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NORM OF POSITIVE SUM PRESERVERS OF SMOOTH
BANACH LATTICES AND LP(u) SPACES

JUN ZHANG, MING-CHENG TSAI*, AND NGAI-CHING WONG

In the memory of our beloved friend, Siegfried Schaible

ABSTRACT. In this paper, we study surjective maps ¢ : Ey — FL between
positive cones of two ordered Banach spaces F and F', which preserve norm of
sums, i.e.,
(@) + oWl = llz+yll, Vz,y € Ey.

In the case when E, F' are strictly convex smooth Banach lattices, as well as
L?(p) spaces (1 < p < +00), we show that ¢ can be extended to a real linear
map/isometry from E onto F. A counter example for the case when p = 1 is
presented.

1. INTRODUCTION

Let ¢ : E — F be a surjective map between two Banach spaces. The classical
Mazur-Ulam theorem [6] states that ¢ is an affine map when it preserves norm of
differences, i.e.,

le(@) =Wl = llz —yll, Va,y € E.
One might ask what happens if ¢ preserves norm of sums instead, i.e.,

(@) + W)l = lz +yll, VYz,yeFE.

But this is indeed a trivial question. In fact, putting y = 0,=£x into the above
condition, we have ¢(0) = 0, as well as ||p(z)| = ||z| and p(—z) = —p(x) for all
in E. Consequently,

le(@) = el = lle(x) +e(=y)ll = Iz + (=) =z —yl, Va,y <€ E.

The Mazur-Ulam theorem ensures that ¢ is a real linear isometry.

To formulate a meaningful problem of norm of positive sum preservers, motivated
by several well-known Banach-Stone and Lamperti type theorems (see, e.g., [2, 3])
and recent development of various preserver problems (see, e.g., [7]), we propose
the following

Problem 1.1. Let E, F be ordered Banach spaces with positive cones F, F;. Let
p: FEy — Fy be a surjective map preserving norm of sums, i.e.,

le(@) + oWl = llz +yll, v,y € By

Can we extend ¢ to a positive linear map from E onto F'?
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There are already some efforts appeared in the literature. For example, Nagy
[9, 10], and Kuo, Tsai, Wong and Zhang [5] have studied similar problems for
Schatten p-class operators. In this paper, we discuss norm of positive sum preservers
of smooth Banach lattices in Section 2. In particular, every such map of strictly
convex smooth Banach lattices extend to a linear map (Corollary 2.5). We answer
Problem 1.1 affirmatively for the case when E, F' are LP(u) spaces (1 < p < 400)
in Section 3. A detail analysis on such preservers of the finite dimensional positive
cones £ 4 are given in Section 4. In particular, a counter example to Problem
1.1 for the case when p = 1 is presented. In a forthcoming paper [13], we will
answer Problem 1.1 for the case when E,F are noncommutative LP(M), LP(N)
spaces associated to von Neumann algebras M, N.

2. THE CASE OF SMOOTH BANACH LATTICES

In this paper, without loss of generality, we consider only real vector spaces.
Let E be a Banach space. We say that F is strictly convex if

lz+yll = |l=|| + ||yl = r =0y forsomed >0, Vr#0,y#0.

We say that E is smooth if its norm is Gateaux differentiable, namely, the limit
t —
Gy it 111 =l

t—0+ t
exists in R whenever z,y € E with z # 0.

Let E = (E,<,| -||) be a Banach lattice with a partial order <. Let Ey = {z €
E : x> 0} be the positive cone of E. We say that E has a strictly monotone norm
if

r<y and z#y = |z <|yll,  Vz,yekFE.
Two vectors x and y in a Banach lattice are said to be disjoint, denoted by
xly, if |z|Aly|=0.
For the general theory of Banach lattices and positive operators, see, e.g., Alipran-

tis [1], Nieberg [11] and Hudzik [4]. In particular, we collect some well known facts
in the following lemma.

Lemma 2.1. Suppose that E is a smooth Banach lattice. We define

t —
R o

t—0+ t ’

Vr,y € E with x # 0.

1) G(z) : E — R is a linear operator.

(1) G

(2) G(x)x =||z|, ||G(x)| =1 and G(A\z) = G(x), for every x € E and A > 0.
(3) G(x)y > 0 for every z,y € E.

(4) If y1 > ya then G(z)y1 > G(z)y2, for every x,y1,y2 € E.

