METRIC PRESERVING BIJECTIONS BETWEEN POSITIVE SPHERICAL SHELLS
OF NON-COMMUTATIVE LP-SPACES

CHI-WAI LEUNG, CHI-KEUNG NG, AND NGAI-CHING WONG

ABSTRACT. Let M be a von Neumann algebra and p € [1, c0]. Consider the non-commutative LP-space

LP(M) associated to M with canonical positive cone L¥ (M). By employing essentially normed space

techniques, we extend our earlier result and show that for any € € (0, 1], the positive spherical shell
LR (M)}, = {T € LL(M) : 1—e < |[T] < 1},

as a metric space, is a complete Jordan *-invariant for the von Neumann algebra M. In the particular
case of p = oo, we actually show that for any unital C*-algebra A, the positive spherical shell {a €
At :1—e<|a|]| <1} is a complete Jordan *-invariant for A.

Assume M is approximately semifinitie, which includes the case M is either a semifinite algebra,
a hyper-finite algebra or a type IMp-factor with a separable predual. When p € (1,00) and M % C
is approximately semifinite, a stronger conclusion follows: if @ : L{;_(M)%_6 — L2 (N)i_, is a metric
preserving bijection, then there exists a Jordan *-isomorphism © : N — M such that

1 1
(S7) = 0.(S)» forall S € LY (M)}

1. INTRODUCTION

In the literature, several partial structures of von Neumann algebras were shown to be complete
Jordan *-invariants (see e.g. [4, Théoréme 3.3], [6], [15, Theorem 2 and Corollary 5], [16, Theorem
4.5] and [30, Theorem 3]). Generalizing results in [26, 34, 35], D. Sherman showed in [27] that the
metric space structure of the non-commutative LP-space LP(M) is a complete Jordan *-invariant for the
underlying von Neumann algebra M when p € [1,00] \ {2}. Let us recall it clearly as follows.

Theorem 1.1 (Sherman [27]). Let p € (1,00) \ {2}, let M and N be two von Neumann algebras. If
T:LP(M)— LP(N) is a bijective linear isometry, then there exists a Jordan *-isomorphism J : M — N

and a unitary w € N such that T(goé) =w(po Jfl)% for all p € (M,)4.

The cases when p = 1 and p = oo are covered by the classical results of Kadison [14, 15], since
LY(M) = M, (where M, is the predual of M) and L*>(M) = M. For a counter example for the
exceptional case of p = 2, observe that the non-commutative L?-space associated to the von Neumann
algebra B(¢?) of bounded linear operators on the separable infinite dimensional Hilbert space ¢? and
the one associated to the commutative von Neumann algebra ¢>° of bounded scalar sequences are both
isometrically isomorphic to £2.

It is natural to ask whether it is possible to obtain a “smaller metric invariant”. For example, motivated
by the so-called Tingley’s problem (see e.g., [5, 13, 33] and the references therein), the authors of [§]
(respectively, [7]) showed that the unit sphere of L>°(B(H)) = B(H) (respectively, L*(B(H)) = B(H).)
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is a complete Jordan *-invariant for B(H). Moreover, it was shown in [31] that the unit sphere of
L>(M) = M is a complete Jordan *-invariant for a finite von Neumann algebra M.

Along this line, we show in [20] that, for each p € [1, 00|, the contractive part LE (M)§ of the positive
cone LY (M) of the non-commutative LP-space is a complete Jordan *-invariant for the underlying von
Neumann algebra M; namely, two von Neumann algebras M and N are Jordan *-isomorphic whenever
there is a metric preserving bijection between Lf (M)§ and L% (N)§. Note that one can include the
case of p = 2 in this situation, since the positive cone of the non-commutative L2-space encodes some

information that cannot be recovered from merely the normed space structure.

Based on our earlier work [21], the first main result of the article is a further development along this
direction. It shows that the positive spherical shell L (M)}_, is a complete Jordan *-invariant for the
underlying von Neumann algebra for any € € (0, 1].

When FE is a subset of a normed space X and «, 8 € R} with o < 3, let us put
Ef ={zecE:a<|z| <8}

The precise statement of this first main result is the following.

Theorem 1.2. Let p € [1,00], € € (0,1], and M and N be two von Neumann algebras. If there is a
metric preserving bijection ® : L% (M)i_, — LY (N)i_,, then M and N are Jordan *-isomorphic.

For p = 1, we have L' (M) = M, and L'(N) = N,. Let 83, and 8y be the sets of normal states of M
and N with proper support projections, respectively. We show that ® restricts to a bijection from 8,
onto 8, which preserves orthogonality. We then use a result of Dye in [6] to obtain the conclusion. In
the case of p = 0o, we have L>°(M) = M and L>°(N) = N, and the above theorem says (My)}_, is a
complete Jordan *-invariant for the von Neumann algebra M. This assertion actually holds for unital
C*-algebras M and N, and it is proved via a generalization of the Mazur-Ulam theorem by Mankiewicz
([22]; see Proposition 4.3). For p € (1,00), we use a strict convexity argument to verify that @ is
“partially affine” and can be extended to a metric preserving bijection between the whole cones L (M)
and L% (N). Then we use results from [25] and [19] to finish the proof.

