some unitary U € £ () such that Q = UPU*. By
the clear unitary invariance of the Xo%—divergence, we have

Ky <QH$1> = Kq (UPU* UélU*) = Kq (pH%) _

Therefore, Ky (.|| dll ) is constant on & () which means that for any P € 2 ()
we have

R Y R

We deduce that for P € . () we have P € & (5¢) if and only if (8) holds.
By the preserver property of £ we have

1 1
ke (o] [3) = e (s s (31))
for any X € .#(J). Therefore,

P e P\(H) = Ky (PH%I) = max{Ka <XH$I>‘X € y(%)}

) e S )

= §(P) € P\(H),

because the map K, (.||& (%I )) is also strictly convex by Claim 16.

Consequently, we obtain that & (£ (7)) C £ (). In the above argument, we
can replace & by €1, hence £ ! (2 () C 21 (H) also holds. This means that &
maps &1 (J€) bijectively onto itself. O

We note that the computation rule
Tr RXRY =TrRX - Tr RY O]

can be verified by easy computation for any operators X, Y € .Z(J¢) and for any
rank-one projection R € &1 (7). This will be used in the sequel several times.
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For the sake of simplicity, let us introduce the notation
KiX|IY) = Ko(XIIY)+1 (X e LT(H), Y € LTH ().

An easy but useful consequence of (9) is that for any nonsingular density operator D
with spectral resolution

m m
SIS D =Y AP A > o> > Ay >0, Y Ajrank (P) = 1
j=1 j=1
(10)

we have for every rank-one projection R on .77 that

KX(R||D) = Tt RD™“RD*' = Tr RD™® - Tr RD*™!

= Z(Tr RPj)* (Z(Tr RPk)AZI> ) (11)

j=1 k=1

The formula (11) clearly shows that

1
min {K} (X||D)|X € 21()} = " (12)
and
1
max {K} (X||D)|X € 2,()} = . (13)

Moreover, we have

K} (R|ID) = min {K} (X||D)|X € 21()} ifandonlyif R < P,  (14)
and

Ki(R||D) = max {K} (X||D)|X € 2,()} ifand only if R < P,,.  (15)

Claim 18 The map & o, () : P1(H) — P1(H) preserves orthogonality in both
directions.

Proof Clearly, since £ and £ ! have similar properties, it is enough to prove that
& preserves orthogonality only in one direction, i.e., it maps orthogonal rank-one
projections to orthogonal ones.

Select P, Q € &?1(s7) such that PQ = 0, and let

B:=AP+v(I—(P+ Q)+ pn0, (16)
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where 1 > A >v > u > 0,and A + (d — 2)v + u = 1. (Recall that d denotes the
dimension of the Hilbert space .77.) The operator B defined in (16) is a nonsingular
element of . (7€), hence by (12) and (14), we have

min {K} (X||B)|X € 2/()} = o

and the minimum is taken if and only if X = P, and by (13) and (15) we also know
that

max (K} (X||B)|X € 21(A)} = i

and the maximum is taken if and only if X = Q.
The transformation & maps the set &1 (%) bijectively onto itself, see Claim 17,
and satisfies (7). Hence

1
min {K} (X||E(B))|X € 2()} = 5= K (£(P)||£(B))
and
1
max {K (X||E(B)|X € 21()) = ~ = Ka G(ONIEB)).

Clearly, £(B) is an invertible density operator. By (14) and (15), K (R||&(B)) is
minimal if and only if R < P,, where P, stands for the eigenprojection of &(B)
corresponding to the greatest eigenvalue, and K} (R||£(B)) is maximal if and only if
R < P;, where P, stands for the eigenprojection of £ (B) corresponding to the smallest
eigenvalue. (Observe that the greatest and the smallest eigenvalues of £(B) cannot
coincide since K (X||€(B)) takes the different values 1/X, 1/p as X runs through
the set of rank-one projections.) It follows that £(P) and £(Q) are subprojections of
two different eigenprojections of £(B) and hence we have £(P)&(Q) = 0. O

Claim 19 The map & o, ) : P1(H) — P1(IH) preserves the transition proba-
bilities meaning that it satisfies

Tr&(P)e(R) = Tr PR (P, R € P,()).
Proof Let P € &\ () and set
C:=AP+pul—P),
where ] > A >pu>0,andA+ (d—1)u =1.Let R € &, (). Then

R =P < K} (R||C) =min {K} (X||C)|X € 2,(¢)}
= K; E(R)E(0)) = min {K; (X[|E(C)|X € 21(A)].
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This means that £(P) is the one and only rank-one projection which is majorized by
the eigenprojection of £(C) corresponding to the greatest eigenvalue.

