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ABSTRACT. This paper is concerned with the problem of finding common fixed points for a
family of Bregman relatively weak nonexpansive mappings. The motivation is due to our finding
of some gaps in a paper of K. S. Kim (Nonlinear Analysis, 73 (2010), 3413-3419), where the
author was developing a hybrid iterative scheme for locating common fixed points of a nonlinear
representation of a left reversible semigroup. After a brief discussion about the gaps and why
they are fatal, we present a new approach by using Bergman type nonexpansive mappings. A
correct version of Kim’s convergence theorem is given as a consequence of our new results, which
also improve and extend some recent results in the literature.

1. INTRODUCTION

Let S be a semigroup. Let C' be a nonempty closed and convex subset of a (real) Banach space
E with dual space E*. Let T := {T'(s) : s € S} be a representation of S as mappings from C' into
C such that

T(st) = T(s)T(t), Vs,t€S.

Assume the set F(T) of common fixed points of all T'(s) in 7 is nonempty. The question is to
establish an algorithm to locate the elements in F'(7). Note that S can be uncountable, while an
“effective” algorithm is expected to finish in almost finite, i.e., countably, many steps.

A translation invariant subspace X of [°°(.S) is called rich for T if X contains the constant func-
tions and all the “matrix entries” of the representation 7, namely, the functions s — (T'(s)x, z*)
with z € C and z* € E*. Assume also that every point z in C is weakly almost periodic for T,
i.e., the set {T'(s)x : s € S} is relatively weakly compact in E. Then, as in [7], for each z in C
and each mean p on X, there exists a unique point 7,,x in E, called the barycenter of T'(-)x with
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respect to pu, in the sense that

w(T()x,z*) = (Tyx,x*), Vaz* e E*.

It follows from the strong separation theorem that 7},x is contained in the closure of the convex
hull of {T'(s)x : s € S} for each x in C. In particular, F(T) C F(T}), the set of fixed points of
T,. Conversely, we consider an asymptotically left invariant sequence {{,} of means on X; i.e.,

lm(pn(lsf) = pn(f)) =0, Vs S, feX.
Here, I; denotes the left translation by s defined by
Is(f)(z) = f(sz), VfeX, xzeb.
It follows from [9, Lemma 3.5] (see also [13]) that
(1.1) l%gf||Tunz—z|| =0 = zeF(T).
This implies

(1.2) F(T) = F(T,)

Consequently, the question of finding common fixed points of 7 reduces to that of finding those
z in C satisfying (1.1), or finding common fixed points of the sequence {7}, }.

In 2010, K. S. Kim [9] provided the following plausible strong convergence theorem for a class
of representations for left reversible semigroups. Recall that a topological semigroup S with an
identity is left reversible if every two closed right ideals of S intersect, i.e., aSNbS # @ for all a,b
in S.

(False) Assertion 1.1 (Kim, [9, Theorem 4.1]). Let C' be a nonempty, closed and convex subset
of a uniformly convex and uniformly smooth Banach space E. Let T = {T(s) : s € S} be a
representation of a left reversible semigroup S as relatively nonexpansive maps from C into C

with F(T) # 0.

Let X be a rich subspace of £>°(S) for T, and let {pn}nen be an asymptotically left invariant
sequence of means on X. LetT), be the barycenter representation of T associated to each p,. Let
{an}nen be a sequence in (0,1) such that lim, o o, = 0. Let {xy, }nen be a sequence generated
by the following algorithm

xg =x € C' chosen arbitrarily,

Ch=0C,

z1 = ¢, o,

Y = J HanJzr + (1 — an)J T, x0)],

Cny1={2 € Cn: 9(2,4n) < and(2,21) + (1 — an)d(2, 20)},

Tpt1 = g, 21 forn € N.

(1.3)
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Here, J : E — E* is the normalized duality map and Ilp is the generalized projection from C
onto a nonempty closed convex subset D of C.

Then {n}nen converges strongly to the fived point Upiryz1 of T.

Unfortunately, there are some gaps in the original proof of Assertion 1.1. For example, in
[9, line -11, p. 3416], the author derived that {x,},en is a Cauchy sequence after he showed
limy, o0 || Zn+m — znl| = 0 for all fixed m = 1,2,.... It is not a tautology, however, as x, =
> k_q 1/k verifies.

After some preparations, we will provide in §2 a concrete counter example to demonstrate that
the original plan proving Assertion 1.1 in [9] does not work.

In §3, we collect some necessary definitions and preliminary results for introducing the recent
developed notions of Bregman type nonexpansive mappings. As an extension of nonexpansive
mappings, the class of Bregman type nonexpansive mappings appears in many applications. The
theory of fixed points involving Bregman distances and Bregman type nonexpansive mappings
are studied in, e.g., [1, 2, 17].