In line with Theorem 1.1, it is natural to ask whether the map ® in Theorem 1.2 actually comes
from a Jordan *-isomorphism. Although in the case of p = oo, the precise answer to the above question
is negative (see [20, Example 3.3]), we know from the argument of Theorem 4.4 that ® extends to
an isometric bijection, and hence is a Jordan *-isomorphism after translation and multiplication by a
central symmetry. On the other hand, there is an evidence that the answer for the case of p = 1 could
be positive. In fact, it was proved in [18] (see also [17]) that when p = 1 and M is of type I, then any
isometric bijection from L} (M){ onto L) (N)} is defined by a Jordan *-isomorphism. Note that the
arguments in [18] employ a lot of matrix function techniques and are very different from those in this
article.

In order to tackle the above question for the case when 1 < p < oo, we will first show that the
extension of ® to the positive cones further extends to an isometric order isomorphism from L2 (M)
onto L2, (N) (see Proposition 3.5). Note that a difficulty of this extension is that L% (M) may not contain
any interior point of L? (M); otherwise, one could use a result of Mankiewicz (Proposition 4.3) to obtain
this extension easily. On the other hand, to our best knowledge, it is not known if such a bijective
isometry between the self-adjoint parts of non-commutative LP-spaces has an isometric complexification
(although it has to be the case if the strong version holds), and we cannot use Theorem 1.1 to obtain
what we wanted.
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Therefore, we will employ the concept of EP; as introduced by K. Watanabe [34] and D. Sherman [28],
together with a result of Sourour [29] and Grein [10] concerning surjective isometries of vector-valued LP-
spaces (in the ordinary sense), to obtain the following second main theorem of the article. Note that a von
Neumann algebra M with a nonzero type I summand does not satisfy EP; (see Example 5.10), whilst
approximately semifinite von Neumann algebras (see Definition A.5) without type I summand satisfies
EP; (see Proposition A.7). The class of approximately semifinite von Neumann algebras includes, in
particular, all semifinite algebras, all hyperfinite algebras, and all type Iy-factors with separable preduals
(see Remark 5.8(b)).

Theorem 1.3. Let p € (1,00) and € € (0,1]. Suppose that M and N are von Neumann algebras such
that M 2 C and M is approzimately semifinite. If ® : LY (M)}_, — L% (N)}_, is a metric preserving
surjection, there is a unique Jordan *-isomorphism © : N — M satisfying @(R%) = @*(R)%, for any
Re LL(M)%

1—e)P

Observe that in the case when M = N = C, we have Lf (M){_, = LR (N){_. = [1 — ¢, 1], and the
induced metric is the Euclidean one: d(z,y) = |x — y|. The metric preserving bijection from [1 — ¢, 1] to
itself that sends = to 2 — e — x cannot be extended to a linear map on L?, (M). Therefore, we have an
exception in this trivial case of M = C.

It happens that all approximately semifinite algebras without a type Iy summand satisfies EP;.
Therefore, we will consider the case when M is of type I and the case when M satisfies F P, separately
(and then combine the two cases together). For the benefit of the reader, some facts concerning the
relation between E'P; and approximately semifinite algebras will be recalled in the Appendix.

Theorems 1.2 and 1.3 concern with “closed” positive spherical shells. Of course, one can also consider
the “open” positive spherical shells:

{Self(M):1—e<|S|<1}.

Unlike the case of p = oo (in this case, L>° (M), = M), the “open” positive spherical shells do not
contain any open subset of L?, (M) when 1 < p < oo (since L% (M) may not contain any open subset
of LE (M); for example, 2 = L% (£>°) does not contain any interior point of ¢2,). Thus, one cannot
use the Mazur-Ulam-Mankiewicz theorem (see Proposition 4.3) to obtain a linear extension of a metric
preserving bijection between “open” positive spherical shells. Nevertheless, the corresponding statements
of both Theorems 1.2 and 1.3 for “open” positive spherical shells are also obtained.

Corollary 1.4. Let p € [1,00] and € € (0,1]. Suppose that there exists a metric preserving bijection
P:{SeLlf(M):1—e<|S]| <1} > {T €Ll (N):1—e<|T| <1}.

Then M and N are Jordan *-isomorphic. In the case when p = oo, the map ® can be extended to
a Jordan *-isomorphism from M onto N after translation and multiplication by a central symmetry.

*

Furthermore, if p € (1,00), M 2 C and M is approxzimately semi-finite, then there is a Jordan *-
isomorphism © : N — M such that @(S%) = 6*(5)%,

Proof. Note that ® can be extended to a metric preserving bijection between the metric completions
of its domain and range, which coincide with the closed sets L% (M)i_, and L% (N)}_, of the Banach
spaces LP(M) and LP(N), respectively. Thus the assertions follow from Theorems 1.2, 1.3 and 4.4. O

With a simple rescaling argument, we can also derive Theorems 1.2, 1.3 and 4.4 as well as Corollary
1.4 to hold when 1 and 1 — € are replaced, respectively, by nonnegative numbers 8 and « satisfying
a < . In other words, the existence of a metric preserving bijection ® : L (M ) — LY (N )8 guarantees
similar conclusions in these results.
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To end the introduction, we recall the link of our results to the Tingley’s problem, which asks if every
metric preserving bijection between the unit spheres of two Banach spaces extends to a linear isometry
between the whole spaces (see, e.g., [5, 7, 8, 13, 33]). Since a linear map between non-commutative
LP-gspaces is determined completely by its restriction to the positive sphere of the domain, one might
expect that the “minimum” complete Jordan *-invariant for a von Neumann algebra M is LY (M)}. In
this respect, we make the following conjecture.

Conjecture 1.5. Let M, N be von Neumann algebras, and let p € [1,00). If ¥ : LE (M)} — LY (N)1 is

a metric preserving bijection, then there is a Jordan *-isomorphism © : N — M satisfying \I’(R%) =
1

O.(R)?, for any R € L (M)1.