The following result can be found in [12, Theorem 1]. We include the proof here
for completeness.

Lemma 2.2. Suppose that E is a smooth Banach lattice. We have
zly = Gx)y=0, Vr,yeFE;.

The converse holds when E has a strictly monotone norm.
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Proof. Define f(t) = ||z + ty| for any fixed z,y € E,. Since f(432) <
(f(t1) + f(t2)) /2, we see that f is a convex function of R. Suppose zly = 0
for x,y € F,. We have

|z +ty| =2z +ty > x = |z|, for t >0,
lz+tyl = (x+ty) T+ (@ +ty) =2 —ty>x=|z|, for t <0.

Hence ||z +ty|| > ||z| for all ¢ € R, and f(¢) attains its minimum at ¢ = 0. Since E
is smooth, we have

G(x)y = = f4(0) = 0.

Assume now F is strictly monotone. Suppose G(x)y = 0 but x Ay = z # 0.
It follows from Lemma 2.1(4) that 0 < G(z)z < G(z)y = 0. It forces G(z)z = 0.
Hence,

i M2+ tyll = 2]
m —-
t—0+ t

2]l = G(z)r = G(z)(x — 2) < [|G(@)||lz — 2 < [Jo - z]].
Since 0 < x — z < z, and x — z # =z, the strict monotonicity of the norm implies
that ||z — z|| < ||z||. This contradiction tells us that z = x Ay = 0. O

Lemma 2.3. Suppose that E, F' are Banach lattices and F is strictly convex. Let
p: By — Fy be a map preserving norm of sums, i.e.,

(2.1) lo(@) + W)l =z +yll, Va,yeEL
Then, ¢ is nonnegatively homogeneous, i.e.,
e(Ar) = Ap(z), VYre Ef,YA>0,
and preserves norm of convex combinations, i.e.,
(1 =t)z +tyll = [[(1 = t)e(z) +t(y)ll, vt e]0,1].

Proof. Taking x = y in equation (2.1), one has ||z| = ||¢(x)|]. For = in E; and
A > 0, we have

le(z) + p(Az)|| = [|z + Az[| = ||z]| + [Az]| = le@)]| + [p(Az)]].
From the strict convexity of F', we have p(Az) = d¢(x) for some 6 > 0. Then
Mzl = llp(Az)|| = [[6p(x)]| = d]|z||
ensures that A = 6. Hence, p(Ax) = Ap(x), and thus
11— (@) + o)l = (1 — )2) + o(tm)ll = (1 — )z +tyll, Ve € [0,1]
O

Below are two answers to Problem 1.1 for the case of Banach lattices.

Theorem 2.4. Let E, F be smooth Banach lattices. Suppose that ¢ : E4 — F. is
a surjective map preserving norm of convex combinations, that is,

(22) 1A =t)e(@) + o)l = |1 - )z +tyll, Va,y € Ey,vie[0,1].
(1) For all x,y in E,, we have
zly = Gle(@))(e(y) =0.

(2) ¢ is nonnegative homogenous and additive; that is,
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(i) e(A\y) = Xp(y) for all A\ >0 andy € E;
(i) @(y1 +y2) = o(y1) + @(y2), for all y1,y2 € Ey.

Consequently, ¢ has a unique positive surjective linear extension ¢ : E — F given
by the formula p(z) = o(x+) — (z7).

Proof. (1) Differentiating both side of (2.2) at ¢t = 0T, we get
G(p(2)((y) — o(x)) = G(z)(y — ).

Putting ¢t = 0 in (2.2), we have [|¢(z)|| = ||z||. By Lemma 2.1(2), we have G(x)z =
G(¢(x))e(x). Hence,

(2.3) G(z)y = G(o(x))p(y), forall z,ye€ E,.

It follows from Lemma 2.2 that
zly = G@y=0 = G(p@))p(y) =0.
(2) For any z,y € E4 and X\ > 0, it follows from (2.3) that

AG(2)y = AG(p(2))(p(y) = G(p(x))(Ap(y)),
G(2)(Ny) = G(p(2))(p(\y))-

Subtracting the two equations, we have

(2.4) G(p(2))(Ap(y) — p(Ay)) = 0.