In §4, we present a correct version of Assertion 1.1. In a more general setting, we will study
the problem of finding common fixed points for an arbitrary family of Bregman relatively weak
nonexpansive mappings, and obtain strong convergence theorems by hybrid schemes of Halpern
types. The method of the present paper is different from the original one proposed by Kim in [9]
and our results improve and extend some recent results in the literature, for example, [14, 15].

Finally, we mention that the hybrid projection method was first introduced by Hangazeau in
[6]. In [8, 10, 25], the authors investigated hybrid projection method. As a generalization of the
hybrid projection method, the shrinking projection method was first introduced by Takahashi et
al. in [25]. Our approach in this paper follows this line.

2. A COUNTER EXAMPLE

In the following, we let C be a nonempty, closed and convex subset of a smooth, strictly convex
and reflexive (real) Banach space E. We denote by x,, — = and x,, — z, respectively, the strong
and weak convergence of a sequence {x, }nen to  in E. For any x in E, the value of a bounded
linear functional z* in the Banach dual space E* of E at x is denoted by (z,z*). When E* is
strictly convex, one can define a single-valued normalized duality map J : F — E* such that Jx
is the unique functional satisfying

(@, Ja) = |z|* = [|Jz]>.

When E is uniformly smooth, J is uniformly norm-to-norm continuous on bounded subsets of F.
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The generalized projection IIo from E onto C' is defined by
HC(%’) = a'rgminyec ¢<y7 1’),
where
$a,y) = [lz|* - 2{z, Jy) + |ly|*.
When E is a Hilbert space, we have ¢(x,y) = ||z — y||?.
Let T : C — C be a map. The set of fixed points of T" is denoted by
FT)={zeC: Tz =z}

A point p € C is said to be an asymptotic fixred point [19] of T if there exists a sequence z,, — p
in C such that lim,, o ||z, — T'zy|| = 0. If we have z,, — p instead, we call p a strong asymptotic
fized point of T'. The set of all asymptotic and strong asymptotic fixed points of T are denoted
by F,(T) and F,(T), respectively. Clearly,

F(T) C Fsa(T) € Fo(T).

Following Matsushita and Takahashi [14] and Kim [9], we call T a relatively nonexpansive (resp.
relatively weak nonexpansive) map if Fo(T) = F(T) # 0 (resp. Fso(T) = F(T) # () and

d(u,Tx) < p(u,z), Yue F(T), zeC.

Let us return to the promised counterexample to Assertion 1.1, i.e., [9, Theorem 4.1]. In [9]
the proof of its Theorem 4.1 is divided into three parts.

Step 1. {zy, }nen is well defined.
Step 2. lim, oo ||z — Ty, 2n|| = 0, and based on this assertion, z, € F(T),Vn =1,2,....
Step 3. p= hmn_mo Iy = HF(’T)xl-

Unfortunately, we discovered gaps and errors there. Beside the false statement lim,, oo ||Zn4+m —
Zpl| = 0, Vm = 1,2,..., implying that {z,} converged (to p) as mentioned before, we also find
that the conclusion in Step 2 does not hold either. More precisely, we do not see the validity of
using [9, Lemma 3.5], i.e. (1.1), to conclude x,, € F(T). Indeed, x, ¢ F(T) in the following
example.

Example 2.1. Let S be the left reversible additive semigroup of nonnegative integers in discrete
topology. Define T;, : R — R (so C' = R here) by

Th(x) = e "z,

forn=0,1,2,.... It is plain that 7 = {7}, },es is a representation of the additive semigroup S as
relatively nonexpansive (indeed, contractive and linear) mappings with the common fixed point

set F' = {0}.
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Let X C ¢°(S) be the Banach space of all convergent real sequences, and let u, be the point
evaluation at n = 1,2,.... Then {u,} is an asymptotically left invariant sequence of means on
X, and T, = T, is the barycenter representation of 7 associated to each p,. If {x,}nen is a
sequence defined by (1.3) above with xg # 0, then z,, ¢ (\,cq F'(Ts) = {0} for each n > 0.

However, it follows from ||z, — Tzy| — 0 that (1 —e ™)z, — 0 and hence z,, — 0. Therefore,
the implication from the first part of Step 2 to Step 3 still holds. One shall see our new Theorem
4.3 below applies to this example. A numerical demonstration is given in §5.

3. BREGMAN DISTANCE AND BREGMAN TYPE NONEXPANSIVE MAPPINGS

Let E be a Banach space, and let g : E — (—o0,+0o0] be a convex function. Denote by
domg = {zx € E : g(x) < 400} the domain of g. For any point z in the interior of dom g, the
right-hand derivative g°(z,y) of g at x in the direction y is defined as

(3.1) P(,y) = im g(z + tyt) —9(@)

The function g is said to be Gateaux differentiable at x if limy_,q w exists for any y # 0.