For p = 1, Conjecture 1.5 holds when M is commutative (see e.g., [17]), or more general, when M is of
type I (see [18]). The case of p > 1 is basically unknown. Notice that one cannot use the solution for the
Tingley’s problem for Banach spaces and operator algebras (even if the full generality were obtained) to
give a positive answer to the above conjecture (nor to prove Theorem 1.3). On the other hand, Theorems
1.2 and 1.3 suggest that Conjecture 1.5 has a positive answer. Furthermore, the methods provided in
[12, 11] might be helpful, and we will explore into this and other possibilities in a future project.

2. NOTATION AND PRELIMINARY

We fix some notations and recall some facts of non-commutative LP-spaces. The material here are
mainly taken from [25] and [32]. Let M be a von Neumann algebra with predual M,, let P(M) be the
set of projections in M and let Z(M) be the center of M. We fix a normal semifinite faithful weight
@ on M, and consider the modular automorphism group « corresponding to . There exists a normal
faithful semifinite trace 7 on the von Neumann algebra crossed product M := Mx,R satisfying some
compatibility condition with . Denote by LO(M ,T) the completion of M under the vector topology
defined by a neighborhood basis at 0 of the form

Ule,8) :={x € M : ||lzp| < e and 7(1 — p) < 6, for a projection p € M}.

Then the *-algebra structure of M extends to a *-algebra structure of LO(M, 7).

If M is faithfully represented on a Hilbert space §), then elements in L°(M,7) can be regarded
as closed operators on L2(RR; $)), the Hilbert space of square integrable $-valued functions on R. More
precisely, let T be a densely defined closed operator on L?(R; §) affiliated with A, and |T'| be its absolute
value with spectral measure F|p|. Then T' corresponds uniquely to an element in LO(M ,7) if and only
if 7(1 — Ej7(([0,)\])) < co when X is large. Conversely, every element in L°(M, 1) arises from a closed
operator in this way. Under this identification, the *-operation on LO(M ,7) coincides with the adjoint.
The addition and the multiplication on LO(M ,7) are the closures of the corresponding operations for
closed operators. Denote by Lg (M, ) the set of all positive self-adjoint operators in L°(M, 7).

The dual action & : R — Aut(M) extends to an action on L°(M, 7). For any p € [1, 00|, we set
LP(M) = {T € L°(M,7) : &5(T) = e */PT, for all s € R}

(where, by convention, e=*/> = 1). Then L>(M) coincides with the subalgebra M of M C L°(M, 7).
Moreover, if T € L°(M,7) and T = u|T| is the polar decomposition, then 7' € LP(M) if and only if
|T| € LP(M). The product of an element in L°°(M) with an element in LP(M) (in whatever order)
is again in LP(M). Hence, LP(M) is canonically an M-bimodule. Let LZ (M) denote the set of all
self-adjoint operators in LP(M) and put L% (M) = LP(M) N LY. (M, ).
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When ¢ € (0, 0), the Mazur map
S S5 (SeLl(M,r))

restricts to a bijection from L1 (M) onto LE (M). Since we will use this connection between L} (M) and
L% (M) frequently,

elements in L3 (M) may sometimes be written in the form S (for a unique element
SelLl(M)).

Throughout this article, we identify (L*(M), LY (M)) with (M., (M,)4) as ordered vector spaces.
Hence, (L'(M), L} (M)) becomes an ordered Banach space with the norm || - [|; induced from M,.
When p € (1,0), the function:

1
ITllp == |1TPP[|7

is a norm on LP (M), and (LP(M), L% (M)) becomes an ordered Banach space. It is well-known that this
ordered Banach space is independent of the choices of ¢ and 7 (up to isometric order isomorphisms).

For any p,q € (1,00) satisfying 1/p+1/q = 1, if S € LP(M) and T € LY(M), then ST € L'(M).
The function T+ Tr(T) := T(1) on L*(M) = M, is called the “Haagerup trace”, and the assignment
S+ Tr(S-) defines a bijection from LP(M) to (L(M))* that sends L2, (M) and L (M) onto the set of
hermitian functionals and the set of positive functionals on L?(M), respectively.

For R € L? (M), we denote by sg and by zg the support and the central support of R, respectively;
namely, sg is the smallest element in P(M) satisfying sgkR = R and zpg is the smallest element in
P(M) N Z(M) satisfying zg R = R. It is easy to see that if 7' € L (M), then S, 1 =ST and z 1 =2r.

p P

The following lemma is a reformulation of [25, Proposition A.2] together with some well-known facts
(see e.g. [25, Fact 1.3]).

Lemma 2.1. Let p € (1,00).

(a) Suppose that Ry, Ry € LE,(M). If sg,sgr, = 0, then ||Ry + Ral[h = || Ru||b + || Ra|lb. Conversely, if
p#2 and [|Ry + Rallb = [[R1 — Ral|) = [ Rallp + [ Rz}, then sg,sgr, = 0.

(b) For T1,T» € LY (M), the following statements are equivalent.

(1) sT11 -S;T2 =0.

L
(3) Ty + T3 |5 = [T |15 + (1T [[5-
(4) 1Ty — Tolly = | T1 |1 + [|T2]]1-

(c) S+ S¥ is a homeomorphism from LY (M) onto L% (M).

The next lemma should also be well-known, but since we cannot find a precise reference for it in the
literature, we give its justification here.