Since ¢ is surjective, we can choose z from E; such that p(z) = (Ap(y) —p(Ay))™".
It follows from part (1) and (2.4) that

Glp(x)(Me(y) — (M)

= G((Ae(y) — () ) ((Aey) — o)™ = (Ae(y) — e(Ay))7)

= G((Ae(y) — () ") (Ae(y) — (M) T

= [(Ae(y) — () Tl = 0.
This forces that (Ap(y) — ¢(Ay))T = 0. Similar argument shows that (Ap(y) —
©(Ay))” = 0. Hence, p(Ay) = A\p(y) for all A >0 and y € E.

With a similar argument we can show that ¢(y1 + y2) = @(y1) + ¢(y2) for all
y1,y2 in By, O

Corollary 2.5. Suppose that E,F be smooth Banach lattices and F is strictly
convex. Let ¢ : Ey — F be a surjective map preserving norm of sums, i.e.,

le(@) + W)l = llz+yll, V,y € Ey.
Then @ can be extended to a positive linear map from E onto F.

Proof. The assertion follows from Lemma 2.3 and Theorem 2.4. O
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3. NORM OF SUMS PRESERVERS OF L (Q,%, )

In this section, we consider norm of positive sum preservers between positive
cones LY (Q,%, 1) of LP(Q, X, p) spaces. Note that LP(Q, X, 1) spaces are strictly
convex Banach lattices with smooth and strictly monotone norms, when 1 < p < oco.

Noting that the disjointness x_Ly here is equivalent to that zy = 0 (almost ev-
erywhere) on 2, we have the following well-known fact.

Lemma 3.1. Let 1 < p < oo.
zly = lz+yllP =IllzlP+llyll",  Va,y e LP(Q, 5, ).
The converse holds whenever z,y € Lt (Q,%, ).
Definition 3.2. Let (21,1, 1) and (Qg9, X9, u2) be two measure spaces. A bijec-

tive set-to-set map ¥ from 1 onto Yo, defined modulo null sets, is called a regular
set isomorphism if

(i) ¥(21\A) =¥(2)\ U(A) for all A € ¥y;
(i) T(U;Z, An) = Une; ¥(Ay), for disjoint A, € Xy;
(iii) p2(¥(A)) =0 if and only if p1(A) = 0.
Every regular set isomorphism ¥ induces a unique bijective linear transformation
1 sending Y1-measurable functions to Yo-measurable functions satisfying that
w(lA) = 1‘II(A) for all A € ¥;.
Here 14 denotes the indicator function of the measurable set A.

Theorem 3.3. Let ¢ : Lﬂ’_(Ql,El,Ml) — Lﬁ_(QQ,EQ,,ug) be a bijective map, where
1 < p < oo. Suppose @ preserves norm of sums of positive functions, that is,

(3.1) lz+yll = lle(@) + oW, =ye Ll (X1, m).

Then ¢ extends to a surjective linear isometry from LP(21, X1, u1) onto LP(Qa, Yo, pt2).
More precisely, there exists a reqular set isomorphism ¥ from X1 onto Yo inducing
a surjective positive linear map v : LP(Qq, %1, u1) — LP(Q2, 39, p2), and a locally
measurable function h on Qo such that

(32) SD(‘T) =h- 1!}(33), Vz € L]i(Qh X, /‘Ll)
When 1 < p < 400, we have
(3.3) / |h(t)[Pdpe = pi(A),  for each o-finite A € ¥y.
(A)
d(p1o¥ 1)

In other words, |h|P = BT e is the Radon-Nikodym derivative of py o W1 with
respect to pa. When p = 400, we have

(3.4) h(y) =1, locally almost everywhere on .

The case p = +oo of Theorem 3.3 can be derived from a current result of Molnar
[8, Theorem 2.7] which states that every surjective norm of sum preserver ¢ : M, —
N between positive cones of von Neumann algebras M and N extends to a Jordan
isomorphism J : M — N. In the abelian case, J = hi satisfies the conditions (3.2)
and (3.4).
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Proof of Theorem 3.3 when 1 < p < +o00. Since LP(u) spaces are strictly convex Ba-
nach lattice with smooth and strictly monotone norms, by Lemma 2.2 and Theorem
2.4 we have

(I) ¢ preserves disjointness, i.e., p(z)Lp(y) if and only if z Ly for all z,y €
Lﬁ-(Qla Elmul);

() w(z+y) = ¢(z) +¢(y) and p(Ax) = Ap(z) for all z,y € LE (), Xy, 1) and
A>0.