In this case, g°(z,y) coincides with (y, Vg(x)). Here, the vector Vg(z) in E* is the value of the
gradient Vg of g at x. The function g is said to be Fréchet differentiable at x if the limit in (3.1)
is attained uniformly wherever |ly|| = 1. The function g is said to be Gateaux differentiable or
Fréchet differentiable if it is Gateaux differentiable or Fréchet differentiable everywhere. Finally, g
is said to be uniformly Fréchet differentiable on a subset X of F if the limit is attained uniformly
for all z in X and ||y|| = 1.

It is well known that if a continuous convex function g : £ — R is Gateaux differentiable, then
Vg is norm-to-weak* continuous (see, e.g., [4]). It is also known that if g is Fréchet differentiable,
then Vg is norm-to-norm continuous (see, e.g., [12]).

Let Sp = {2z € E: ||z|| =1} and B, := {z € E : ||z|| < r} for all » > 0. Define the gauge
pr :[0,400) — [0, 4+00] of uniform convexity of g by

ag(z) + (1 —a)g(y) —glaz + (1 — a)y)

(1) = inf , Vt>0.
orlt) 2,y€ By la—y|=t.ae(0,1) a(l —a)
Define o, : [0, +00) — [0, +00] by
1—a)t 1-— —aty) —
() = sup agle+ (1= a)ty) + (1 —a)glz —aty) —g(z) -
2€B, yeSp.ac(0,1) o(l —a)

We call the function g strongly coercive if

9(n) = +400.

11m =
l[2n | —+oo ||Zn]]
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We call g bounded on bounded subsets of E if g(B,) is bounded for each r > 0. We call g uniformly
convez on bounded subsets of E ([27], pp. 203, 221) if p,(t) > 0 for all r,¢ > 0. Finally, we call g
uniformly smooth on bounded subsets of E ([27], pp. 207, 221) if limy g UTT@) =0 for all » > 0.

Let F be a Banach space. Let g : E — R be a convex and Gateaux differentiable function. The
Bregman distance [3] corresponding to g is the function Dy : E x E — R defined by

Dy(z,y) = g(x) —g(y) — (x —y,Vg(y)), Y,y € E.

It is clear that Dg(x,y) > 0 for all z,y € E. When E is a smooth Banach space, setting
g(z) = ||z|?, we obtain that Vg(z) = 2Jx and hence

Dy2(z,y) = ¢(x,y), Va,y€ E.

The following definition is slightly different from that in Butnariu and Iusem [4].

Definition 3.1 ([12]). Let E be a Banach space. The function g : E — R is said to be a Bregman
function if the following conditions are satisfied.

(1) g is continuous, strictly convex and Gateaux differentiable;
(2) the set {y € E': Dy(x,y) < r} is bounded for all z in £ and r > 0.

Let C' be a nonempty and convex subset of E. It follows from [16] that for z in £ and z¢ in C
we have

(3.2) Dy(zo,x) = Hliél Dgy(y,z) if and only if (y — o, Vg(z) — Vg(zg)) <0, VyeC.
ye

Furthermore, if C' is a nonempty, closed and convex subset of a reflexive Banach space E and
g : E — R is a strongly coercive Bregman function, then for each = in E, there exists a unique xg
in C' such that

D = min D )
g(xO;fr) ggg g(y:x)

In this case, the Bregman projection projgc from F onto C' is defined by projgc(ac) = zp. It is well
known that

(3.3) D, (y, proj%x) + D, (proj%m,a:) < Dy(y,z), VyeC,xeck.
See [4] for more details.

Lemma 3.2 ([18]). Let E be a Banach space and g : E — R a Gateaux differentiable func-
tion which is uniformly conver on bounded subsets of E. Let {xp}nen and {yn}nen be bounded
sequences in E. Then

lim Dy(xn,yn) =0 <= le |xn — ynll = 0.

n—o0
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Let E be a reflexive Banach space. For any proper, lower semicontinuous and convex function
g: E — (—o00,+00], the conjugate function g* of g is defined by
g*(z*) = sup{(z,2*) — g(z)}, Va*e E"
zeE

It is well known that

9(x) +g"(z%) = (z,2%), V(z,2%) € ExE",
and

(z,2%) €9 <= g(x)+4g"(z7) = (z,27).

Here, Og is the subdifferential of g [22]. We also know that if g : E — (—o00, 00| is a proper,
lower semicontinuous and convex function, then g* : E* — (—o0,+0o0] is a proper, weak™ lower
semicontinuous and convex function; see [24] for more details.

The following lemma follows from Butnariu and Tusem [4] and Zalinscu [27].

Lemma 3.3. Let E be a reflexive Banach space and g : E — R a strongly coercive Bregman
function. Then

(1) Vg : E — E* is one-to-one, onto and norm-to-weak* continuous;
(2) {x —y,Vg(x) — Vg(y)) =0 if and only if x = y;

(3) {x € E: Dy(x,y) <r} is bounded for all y € E and r > 0;

(4) dom g* = E*, g* is Gateaux differentiable and Vg* = (Vg)~ 1.