Lemma 2.2. Let g € (0,00). If R, T € L*(M), with sgsy =0, then (R+T)4 = R +T1.
Proof. Let &g = sr(L*(R;$)) and Ar := sp(L*(R;$)). Let Ky be the orthogonal complement of

Rr + Rr. As R = spRsg, the restriction, Ry, of R on Kg is a densely defined positive self-adjoint
operator. The same is true for the restriction, 77, of T on K. One may then identify R, T and R+ T
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with R; © 0z, ® 0g,, Ogp, @11 @ 0g, and Ry ® T @ Og,, respectively. Thus, R? 4+ T can be identified
with the closed operator RY & T} @ Og,, which clearly coincides with (R + T')9. O

3. A PREPARATION: EXTENSION TO AN ORDER PRESERVING LINEAR ISOMETRY

We will show in this section that when p € (1,00), the metric preserving bijection ® extends to a
linear isometric order isomorphism from L? (M) onto L2 (N).

The first ingredient that we needed is the following lemma concerning automatic affineness, that
generalises a result of Baker in [1]. However, we do not find our generalization explicitly stated or
used in any literature. Observe that our proof is completely different from the arguments in [1], which
seemingly does not apply to our case.

Lemma 3.1. Let X andY be real Banach spaces with'Y being strictly convex. Suppose that E is a (not
necessarily convex) nonempty subset of X and f : E —'Y is a metric preserving map. For any z,y € E,
one has

flsz+ (1 —=9)y) =sf(z)+ (1 —3s)f(y) whenever s € (0,1) satisfying sx+ (1 — s)y € E. (3.1)

Proof. 1t suffices to consider the case when y # x. Observe that

[(f(2) = F) = (flsz+ (L= 9)y) = fW) | =l = sz + A =s)y)ll = A =s)- e~y  (32)
= [f(@) = FWll = [If (sz + (1 = s)y) = f(W)

Hence, the strict convexity of Y produces § € R, such that

(f(2) = f(¥) = (flsz+ (1= s)y) = f(v)) = 6(f(s2 + (1 = s)y) — F(1))-
It follows again from (3.2) that

(1=5) Il =yl = |(f(2) = f®)) = (f(sz+ (1= 5)y) = fW)I| = 5+ [}z ],
and so § = (1 —s)/s. Hence, f(sx + (1 —s)y) = sf(x) + (1 — s)f(y) as required. O

Our second result is easy. In fact, if we set f(z) := mf(z/m) when z € K" for some m € N, then f
is well-defined and will satisfy the requirement in the statement.

Lemma 3.2. Let X and Y be two Banach spaces, and let K C X and L CY be (not necessarily proper
nor closed) cones. If f : Kg — Lg is an affine map (not necessarily surjective) with f(0) =0, then f
extends uniquely to an affine map f from K to L. If, in addition, f preserves metric, then so is f.

Proposition 3.3. Let X and Y be strictly convex Banach spaces. Suppose that K C X and L CY are
(not necessarily proper nor closed) cones such that the subspace generated by K and the one by L both
have dimensions (as real vector spaces) greater than one. Let e € (0,1]. If f: Ki_. — Li__ is a metric
preserving surjection, then f can be extended to a metric preserving affine surjection from K onto L
sending 0 to 0.

Proof. For simplicity we set v := 1 —e. With Lemma 3.1, we only verify that f extends to a metric
preserving map sending 0 to 0. Let us first show that
f(K{)=Li and f(K})=Ly. (3.3)

Consider an arbitrary element = € K{. If ||f(z)| € (v,1), then f(x) is the mid-point of two distinct
elements in K}, and by Lemma 3.1 (applied to f~!), the element # € K{ is also the mid-point of two

v
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distinct elements in K}, which is impossible (as X is strictly convex). Consequently, f(K{) C LY U L}.
Moreover, since K{ is path-connected and f is continuous, one sees that

cither f(K{) C LY or f(K{)CLj.

If v = 0, then LY contains only one point, and hence f(K{) ¢ LY (because the subspace generated by
K1 has dimension strictly bigger than one). Suppose that v > 0, and consider two distinct elements
x,y € K| which are so close to each other that the line segment joining x and y lies inside K!. Then
Lemma 3.1 tells us that the line segment joining f(x) and f(y) lies inside L, which forbids both f(z)
and f(y) belonging to LY (because of the strict convexity of Y). This means that f(Ki) C Li. By
considering f~!, we obtain the asserted equality f(K{) = L1.

In order to establish f(KY) = LY, it suffices to show that f(K?) C LY (again, because f~' preserves
metric). Suppose on the contrary that there exists z € K with || f(z)|| € (v, 1) (observe that || f(x)| # 1
since f(K{) = L}). Then

f(x) 1
T @ = () @I =1=f@)f < 1-wv.
H 1f ()l I1f ()l
However, for any y € K1, one has ||[y—z| > 1—wv, and this contradicts f(K7) = L1 (because % € L}).
Consequently, Relation (3.3) is verified.

Next, we define f : K — L by setting f(0) = 0 as well as
fa) = |zl f/llzll)  (z € K\{0}). (3.4)

We claim that f is a metric preserving map extending f. Indeed, if v = 0, then f(0) = 0 (because
KQ = {0} and L§ = {0}), and by Lemma 3.1, we know that f is an affine map on K§, and the assertion
on f follows from Lemma 3.2.