We first assume that 11 (£21) < +o00. Set
V(A) =suppp(la), VAe€Z,

where the support of any measurable function is the measurable set supp(x) = {t €
Q:x(t) > 0}. We claim that U defines a regular set isomorphism from ¥; to Y.

(1) If A, B € ¥; are disjoint, then 14 - 15 = 0, and by (I), ¢(14) - ¢(1p) = 0.
In other words, ¢(14) and ¢(1p) have disjoint supports (modulo sets of measure
zero). It follows that W(A U B) = ¥(A) U ¥(B) (modulo sets of measure zero). It
follows that ¥(Q2\ A) = U(Q) \ ¥(A).

(2) Let A = J;2; An be a countable disjoint union of sets in ¥;. Setting B =
A\ UL A;, we have

e(lap) + (1) =9(1a) and ¢(lap) = Z 14)=> ¢(1a,).
Therefore

le(1a) =D e(@a)ll = lle(1a) — (X ap)ll
i—1
= le(1B)|| =116l = 0, asn — 4oo.

Hence, ¢(14) =Y .7, ¢(14,), and then W(A) =77, U(A4,).

(3) Final, we observe that if ua(V(A)) = 0, then ¢(14) = 0 pg-a.e., and so
p1(A) = 0 because ||14] = [l¢(14). Dealing with ¢! we see that ui(A) = 0
implies pu2(V(A)) = 0.

We conclude from (1)-(3) that U is a regular set isomorphism from 3; onto X,.

Observe

le(a)ll = l1a, | = pi (1) < +oc.

Therefore the support €2y of the p-integrable function ¢(1q,) is o-finite. Let h(t) =
¢(1q,). For any A € ¥;, we have

h=p(14) + ¢(1g\a)-

Since the functions on the right have disjoint supports, ¢(14)(t) agrees with h(t)
whenever ¢(14)(t) is not zero (ug-a.e.). Therefore,

©(14)(t) = h(t)1y(a)(t) = h(H)P(L1a)(t) (u2-a.e.).

By the positive linearity (II) of ¢, the equality (3.2) holds for every nonnegative
simple function z on ;. Since ¢ is an isometry for all z € L% (4,21, 1), we have
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for each A € ¥ that

/ (W) [Pdpz = [[o(La)[P = [[1al|” = p1(A).
T(A)

Since |h|P = %‘?1), the map 14 + hly(4) extends to a surjective posi-
tive linear isometry from LP(€,31,p1) onto LP(Qg, 39, p2) sending x to hip(x).
Composing the inverse of this map with ¢, we can assume ¢ : Lﬁ(Ql,Zl,m) —
L (Q1, %1, 1) satisfying that

©(y) =y, whenever y is a nonnegative simple function on ;.

In general, let @ € L (Q, %1, pu1). We have

le(z) =yl = (@) — W) = |z -yl

whenever y is a nonnegative simple function on ;. Since nonnegative simple func-
tions are norm dense in L% (Q1, 31, pu1), we have

(@) =yl = llz—yll, Vye€ L (%1, m).

Putting y = x, we see that ¢(z) = « for all z in L% (4,31, u1). Therefore, in the
original setting,

(,0(1’) = h(x)lﬁ(l:), Vr € Lg_(Ql, Ehﬂl)-

In the o-finite case, we write 1 = Un 1,, as a countable union of disjoint mea-
surable sets of finite measure. For each n, let Qs ,, be the support of ¢(1q, ), which
is a o-finite measurable set in 9. Clearly, Qs = J,, Q2,, as a countable union of
disjoint o-finite measurable sets. Let 3; ,, be the o-algebra of all measurable subsets
of ; , and p; , be the measure on ¥;,, induced by p; for i = 1,2 and n =1,2,....
Then, ¢ induces a bijective map ¢, : L2 (5, 10, t10) — LB (Qany Do, p2,n)
preserving norm of sums for each n =1,2,....