The following result was first proved in [5] (see also [12]).

Lemma 3.4. Let E be a reflexive Banach space, g : EE — R a strongly coercive Bregman function,
and V the function defined by

V(z,2") =g(x) = (z,2") + ¢"(z"), wx€E, z"ckE"
Then the following assertions hold:

(1) Dy(x,Vg*(z*)) = V(x,2*) for all x in E and x* € E*.
(2) V(z,z*) + (Vg*(z*) — z,y*) < V(x,z* +y*) for all z in E and z*,y* € E*.

We know the following two results from [27].

Theorem 3.5. Let E be a reflexive Banach space and g : E — R a convex function which is
bounded on bounded subsets of E. Then the following assertions are equivalent:

(1) g is strongly coercive and uniformly convex on bounded subsets of E;

(2) dom g* = E*, g* is bounded and uniformly smooth on bounded subsets of E*;

(8) dom g* = E*, g* is Fréchet differentiable and Vg* is uniformly norm-to-norm continuous on
bounded subsets of E*.
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Theorem 3.6. Let E be a reflexive Banach space and g : E — R a continuous convex function
which is strongly coercive. Then the following assertions are equivalent:

(1) g is bounded and uniformly smooth on bounded subsets of E;

(2) g* is Fréchet differentiable and ¥V g* is uniformly norm-to-norm continuous on bounded subsets
Of El* ,.

(3) dom g* = E*, g* is strongly coercive and uniformly conver on bounded subsets of E*.

Definition 3.7. Let C be a nonempty, closed and convex subset of a reflexive Banach space F.
Let g : E — (—00,+400]| be a proper, lower semicontinuous and convex function. A mapping
T:C — C is said to be

(1) Bregman quasi-nonezxpansive, if F(T) # () and
Dy(p,Txz) < Dy(p,z), Vpe F(T),xzeC.

(2) Bregman relatively nonexpansive (resp. Bregman relatively weak nonezpansive) if
i. F(T) is nonempty;
ii. Dy(p,Tx) < Dy(p,x),Vp e F(T),z € C;
iii. Fy(T) = F(T) (resp. Fyo(T) = F(T)).

It is clear that quasi-nonexpansive (resp. relatively nonexpansive, relatively weak nonexpansive)
maps are exactly Bregman quasi-nonexpansive (resp. Bregman relatively nonexpansive, Bregman
weakly quasi-nonexpansive) with respect to the Bregman distance D, with g(z) = ||z[?. It is
also clear that every Bregman relatively nonexpansive mapping is Bregman weakly relatively
nonexpansive, and every Bregman relatively weak nonexpansive mapping is Bregman quasi-
nonexpansive. However, the converses are in general not true. For more details, we refer the
readers to [18].

We call T : C' — C a closed map if we have Txy = yy whenever x,, — zg in C with Tz,, — yo.
It is easy to verify that any Bregman quasi-nonexpansive closed map T : C' — C' is a Bregman
relatively weak nonexpansive mapping. To this end, let {x,},en be a sequence in C' such that
Tn — x € C and ||z, — Tzy|| — 0 as n — oo. This implies that Tz, — = € C as n — oo.
From the closedness of T' we conclude that x € F(T). In Example 3.8 below, we see that there
exists a Bregman relatively weak nonexpansive mapping which is neither a Bregman relatively
nonexpansive mapping nor a closed mapping.

Example 3.8. Let E = [? be the infinite separable Hilbert space with the canonical orthonormal
basis {e1, e, ...}. Define

Yp=¢€1+€en, Yn=12....
Let k& be an even number in N and let g : £ — R be defined by

1
AMZEmwvyGE
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It is easy to show that Vg(y) = Ji(y) for all y € E, where
T =Ly € B tw.0) = Il Il = Il
It is also obvious that

J\y) = L0 (y), VyeE, VAeR.
Let S = (0,+00). For any s € S, we define T, : E — E by

n+1y, ify=y, foranyn=1,2,...,

—s
s+1
It is clear that F'(T5) = {0} for all s in S.

Ts(y) =

y, ifx#y,foralln=12 ...

Let s € S. For any n in N, we have
Dy(0, Tsyn) = g(0 )k 9(Tsyn) — <0 Tsyn, Vg(Tsyn))
(nj—l)kg( ) + W(yna v.g(yn)>
k
= n:l-l)k[ 9(Yn) + (Yn> Vg(yn))]
[

k

il)k Dy(0,yn)]
g(0,Yn).
If y # y, for all n > 1, then

Dy(0,Tsy) = g(0) - 9(Tsy) — <Q€— Ty, Vg(Tsy))
=~ o9 — GroEly, —Valy)

_ ﬁ[—g(y) —(~y,Vg(y))]
< Dy(0,y).

Therefore, T is a Bregman quasi-nonexpansive mapping.