Suppose that v > 0. Pick an arbitrary element z € K. It follows from Relation (3.3) that
[f@)=1= 1 =v)+v= vzl +|floz)] = [|f(z) = floz)]| + | f(v2)]],

and this, together with the strict convexity of Y, gives f(z) — f(vz) = §f(vx) for some § € Ry.
Consequently, Relation (3.3) tells us that § = (1 — v)/v, which means that f(vz) = vf(x). Hence,
Lemma 3.1 ensures that

flye) =~f(x)  (y€v, 1z € K). (3.5)
Thus, f extends f.
For each k € Z, we set
K = KL’::H, L, = Lz:ZH and  fi, == flk,-
It follows from (3.4) and (3.5) that
fulz) = fF2) /0" (2 € Ky).
Thus, the metric preserving property of f implies that fj preserves metric.
Fix arbitrary distinct elements x,y € K \ {0} with ||z|| < ||y||. Notice that the assignment
v:s— sz + (1 — )yl
is a continuous map from [0, 1] to Ry. There exist k1 < k2 in Z such that
v <z < 0oTR and oTRR <y < vk,

If ky = ko, then z,y € Ky, and we have ||f(z) — f(y)|| = ||z — y||. Assume that k; < kp. One can find
S1y-+s8ky—ky € (0,1) such that s; < sy < -++ < sg,_k, and that v(s;) = v~ 171 Denote

20 =%, Zhy-ky+1:=y and zi=sx+(1—s)y (i=1,...,k — k).
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It follows that z;, 2,41 € K44 (i =0,1,..., ke — k1), and we have

1£(zi) = Flzis DIl = [ for4i(z0) = frrwi(zir) | = llzi — ziga -
Moreover, since
/

(s + (1= s)y) = (s'w+ (1 = syl = (s = s)llz —yl  whenever s <,

we see that

20 = 21l + - + l2ky ks — 2o ka1l = [l — 9.
Thus,
1 (@) = F@I < 17 (z0) = fGOI 4+ 1F (ko k1) = F (2o —ri42) | = llz = yll.
Furthermore, it follows from the definition of f that || f(sz)| = ||sz|. From these, we conclude that f is
contractive. By considering f~!, we conclude that f is a metric preserving bijection extending f. O

The above shows that ® can be extended to a metric preserving bijection from L (M) onto L% (N).
In order to further extend this map to LZ (M), let us recall the following well-known information about
projections. Denote by

Po(M):={sr:T € LL(M) = (M)}
Elements in P, (M) are called o-finite. By Zorn’s lemma, for any projection e € P(M), one has
e = sup{f € P,(M): f <e}, (3.6)

and e can be written as an orthogonal sum of o-finite projections.

Definition 3.4 (Dye [6]). A bijection T : P(M) — P(N) is called an orthoisomorphism if for every p
and ¢ in P(M), one has

pg =0 is equivalent to Y(p)Y(g) =0. (3.7)

Proposition 3.5. Let p € (1,00), and let M and N be von Neumann algebras of dimensions at least
2. Suppose that € € (0,1], and ® : LE (M)}_, — LE(N)i_, is a metric preserving surjection. Then
O extends to an isometric order isomorphism from LE (M) onto LP (N). Moreover, there exists an
orthoisomorphism Y : P(M) — P(N) such that Y(sp) = sery for all T € Lf (M) _,.

Proof. For any T € LP(M)s,, we know that |T| € LP(M);. Denote by Ty and T, respectively, the
positive part and the negative part of the self-adjoint operator T'. It is well-known that T4 = ‘T‘#

elements in Lo(M, 7). Moreover, one has Ty € LP(M), with sy, sy =0,
ITI5 = 1T 15 + 1715 and [Ty + T (I7 = [T 115 + [1T-[15-
Conversely, if T € LP(M)s, and R, S € LP(M), satisfying sgsg = 0 and T = R — S, then we have
R+S=|T| (as (R+ S)? = (R— S)? = T? and one can apply [3, Theorem 12]), as well as
R=T, and S=1T_. (3.8)

It is well-known that LP (M) is strictly convex (see e.g., Section 5 of [24]). By Proposition 3.3, the map
® extends to a metric preserving affine surjection, again denoted by @, from L% (M) to L% (N) with
®(0) = 0.

as

As @ is affine, one has

[@(R) + ()|l = [|2(R+ )l = IR+ S|,  (B,S € LE(M)). (3.9)
Let us define ® : L2, (M) — L? (N) by
O(T) = ®(Ty) - (T-) (T € LL(M)).
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Clear, @ is a linear extension of ®. On the other hand, Relation (3.9) implies
[@(Ty) + (T = 1Ty + T 17 = T4 I5 + IT-117 = 12T + [|2(T-)]15-

By Lemma 2.1(b), we have sg(7,)8¢(7_) = 0. Thus, the uniqueness of ®(T)+ (see (3.8)) ensures that
®(T)+ = ®(Ty) for any T € L2, (M). Moreover, ® is surjective because ® is surjective. Furthermore,
for any R, S € L2 (M), one has
12(R) — @(S)|| = |®(R+) — D(R-) — ®(S4) + 2(S-)[| = [@(Ry +5-) — ®(R- + S4)|
= [[(By +5-) = (R-+ 5Pl = [|1R=S]|.

Finally, using Lemma 2.1(b) and Relation (3.9), one sees that YT, : s7 + sg(r) is a well-defined
bijection from P,(M) onto P,(N) such that Relation (3.7) holds. By Relation (3.6), the map Y,
extends to a bijection T from P(M) onto P(INV) that satisfies Relation (3.7). O

As said in the Introduction, it is not at all obvious that the complexification of an isometry from
L2 (M) onto LE (N) is an isometry from LP(M) onto LP(N). If it is true, then with Proposition 3.5
we can apply directly the main result of [27] to the obtain Theorem 1.3 for the case when p # 2 (even
without assuming M to be approximately semifinite).