It follows from the finite case that for each n, we have a measurable function A,

. d !
on Qy, with |k, [P = 7(“32;’71" )

such that ¢ (v,) = hpton(z,). Here, z, = 21q,, € Lyi(Ql,mzl,li,n) for any x
in LA (Q1, %1, ) and ¢y, : LP(Qp, 1, i1n) — LP(Qan, Bom, plon) is the linear
isomorphism induced by ¥,, for n = 1,2,.... Set ¥(A4) = {J,, Yn(A N Q1) and
h(t) = hy(t) whenever ¢t € ¥(§; ), and h(t) = 0 whenever ¢ € Qg \ U(Qy). In this
way, both (3.2) and (3.3) are satisfied.

Now, we deal with the general case. For any o-finite set A in Y, arguing as
above we see that W(A) is also o-finite. We can thus obtain a pair (ha,4) of
measurable function h4 on U(A) and linear isomorphism 14 : LP(Q4, X4, na) —
LP(Qy(a)s Zw(a), tw(a)) in a similar fashion. For any such two pairs (ha,4) and
(hp,¥B), if A C B then ¥g(r4) = Ya(xa) for all z in LP(Qq, %4, u1), with z4 =
214 and 2 = xl1lp. Define a local measurable function A on €29 and a linear
isomorphism  : LP(Qq, %1, u1) — LP(Q9, 39, o) by union. In other words, h is
determined by the condition

, and a regular set isomorphism W,, : ¥y, — Y9,

hlya) = ha, for all o-finite A in ¥;.
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On the other hand, for any z in LP(,X%1, 1) the support of x is a o-finite mea-
surable set A. Then

Y(x) =Ya(x) =¢Yp(x), for all o-finite uj-measurable set B containing A
It is then routine to check the conditions (3.2) and (3.3). O

Remark 3.4. [(a)]

(1) When p = 1, we have a negative answer to Problem 1.1, against Theorem
2.4 for the case 1 < p < 400, as shown in Example 4.1(a).

(2) In proving Theorem 3.3 for the case 1 < p < +o00, we are motivated by the
approach of verifying the classical Lamperti theorem (see, e.g., [2, Theorem
3.2.5]). We choose to present all the details here due to the intension of
extending it to the case of noncommutative LP(M) space associated to a
von Neumann algebra in [13].

4. A CONCRETE EXAMPLE FOR FINITE DIMENSIONAL /P SPACES

In this section, we provide a counter example to Problem 1.1 of a norm of sum
preserver of the positive cone of the finite dimensional space ¢, with p = 1.

Example 4.1. Suppose a surjective map ¢ : £ L o 4 preserves norm of sums,
that is,
lo() + o)l = llz+yl, Ye,yel,.
(a) ¢ may not have any linear extension when p = 1. For example, define

o(x) = Uz, whenever ||z|; =T,

where U, is an n X n permutation matrix associated to r > 0. When U, are
different for different r, we have a counter example to Problem 1.1.

(b) When 1 < p < oo, the permutation matrix U, defining ¢(x) = U, whenever
||z|| = r must be the same for all » > 0 by Theorem 3.3.

(1) When p = +o00, we have p(x) = Uz for a fixed permutation matrix U.

Proof. We verify the case when p = co only. The proof divides into three steps.
Step 1: Suppose 1 = (A,0,---,0), &3 = (0,\,---,0), ®, = (0,---,0,\), for
some A > 0, and y; = @(x:) = (Yi1, Yi2,*** , Yin)-
We have 0 < y; < A and max {yir} = A, because [|¢(@i)||co = ||Ti]loc = A for
n

each 7. Suppose that y,(1) = A. Then Yio(1) = 0 due to

A=z + @illoo = llo(@1) + (Ti) oo, Vi=2,--- 1.
We can then assume that yos2) = A. Argue similarly, we see that y;,(2) = 0 for all
1 <i < nandi # 2. By induction, we obtain a permutation o on {1,2,--- ,n}
such that (x;) = ;).

Step 2: Suppose that £ = (1,0,---,0), 2 = (0,pu,---,0), &, = (0,---,0,p),
for some p > 0, and p(x;) = Xz for p # A It follows from [|z; + |l =
le(@:) + o(xi)|| 0o that o = 0.

Step 3: Suppose that p(x;) = x,;. Set arbitrary xy = (wo1, 202, , Ton),
and yy = ©(xo) = (Yo1,Y02, - ,Yon). Choose A sufficiently large. It follows from
|20 + Tillo = [lp(x0) + p(xi)[co that xo; + A = Yooy + A. Hence, yosi) = Zoi-
Thus, the same permutation matrix U defines y = Uwx. O
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