We claim that T} is a Bregman relatively weak nonexpansive mapping. Indeed, for any sequence
{zn}nen in E such that z, — 2o and ||z, — Tszn|| — 0 as n — oo, by passing to a subsequence

we can assume that z, # y,, for any n,m = 1,2,.... This implies that Tz, = — +1 zp, for all n.
It follows from ||z, — Tszn|| = QSfllenH — 0 that 2z, — 20 = 0 € F(T). Thus, Ts is a Bregman

relatively weak nonexpansive mapping.

However, T is not Bregman relatively nonexpansive. In fact, although y, — e; and

n
n—i—lyn

we have e; ¢ F(T) for all s in S. Therefore, F,(Ts) # F(Ts) for all sin S.

lynll — 0, asn — oo,

Hyn - TsynH = ‘ Yn nt 1

Finally, we verify that T is not a closed map. Let u, = (1 + )yg Then u, — y2 and
Tsu, = 1+su” — 1+ Y2 as n — oo (since uy, # Yy, for all n,m in N). But Ty = %yg % %yg for
all sin S.
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4. STRONG CONVERGENCE THEOREMS

In this section, we prove strong convergence theorems in a reflexive Banach space. We start
with the following simple lemma which has been proved in [20].

Lemma 4.1. Let E be a reflexive Banach space and g : E — R a convex, continuous, strongly
coercive and Gateaux differentiable function which is bounded and uniformly convex on bounded
subsets of E. Let C be a nonempty, closed and convex subset of E. Let T : C'— C be a Bregman
quasi-nonezpansive mapping. Then F(T) is closed and conver.

Theorem 4.2. Let E be a reflerive Banach space and g : E — R a strongly coercive Bregman
function which is bounded, uniformly convex and uniformly smooth on bounded subsets of E. Let
C be a nonempty, closed and convex subset of E. Let {1y, }nen be a family of Bregman relatively
weak nonexpansive mappings from C into C such that F := (\,—; F(T,,) # 0. Let {ay}nen be a
sequence in (0,1) such that lim, o o, = 0.

Let {zp}nen be a sequence generated by

( zo=x€C chosen arbitrarily,

Ci=0C,
1 = Proj¢, o
(4.1) Ynk = Vg onVg(@1) + (1 = an)Vg(Thmn)l, k=1,2,...,n,

Cht1 = {z € C,, : maxi<p<n Dg(2,ynk) < anDy(z,21) + (1 — o) Dg(2, 20) },

_ -9
Tnt1 = PrOjc, . 1.

Then, all {zn }nen, {Tnzntnen, and {yn k}nen converge strongly to projhx1, where k is any fized
positive integer.

Proof. We divide the proof into several steps.

Step 1. We show that C,, is closed and convex for each n in N.

By assumption, C; = C'is closed and convex. Suppose that C,, is closed and convex for some
m in N. For z € C), 11, by definition, z € C,,, and

Dy(z,ymi) < amDg(z,21) + (1 — am)Dy(2, 2m), VE=1,2,...,m.
This implies that

9(2) = 9(Ymk) = (2 = Ymks VI(Um,k))
< amlg(2) — g(21) — (2 — 21, Vg(21))]
+ (1 —am)g(z) — g(xm) — (z — m, Vg(zm))], Vk=1,2,...,m,
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which is equivalent to

(z = Ymp> =Vg(Um,k)) + am(z — 21, Vg(21)) + (1 — am)(z — 2m, Vg(zm))
< 9 Ymr) — amg(m1) — (1 — am)g(@m), Yk=1,2,...,m.

Now, it is plain that the closedness and convexity of C, ensure those of C,, 1. By the principle
of induction, C), is closed and convex for each n in N.

Step 2. We claim that F' C C), for all n in N.

Noticing that F' C (1 = C, we assume F' C C,, for some m in N. Owing to Lemma 3.4, for
any w e FFC Cy, and k=1,2,..., m we obtain
Dy(w,ymk) = Dg(w, Vg*lamVg(z1) + (1 — am)Vg(Tizm)))
= V(w,amVg(z1) + (1 — am)Vg(Trzym))
= g(w) — (w, anVg(z1) + (1 — ) Vg(Trxm))
+9* (amVyg(z1) + (1 — am)Ve(Trxm))
(42) < amg(w) + (1 — am)g(w) — am{w, Vg(z1)) — (1 — am)(w, Vo(Thzm))
+amg* (Vg(z1)) + (1 — am)g* (Vg(Thrm))
= amV(w, Vg(21)) + (1 = am)V(w, Vg(Thzm))
= amDy(w,x1) + (1 — am)Dy(w, Trxym,)
< amDg(w, z1) + (1 — ) Dg(w, ).

Thus we have w € Cj,11. The assertion follows from induction.
Step 3. We shall show that {zy}nen, {Th@n}nen and {yn k}nen are bounded sequences in C.