4. THE FIRST MAIN RESULT

Let us now consider Theorem 1.2 for the case of p = 1. In order to obtain a proof for this case, we
need the following proposition from [19, Proposition 2.2], which is a variant of the main result in [6].

Proposition 4.1. (Dye) Suppose that there is an orthoisomorphism A from P(M) onto P(N). Then
M and N are Jordan *-isomorphic.

The following result establishes the case of p = 1 in Theorem 1.2. Notice that the situation when
€ = 0 was already verified in [19, Corollary 3.11].

Theorem 4.2. Let e € (0,1]. If there is a metric preserving bijection ® : LY (M){ then

M and N are Jordan *-isomorphic.

e LAV

Proof. If M is one dimensional, then L% (M)i_, is an interval when ¢ > 0 and is a singleton set when
¢ = 0. This implies that L} (N){__ is homeomorphic to an interval or a singleton set respectively. Thus
N is also one dimensional, and hence isomorphic to M. We assume that both M and N are of dimension
greater than one in the following.

Set 8y :={R € LY (M)} : sg # 1}. For any R € LY (M)i_,, it is easy to see, via Lemma 2.1(b), that
R € 8y if and only if there exists T € L}‘,-(M)%—e such that ||R — T'||; = 2. In this case, T € 8y and
sr - s = 0. Hence, by considering ® and ®~!, one has ®(8;) = Sy

Let us formally define a map

Ag : Po(M)\ {1} — Po(N)\ {1}
by Ao(e) := sa(r), where R € 8y satisfying sgp = e. To show that Ag is well-defined, let us consider
another element R’ € 87 with sg/ = e. Pick any projection f € P;(N) with sg(g) - f = 0. Suppose that
T € 8y satistying sg(r) = f. Lemma 2.1(b) implies

[R =Tl =[|®(R) — 2(T)[l» =2,
and e - sy = 0. Hence we have [|®(R') — ®(T)[|y = |[|[R' — T|[y = 2, which gives sgr/) - f = 0. From this
and (3.6), we conclude that s¢(r/) = sa(r), and Ag is well-defined. Suppose that e1, ez € Po(M) \ {1}
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such that e; - e2 = 0. If Ry, Ry € Sy satistying sp, = ¢; for i = 1,2, then [|®(R1) — ®(R2)||1 = 2, which
gives Ag(e1) - Ag(ez) = 0. By considering @1, we know that if Ag(e1) - Ag(ez) = 0, then eg - e3 =0

Now, we extend Ay to A : P(M) — P(N) by setting A(e) to be the supremum in P(N) of the set
{Ag(e') : € € P,(N);¢’ < e}. In particular, A(1) = 1. Using (3.6), it is not hard to show that A
satisfies Relation (3.7) and the conclusion follows from Proposition 4.1. O

Next, we consider the case when p = co. For this case, we need the following result of Mankiewicz
from [22, Theorem 2], which can also be found in [2, Theorem 14.1].

Proposition 4.3. (Mazur-Ulam-Mankiewicz) Let U be a non-empty open connected subset of a normed
space X, and let W be an open subset of a normed space Y. Then every isometry from U onto W can
be extended uniquely to an affine isometry from X onto Y.

Under the identification of (L*° (M), L*°(M),) and (M, M) as ordered Banach spaces, the following
result gives the case of p = co in Theorem 1.2.

Theorem 4.4. Let A and B be unital C*-algebras. Assume € € (0,1]. If there is a metric preserving
bijection ® : (A4)i_, — (B1)i_., then A and B are Jordan *-isomorphic. Indeed, ® extends to a Jordan
*-isomorphism from A onto B after translation and multiplication by a central symmetry.

Proof. For y € By and r > 0, we set
Dp(y,r):={2€ Bsa: |z —y|| <7}

as well as
V(y.r) == Dp(y,r) N (By)i_.
Clearly, {V(x,r) : r > 0} is a neighbourhood basis of an element z in (B,)}_

(By)b = {2 € Bua: |2 — 1/2] < 1/2}

.- Moreover, notice that

(this can be verified by considering the C*-subalgebra generated by z, when z runs through all elements
in (By){). In other words, (B, )} is the closure of Dg(1/2,1/2). Let us also put

0:=Dp(1/2,1/2)\ (B1)y™*, Bir:={y€ Ba:lly—1/21=1/2 |yl > 1€} and By:=(By)
Clearly, O is open in B, and (By)}__ = OU By U By. It is not hard to see that O is dense in (B, )

€
€

1—
1—
1

1—e

Next, we want to find an element ¢ in (A4)}_, (as a subset of Ag,) and a scalar ¢t > 0 such that
Da(c,t) € (Ay)i_. and ®(Da(c,t)) is an open subset of Bg,. Let us first consider an arbitrary element
a in the open set U := D4(1/2,1/2)\ (A4 )y of Ag. If ®(a) € O, then we may take ¢ = a and it is
clear that such a scalar ¢ > 0 can be found. Suppose that ®(a) ¢ O. The density of O in (B;)i_, tells
us that O N V(®(a),s) # 0 for all s > 0. We choose s > 0 so that D4(a,s) C U, and pick an arbitrary
element d € O NV (®(a),s). Then ¢ := ®71(d) € D4(a,s). One may then find small enough ¢ > 0 with
Dgp(d,t) C O and Dp(c,t) CU.