We can easily see by (13), (15) that K (R||C) = ﬁ for any R € & () which is
orthogonal to P. On the other hand, by Claim 18, we have PR = 0 <= &£(P)&(R) =
0, s0 K} (X]|£(C)) = 14 holds for any rank-one projection X which is orthogonal to
&(P). This means by (12)-(15) that

E(C)=rEP)+n —§(P)).
By (11) we get that

Ky E(RIIEC) = (Tr&(REP) + (1 = TrE(RIE(P) )
x (Tre(RE(P* + (1 = Trs(REPHL)

for any R € &1(7). Comparing this to another consequence of (11), namely,
KX (RIIC) = (Tr RPA™ + (1 = Tr RP) ™) (Tr RPA 4+ (1 —Tr RP)M""]) ,
from the equality K} (£(R)[|€(C)) = K (R]|C) we can deduce that
Tr£(P)E(R) = Tr PR
holds for any R € (). Indeed, to see this, it is enough to check that

K} (E(R)|IE(C)) is strictly monotone decreasing in Tr£(P)&(R) and K} (R||C) is
strictly monotone decreasing in Tr PR. O

Let us now recall Wigner’s famous theorem on the structure of quantum mechanical
symmetry transformations. It states that any bijection of &2 (%) onto itself which
preserves transition probabilities (i.e., preserves the trace of the products of rank-
one projections) is necessarily implemented by a unitary or an antiunitary operator.
Therefore, we get that

& 2,0 (R)=URU* (R e P(H))
for some unitary or antiunitary operator U acting on 7.

We intend to show that £(A) = UAU* holds for any A € .7 (7). We mention
that the core idea of the proof of this step appeared in [8], and that technique was
further developed in [17]. Let us define the map &' : .7 () — /() by

E'(A) =U"E(AU (A e (H).

By the assumptions, £’ has the same properties as & plus it has the additional property
that it acts identically on the set &1 (J¢). Therefore,

Ko (PIIE'(A)) = Ko (§'(P)IIE'(A)) = Ko (P[|A) 7)
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holds for any A € .+ () and for any P € Z?|(5¢). Considering the Eq. (12),
it is clear by (17) that that the greatest eigenvalues of A and &’(A) coincide and, by
(14), it is also clear that the eigenprojections corresponding to the greatest eigenvalues
coincide, too.

The formula (11) shows that, similarly to the Eqs. (12) and (14), the following holds
(here we use the notation of (10), A being in the place of D):

min {K} (X||A)|X € 2/(H#), XP; =0} = /\i
2

and
Ki(R||A) = min {K} (X||A)|X € 2,(#), XP, =0}
<= RPi=0,R < P.
By (17) this means that the second greatest eigenvalues of A and &’(A) coincide, and
so do the corresponding eigenprojections. Continuing this process, after finitely many
steps we get that &'(A) = A. Therefore, £’ acts as the identity on the set of nonsingular

densities, as well. This means that £ (A) = UAU* forany A € .71 (J#) as asserted
in the beginning of this subsection.

3.3 Proof of Theorem 3: part three

We are now in a position to complete the proof of Theorem 3. In what follows let ¢,
Y be as in Sect. 3.1. Introduce the notation

LAY, ={Ae LT () TrA=1}.
Observe that . (%), equals the state space which is denoted by .¥(.5¢). Further-
more, observe that by the trace-preserving property given in Claim 14, v restricted
to L+ (), is a bijection of that set onto itself. In particular, i restricted to .7 (%)
is a bijection from ./(.7) onto itself. Straightforward computations show that the
xf—divergence is homogeneous, that is,

Ko (LA|IAB) = 1Ky (A||B) (A, B e LT(H), A €0,00)).

For any A € (0, 00), let us define a map ;. in the following way:
1
Yo S(H) — S(H), A (A = Xw (LA).

The map v, satisfies (7) because

1 1
Ko (Y (A)[¥1(B)) = Ky <X1ﬁ (A v (XB)>

1 1
7 Ke (0 QA [V (AB)) = Ko ALA|IAB) = Ky (A]|B)

@ Springer



Maps on positive definite operators preserving the...

holds for any A € (), B € T (J) and A € (0, 00). Moreover, by the
bijectivity and the trace-preserving property of i, the map ¥, is abijection on .7 (7).
Moreover, it acts bijectively on .t (#), because

1 1
Va(A) =~y A4) = ~¢ (A4)

holds for any invertible density A and A € (0, 00), and ¢ is a trace-preserving bijection
on LT (). So, the results in Sect. 3.2 apply and for any A € (0, co) we have that
there is a unitary or an antiunitary operator U, on ¢ such that

¢ (rA) = U, WA U5

holds for any nonsingular density operator A on .7#°. We need to show that U, does
not depend essentially on the parameter A meaning that all U,’s induce the same
similarity transformation. In order to verify this, fix positive real numbers A, . Choose
A, B € ST (s#). We have