Using (3.3), we get
Dy(xp,x1) = Dy (proj%nxl,:vl) < Dy(w,z1) — Dg(w, zy,)
< Dy(w,z1), Ywe F CCp, neN.

This entails the boundedness of the sequence {Dgy(xn, 21)}nen and hence there exists M; > 0 such
that

(43) Dg(fl'n,,fbl) < M;y, Vn € N.

In view of Lemma 3.3(3), we conclude that the sequence {zy, }nen is bounded. Since T}, is Bregman
relatively weak nonexpansive, for any ¢ in F' one has

Dy(q,Tyxrn) < Dy(q,zy), Vk,neN.

This, together with Definition 3.1(2) and the boundedness of {x, },en implies that the sequence
{Txxn}nen is bounded for any fixed kK = 1,2,.... Indeed, from the boundedness of {z,},en we
conclude that {Vg(x,)}nen is bounded (see, e.g., [4]). Also {g(xn)}nen is bounded too by the
assumption. On the other hand, from the definition of Bregman distance, we know that

Dy(q,zn) = g(q) = 9(xn) = (q = @n, Vg(zn)) < |g(@)] + [9(zn)| + l9(D) Vg (zn)l,

which ensures the boundedness of Dy(q, xr,).
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It follows from Lemma 3.3 and (4.2) that the sequence {yy i }nen is bounded.

Step 4. We show that z,, — u for some u in F, and u = proj%.z;.
By the construction of C,,, we conclude that C,, C C, and x,, = proj%mwl e Cy, C C, for any
positive integer m > n. This, together with (3.3), implies that
Dy(zm,n) = Dy (mm, proj%nzz:l) < Dy(xpm,x1) — Dy (proj%nznl, 1:1>
(4.4) = Dy(xm,x1) — Dg(xp, z1).
In view of (3.3) again, we conclude that

Dy(zp,x1) < Dg(xm,xn) + Dg(xn, 1) < Dy(zm, 1), VYm >n.

This proves that {Dy(xn,x1)}nen is an increasing sequence in R and hence by (4.3) the limit
limy, ;00 Dy (2, x1) exists. Letting m,n — oo in (4.4), we deduce that Dy(zy,,z,) — 0. Since
{zn}nen is bounded, Lemma 3.2 ensures that ||z, — z,| — 0 as m,n — oco. In other words,
{Zn}nen is a Cauchy sequence. Since C' is complete, there exists u in C such that

(4.5) lim |z, —u|| =0.

n—oo

Let us show that u € F. As x,41 € Cp11, we are led to
Dy(xn41,Ynik) < onDg(zni1,21) + (1 — o) Dg(Tnt1,2n), Ve =1,2,...,n.
It follows from (4.4) that

(4.6) nh_)ngo Dy(xp41,2n) = 0.
Hence,
(4.7) nh_{rgo Dy(xns1,Yni) =0, VE=1,2,....

Employing Lemma 3.2 and (4.6)-(4.7), we deduce that
lim ||zp41 — 25| =0 and  lim |2y —ynil| =0, VE=1,2,....
n—oo n—oo
Consequently, it turns out from (4.5) that for any fixed £k = 1,2, ... we have
Jim |y, — uf = 0.
Also, in view of (4.1), for any fixed k = 1,2,..., we have
V9(Ynk) = V9(Thzn) = an(Vg(z1) — Vg(Tan)).
Because {Tjx,} is bounded and «,, — 0, we have
lim ||[Vg(ynr) — Vg(Trxyn)|| =0, VE=1,2,....
n—oo

Since Vg* is uniformly norm-to-norm continuous on any bounded subset of £ by Theorem 3.6,
we obtain form Lemma 3.3 that

im ||y r — Thanl| =0, VE=1,2,....
n—oo
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Moreover, the triangle inequality

|z — Thxnll < ||2n — Zpgal| + (|20t — Yn,k | + Hyn,k — Ty

implies that
lim ||z, — Tpzn| =0, VE=1,2,....
n—o0

Therefore, u is the strong limit of all sequences {x,}, {yn 1} and {Tyz,}, for all fixed k =1,2,.. ..
In particular, w is a strong asymptotic fixed point of the Bregman relatively weak nonexpansive
mapping 7). Therefore, Tpu = u, for all k =1,2,..., and thus v in F.

Finally, we show that u = proj%ml. From z,, = projgcn:cl, we conclude that
(z —xn,Vg(zy) — Vg(x1)) >0, Vzel,.
Since F' C C,,, for each n in N, we have
(4.8) (z — xn,Vg(zn) — Vg(z1)) >0, VzeF
Letting n — oo in (4.8), we deduce that
(z —u,Vg(u) —Vg(r1)) >0, VzeF

In view of (3.2), we have u = proj%.z1, which completes the proof. O

Here is the correct version of Assertion 1.1. Note that the construction of the closed convex
sets C), is a bit different from those in [9, Theorem 4.1]. Moreover, we can now deal with the more
general case of weakly relative nonexpansive representations than that of relative nonexpansive
representations in [9].