Finally, Proposition 4.3 tells us that ®|p, (. extends to a bijective isometry from Ag, onto Bg,, and
a well-known result of Kadison (see [15, Theorem 2]) gives the desired conclusion. (]

Observe that {b € By : 1 —¢ < [[b]| < 1} is not an open subset of B, (actually, this set coincides
with O U By \ (By)}). Thus, the above argument remains almost the same if we assume that ® is a
metric preserving bijection from {b € By :1—¢e < [|b| <1} onto {a € A4 :1—¢€ < |lal]| < 1} instead.
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We now turn to the case when p € (1,00). Since it is very rare that L% (M) contains an open subset
of L? (M), Proposition 4.3 cannot be employed in this case. Instead, we need Proposition 3.3 and the
following result from [19, Theorem 3.2(a)], which is another variant of Dye’s theorem in [6].
Proposition 4.5. Suppose that there is a bijection A : LY (M)} — L. (N){ satisfying: for every
R,T € L} (M)1, one has

sr-st =0 if and only if syr)-sa) = 0.

Then M and N are Jordan *-isomorphic.

Theorem 4.6. Let p € (1,00) and € € (0,1]. If there is a metric preserving bijection ® : LE (M)}
LE(N)i_., then M and N are Jordan *-isomorphic.

1—e>

—

—€

Proof. If M = C, then L, (M)}__ is a closed and bounded interval. As ® is a metric preserving bijection,
the topological space LY (N )1_. is also of Hausdorff dimension one, which implies that N = C. The
corresponding conclusion holds when N = C. Therefore, we will only consider the cases when M 2 C
and N 2 C in the following.

Proposition 3.5 ensures that ® extends to a metric preserving affine bijection ® from LY (M) onto
L% (N). Let us define a bijection A : L1 (M)} — LY (N)j by

A(S) = (8(57))" (S e LL(M)y),
where S — S7 is the Mazur map.

Pick arbitrary elements R,T € L (M){ with sg -sy = 0. Lemma 2.1(b) gives HR% T Hi =2, and
we have
IAR)S + AD)F |7 = [|B(RF +TH)|" = 2.

Therefore, Lemma 2.1(b) again produces sy (g) -sx(r) = 0. By considering &1, we know that A satisfies
the hypothesis of Proposition 4.5, and the required conclusion follows. O

5. THE SECOND MAIN RESULT

In order to obtain Theorem 1.3, we need to deal with two cases separately. They are the case of
algebras of type Iy and the case of algebras having FP;.

5.1. The case of type I, algebras. In the following, M5(C) is the von Neumann algebra of 2 x 2
complex matrices. For p € (1,00), we denote by 85 the four dimensional real vector space Ms(C)g,
equipped with the Schatten p-norm. If (X, u) is a semifinite measure space and M := L (u, M3(C)),
then L2, (M) = LP(u;8%) and

LE(M) = L2 (u:88) = {f € LP(1:83) : f(x) € Ma(C)y p-ae.}.

In this case, the center Z(M) can be identified with L>(u), and the central support z, coincides with
the indicator function 1y,cx.q(x)20} Of the cozero of g, for each g € L% (M).

Lemma 5.1. Let g € (1,00)\{2}. Then 81 cannot be written as an £9-direct sum of two proper subspaces.
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Proof. Suppose X and Y are two proper subspaces of 81 such that 84 = X @4 Y. Fixed an arbitrary
R € X\ {0}. For every T € Y, we have |[R+ T/ = [|R||+ ||T||¢ = ||[R — T||§. By Lemma 2.1(a), one
has sr - sp = 0. Hence, if sgp = 1, then Y = {0}, which is a contradiction. This shows that sg is a rank
one projection, and for each T' € Y \ {0}, the projection sy = 1 — sg is also of rank one. Consequently,
Y =(1-sg)84(1—sg), and thus is of real dimension one. In the same way, X is of real dimension one.
However, this contradicts to the fact that 82 has real dimension 4. O

The following lemma should be well-known, but we give a simple argument here for completeness.

Lemma 5.2. Let g € (1,00) and A : 8§ — 82 be a surjective linear isometry with A(Mz(C)4) = M3(C)4.
Then A is an isometry on Ma(C)sa, when it is equipped with the operator norm.

1 0
0 0
and the isometric assumption of A to show that sy()sa(1—e) = 0. This tells us that A(e) and A(1 —e)
are rank one positive matrices, and they can be simultaneously diagonalized. Therefore, one can find a
unitary U € M2 (C) such that UA(e)U* = e (observe that [|A(e)||, = 1) and U(A(1) — A(e))U* =1 —e.
Hence, A(1) = 1. Now, [15, Corollary 5] gives the conclusion. O

Proof. Let e := ( ) Since e and 1 — e are orthogonal projections, one can use Lemma 2.1(b)

In order to verify Theorem 1.3 for M = M5(C) when p # 2, we also need the following result (see [10]
and [29]), which can be found in [9, Theorem 8.3.9].

Proposition 5.3. (Sourour-Greim) Suppose that q € [1,00) \ {2}. Let (X1, 1) and (Xa, u2) be finite
measure spaces, and let E1 and Es be two separable real Banach spaces such that neither of them can
be decomposed into an (%-direct sum of two non-zero subspaces. Assume W : LI(uy, E1) — Li(po, E2)
is a surjective linear isometry. Then there is a set isomorphism = from measurable subsets of Xy onto
measurable subsets of Xo as well as a strongly measurable map V : Xo — B(E1; Es) such that V(y) is a
surjective isometry ps-a.e. and that for any measurable subset A of Xy and a € Ey, one has

w(a1a)) = (H2=

- )1/q(y)V(y)(a15(A)(y)) for ps-a.e. y. (5.1)

We say that a map ® : L% (M) — L% (N) preserves central supports if zr = z¢r) for any T € LY (M).