Koy(AA||uB) = Ko (9 (A A)19p(1B)) = Ko (Ur AAYUS||U, (B U};)
from which we easily deduce that
Tr B~“AB“"'A =Tr U, B *U}U,AU; U, B*~ U U, AU;
holds for any A, B € .t (7). Denoting V = U, U, we have
TrB *AB* 'A =Tt B"*VAV*B* 'VAV*

forall A, B € /T (). Fix B € .71 (s¢). Then, first for all A € .#++(5#) and
then for all A € £+ (%) and finally for all A € £ (J#) we have

Tr B “AB* 'A = Tr(V*B *V)A(V*B*"'V)A.
Linearizing this equality, i.e., writing A+ A’ in the place of A we infer that the equality

TrB “AB* 'A'+ TrB™A'B*'A
=Tr(V*B “V)A(V*B*'V)A' + Tr(V*B*V)A'(V*B*"'V)A

is valid for any A, A’ € £ T (). We can rewrite this in the following way:

Tr (B‘“AB“‘l T B“—lAB—“) A

= Tr ((V*B"’ VYA(V*B1V) + (V* B V) A(V* B~ V)) Al
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forany A, A’ € £ 7 () and then for any A, A’ € £ (%), too (every operator is a
linear combination of positive semidefinite ones). It easily follows that
B *AB*! 4 B*~1AB™®
= (V*B™*V)A(V*B*"'V) + (V*B*'V)A(V*B~V)

holds for any A € Z(s¢) and B € /1T (). It is easy to see that, plugging
B~/ Tr B~ ! into the place of B, we next have

BYAB'™® + B'"“AB* = (V*B*V)A(V*B'™V) + (V*B'"V)A(V*B*V)

forany A € .Z(5#) and for any B € £ (5¢) and then for any B € £ (%), too.
Assume 0 < @ < 1. Then it follows that for any projection P on ¢ we have

2PAP =2(V*PV)A(V*PV) (A € L(H)).

This easily implies that P = V*PV for all projections P on . This further gives
that V equals the identity multiplied by a complex number of modulus 1. It follows that
U,., Uy, are linearly dependent for any A, 1« and hence they induce the same unitary or
antiunitary similarity transformation. The argument is similar but simpler in the case
where « is either 0 or 1. Consequently, we have a unitary or antiunitary operator U on
¢ such that

P(A) =UAU* (A e LT (0)).

This completes the proof of our main result Theorem 3.

3.4 The sketches of the proofs of Propositions 4 and 5

This subsection is devoted to give the sketches of the proofs of our results concerning
bijective maps preserving the xé—divergence on the cone of all positive semidefinite
operators or on the state space.

First, we consider Proposition 4. Let ¢ be the map given there. We observe that
a positive semidefinite operator B on .7 is nonsingular if and only if we have
K4 (A||B) < oo for every A € £ (). Thus we infer that

¢ (LTH0) = L),

Clearly, the restriction ¢ ¢++( ) satisfies the conditions of Theorem 3, hence we
have a unitary or an antiunitary operator U : 5 — .7 such that

p(A) =UAU* (Ae LT ().

Next, we observe that using the same argument as in the proof of Claim 9, we can
show that for A € LT (), {A,}2, C L1 () with lim,_, o A, = A, we have
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that {¢ (Ap)}nen 1s convergent. Let L = lim, o0 ¢ (A,). To see that L = ¢ (A), for
any B € 11 () we compute

Ko(Lll9(B)) = lim Ko (¢ (An)ll¢(B))
= lim Ko (Ay[|B) = Ko(Al|B) = Ku(¢(A)]l¢(B))

which, by Lemma §, implies that ¢ (A) = L. (Note that this does not give the continuity
of ¢ on £+ (s#).) Hence we obtain

#(A) = lim ¢(A,) = lim UA,U* = UAU*
n—oo n—oo

forany A € £ () with some given unitary or antiunitary operator U on .. This
proves the statement in Proposition 4.

As for Proposition 5, let ¢ be the map given there. As above, we can easily deduce
that

¢S = STH(H)

and that ¢ satisfies (7). Therefore, by the results of Sect. 3.2, we have a unitary or an
antiunitary transformation U : 77 — 7 with

p(A) =UAU* (AesTH(w)).

The proof can now be completed in a way very similar to the last part of the proof of
Proposition 4.

4 Conclusion, open problems

Above we have proven that any bijective map on any of the convex sets £ 1 (),
LT (), S () which preserve the yx2-divergence is a unitary or an antiunitary
similarity transformation. This gives the somewhat surprising conclusion that although
the quantity K,(.||.) is highly nonlinear in its variables, the bijective maps which
preserve it are linear, more accurately, affine automorphisms of the underlying convex
sets.

We finish the paper with two very natural and exciting questions to which we do not
have answers and hence we leave them as open problems. First, we ask if the bijectivity
assumptions in our results above can be relaxed. Second, what is the structure of those
bijective maps on the sets £+ (&), L1 (), 7 () which preserve a general y2-
divergence given in (10) on page 122201-3 in [15]. The arguments we have presented
in this paper may convince the reader that those questions are most probably difficult
and hence rather challenging and may therefore be the targets of further investigations.
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