Theorem 4.3. Let C be a nonempty, closed and convex subset of a uniformly conver and uni-
formly smooth Banach space E. Let T = {T'(s) : s € S} be a representation of a left reversible
semigroup S as maps from C into C with common fized point set F(T) # 0. Assume that every
point in C is almost periodic for T. Let X be a rich subspace of £>°(S) for T, and let {pin }nen be
an asymptotically left invariant sequence of means on X. Let T}, be the barycenter representation
of T associated to each p,. Assume one of the following conditions holds.

(a) all T, are relatively weak nonexpansive.
(b) all T(s) are nonerpansive.
(c) all T(s) are norm-to-weak continuous and quasi-nonerpansive.
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Let {ap }nen be a sequence in (0,1) such that lim,,_, oy, = 0. Let {xp, }nen be a sequence generated
by the following algorithm

([ 29g=x€C chosen arbitrarily,

¢ =C,

z1 = e, @o,

Yng = J Handor + (1 — an)J Ty xn)], Vk=1,2,...n,

Cn+1 = {Z S Cn cIMax)<k<n ¢(Za yn,k) < an¢(za$1) + (1 - an)gZ)(z, :En)]},
. T+l = ch+lx1.

(4.9)

Then {xy tnen converges strongly to the common fized point Upyz1 of T.

Proof. (a) Assume that all T}, are relatively weak nonexpansive. We consider here the Bregman
distance Dgy(z,y) = ¢(z,y) with g(x) = ||z||*>. Then T}, is Bregman relatively weak nonexpansive
mappings from C into C for D,. Applying Theorem 4.2 to the family {7}, }, we get a strong limit
u = lim, x, = > p7, )21, which is a common fixed point of all 7),,. It follows from (1.2)

that F(T) = (2, F(Ty,). Hence, we have u = I p(mz1.

(b) Assume to start with all 7'(s) being nonexpansive, and thus quasi-nonexpansive. Let T}, be
a barycenter of {T'(s) : s € S} for a mean p on X. We consider p as a norm one functional of
functions in s. Let x,, — v and lim,, || T, 2, —xy| = 0. Asin [9, p. 3416], we have || T, z|| < p||T(-)x|
for all  in C. Thus,

00 =l = lin [T = Ty <l e 7Y = T | < lim = | =0,

Therefore, Tj,u = u. This says that all barycenters T}, are weak relatively nonexpansive. We
apply case (a).

(c) Assume in the beginning that all T'(s) are quasi-nonexpansive maps from C into C. The
arguments in [9, p. 3417] shows that the barycenter representation 7T}, of the family 7 is also
quasi-nonexpansive for any mean p on X. Now suppose further that all T'(s) are norm-to-weak
continuous, and thus so are their barycenters T}, . If z,, — u and lim,, ||T),, z,, — x,|| = 0, then by
the norm-to-weak continuity of 7T}, we have T}z, — T,u, and thus T}, u = u. Therefore all T},
are relatively weak nonexpansive. We apply case (a) to finish the proof. O

Remark 4.4. (1) As been pointed out earlier, closed quasi-nonexpansive maps are relatively
weak nonexpansive, and thus so are norm-to-weak continuous quasi-nonexpansive maps.
On the other hand, nonexpansive maps are norm-to-norm continuous, and thus (b) is
indeed a special case of (c).
(2) Suppose instead all T'(s) are relatively weak nonexpansive. We do not know, however, if
the barycenter T}, for a mean p on X is relatively weak nonexpansive as well.

Remark 4.5. Theorems 4.2 and 4.3 improve Assertion 1.1 in the following aspects.

(1) We extend the duality mapping J to the more general case, that is, the gradient Vg of a
convex, continuous and strongly coercive Bregman function g which is bounded, uniformly
convex and uniformly smooth on bounded subsets.
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(2) We extend our discussion from relatively nonexpansive mappings to Bregman weakly relatively
nonexpansive mappings. We replace the assumption Fp(7T') = F(T') with the weaker one
Fso(T) = F(T). Here, F,(T) and Fy,(T) are the set of asymptotic fixed points and the set of
strong asymptotic fixed points of T', respectively.

Remark 4.6. The main result of [26] gave a strong convergence theorem to approximate common
fixed points of a family of closed relatively nonexpansive mappings, while the present paper give a
strong convergence theorem to approximate common fixed points of a family of Bregman relatively
weak nonexpansive mappings. We note that the proof of [26, Theorem 3.2], more precisely, line
15 where the authors used the closedness of the mappings Sy, is not valid in our discussion, as
Example 3.8 demonstrates. We note also that the proof of [11, Theorem 3.2], where the authors
used the relatively nonexpansivity of the mappings S, is not valid in our discussion, either. In
fact, our result extends and improves the corresponding results of [11, 26].

Let E be a reflexive Banach space with the dual space E*. Let A : E — 2F" be a set-valued
mapping with dom A = {z € E : Az # (}. The graph of A is G(A) = {(z,2*) € E x E* :
x* € Az}. The mapping A C F x E* is said to be monotone if (z — y,z* — y*) > 0 whenever
(z,2%), (y,y*) € A. Tt is said to be maximal monotone if its graph is not contained in the graph
of any other monotone operator on E. If A C E x E* is maximal monotone, then the set
A710={z € F:0 € Az} is closed and convex. See [21] for details.

Let g : E — (—00,+00] be a proper, lower semicontinuous and convex function. Let A be a
maximal monotone operator from E to 2F". For any r > 0, define the g-resolvent Res?, : E —
dom A by

Res!, = (Vg+rA)~'Vg.
It is known that Resﬁ 4 is Bregman relatively weak nonexpansive and A7YH0) = F (Resg A) for
each r > 0. Examples and some important properties of such operators are discussed in [1, 2, 23].

An application of Theorem 4.2 gives the following.

Theorem 4.7. Let E be a reflexive Banach space and g : E — R a strongly coercive Bregman
function which is bounded, uniformly convex and uniformly smooth on bounded subsets of E. Let
A be a mazimal monotone operator from E to E* such that A=1(0) # 0. Let {r, }nen C (0, +00) be
a sequence of positive real numbers. Let {ap }nen be a sequence in (0,1) such that lim,_,~ o, = 0.
Let {zp}nen be a sequence generated by

( w9=x € E chosen arbitrarily,

C,=E,
1 = Proj, o,
Ynk = Vg* |anVg(z1) + (1 — o) Vyg (Res;‘kaxnﬂ , Vk=1,2,...n,

Cn-i—l = {Z €Cp: maxi<g<n Dg(Zayn,k) < Olan(val) + (1 - an)Dg(Zaxn)}v

Tp41 = projg, w1, Vn=1,2,....
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Then the sequence {xy}nen converges strongly to proji,l(o)xl as n — oo.

5. A NUMERICAL EXAMPLE

In this section, in order to demonstrate the effectiveness, realization and convergence of Algo-
rithm (4.1) in Theorem 4.2, we consider the following simple example.

Example 5.1. Let £ =R, C' =[0,4+00) and T : C — C be defined by

To(z) = { 0,_k if x€]0,2],

e "z, otherwise.

Then {Tk}ren is a family of quasi-nonexpansive mapping from C' into C such that F =
N2 F(Ty) = {0}. Indeed, for any = € (2, +0c), we have
|Thx — 0| =eFx < |z -0, Vk>1.
It is worth mentioning that T} is neither nonexpansive nor continuous for all k£ in N. Let g(t) = t2
be the Bregman function on R.

In this case, Algorithm (4.1) in Theorem 4.2 states as follows:

xg = € (0,400) chosen arbitrarily,
Cy=C,
(5.1) 71 = Foy o,
Yn,k = OnT1 + (1 —an)Tgxn, k=1,2,---,n,
Crt1 ={z € C), : maxj<j<y |2 — yn,k|2 <omlz— 212+ (1 — )|z — x4 ]2,
In+l = £Cpa T
We set

H,,={2€FE:|z— yn,k\z < aplz — x1]2 +(1—ay)lz— :Un\Q}
Observe that
2

=lan(z — 1) + (1 — an) (2 — Tkxn)P

=z —21)? + (1 — an)(z — Tewn)? — an(l — ap)(Tpxn — x1)2.

‘Z - yn,k

It follows

O‘n(Tk"En - xl)Q Ty + Tkxn}
2(xp, — Ty) 2 ’

Note that x,, — Tyx, > 0 if 2, > 0. Hence, Cpy1 = Cp, N ((p—y Hnk) is a closed interval for all

n=0,1,2,.... Write C,4+1 = [an+1,bn+1]. Then

H,p,={z2€FE:2<

z, ifre [an+17 b’n-l—l];
Tn+l = Cn+1x = bn+17 lf xr > bn+l>
Gnt1, if < apyi.
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e | I

o =

FIGURE 1. The plots of the sequence {x,}nen in Example 5.1 with initial value
xg = 1 under different weight parameters a,.

Choose g = = = 2.5. The iteration process (5.1) produces

. an(TkCL‘n - 371)2 Ty + Tkxn
5.2 _ .
(5:2) Ikl = e { 2an—Torn) | 2

With different choices of the weights a, = n~!,n72,n™3, we demonstrate in Figure 1 the

convergence of the sequence {x,},en generated by (5.2) to the unique common fixed point 0.
Note that using smaller values of a,, means that the effect of z; in producing C,, is weakening.
In this easy example, the efficiency of the algorithm is improved drastically.
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