Lemma 5.4. Let (X, i) be a finite measure space and p € (1,00)\{2}. If ® : LP(u;85) — LP(1;8%) is a
surjective linear isometry preserving central supports and satisfying ®(L" (p; 8%5)) = LY (11;8%), then there

is a Jordan *-isomorphism © : L (u; Mo (C)) — L= (u; M2(C)) with @(f%) = @*(f)% (f € LY (1;85)).

Proof. Notice that since 8% is finite dimensional, the dual Banach space of LP(u;8%) is L(u; 82) (where
1/p+1/q = 1) and the canonical bijective isometry between them will send the set of positive linear
functionals on L”(u; 8%) onto LY (y; 83). Therefore, the dual map W of @ is an order isomorphic isometry
from L9(u;83) to itself. It is easy to see that W also preserves central supports.

By Lemma 5.1, we see that the hypothesis of Proposition 5.3 is satisfied. Since ¥ preserves central
supports, we know from Relation (5.1) that the map Z in Proposition 5.3 will satisfy

p((A\E(A)UEA)\A) =0 for every measurable set A.
Thus, we may assume that = is the identity map and obtain
U(g)(z) = V(z)(g(z)) for p-almost every z € X and all g € L(u;82)),

where V is the strongly measurable map in Proposition 5.3.



METRIC PRESERVING BIJECTIONS 13

For any positive matrix a € Ms(C); with rational entries, by considering the constant function
ga € L(u;81) taking the value a, the positivity of ¥ tells us that V(x)(a) > 0 for p-a.e. 2. As the
set of positive matrices in M>(C) with rational entries is countable and dense in M3(C), we conclude
from the continuity of the map V(z) (on 8%) that V(z)(M2(C);) C Ma(C)4 for almost all z. Thus,
one may assume that V(z) > 0 for all z € X. From Lemma 5.2, it is known that V' (x) is an isometric
order isomorphism from M3(C)s, onto Ma(C)s, (both equipped with the operator norms). Moreover,
because B(M2(C)sa) = B(83) as locally convex spaces, we know that V' is a measurable map from X to
B(M3(C)sa). Consequently, O(h)(z) := V(z)(h(z)) (h € L>®(u; M2(C))) is the Jordan *-isomorphism
that satisfies the requirement. O

The following lemma is a simple case of [6, Corollary 1].

Lemma 5.5. Let (X, i) be a semifinite measure space. If Y is an orthoisomorphism from the projection
lattice P(L>(n)) onto itself, then T extends to a *-isomorphism from L (u) onto itself.

Proposition 5.6. Let M be a type Io von Neumann algebra and ® : L% (M)i_, — L% (N)i_, be a
metric preserving surjection, where € € (0,1]. There exists a Jordan *-isomorphism © : N — M such

that ®(S¥) = ©,(9)7 (S € LL (M) __,).

Proof. As the case of p = 2 follows directly from [4, Théoréme 3.3] and Proposition 3.5, we will only
consider the case of p # 2. It follows from Theorem 1.2 (which was established in Section 4 above) that
there is a Jordan *-isomorphism from N to M. By composing ® with this isomorphism, we may assume
that N = M. By Proposition 3.5, the map ® extends to an isometric order isomorphism from L2 (M)
onto itself.

Let M = L*(u) ® M2(C) for a semifinite measure space (X, pt). It follows from [6, Lemma 1] that the
map Y as given by Proposition 3.5 restricts to an orthoisomorphism from P(Z(M)) = P(L>°(u)) onto
itself. Let ¥ : L®°(u) — L°(u) be the *-isomorphism extending this restriction (as given in Lemma 5.5).
Replacing ® with its composition with ¥~! ®id : M — M, we may assume that ® preserves central
supports.

Consider a family {X;};c5 of pairwise disjoint measurable subsets of finite measures with X =
Uies Xi- If pi := plx,, one see from the central support preserving assumption of ® that it restricts to an
isometric order isomorphism from LP, (u;; M2(C)) onto itself. Therefore, Lemma 5.4 produces a Jordan
*-automorphism ©; on L (u;; M2(C)) that implements ®|rp (,,..ar,(c))- Now, it is not hard to verify

that the map from M = @f; L2 (i3 M2(C)) to itself induced by {©; }iey is the Jordan *-isomorphism
satisfying the asserted property. O

5.2. The case of algebras having EP;. In this section, we verify Theorem 1.3 for non-type I, algebras
that satisfy an extra assumption, the so-called FP;. Let us first give the reason why we need this
assumption through the illustration of the commutative case.

Let (X,u) and (Y,v) be two semi-finite measure spaces. Let p € (1,00) and € € (0,1). Suppose
that ® : L% (u)j_. — LB (v)i_. is a metric preserving bijection. By Proposition 3.5, we can extend
® to a metric preserving affine bijection ¥ from L (u) onto L% (v). The map ¥ : f — W(fY/P)P is
then a bijective map from L% (1) onto L (v). However, we do not know a priori that this continuous
bijection W is isometric or affine. Nevertheless, it can be shown that convex combinations of elements
with orthogonal supports are sent to the corresponding convex combinations under U. If it happens that
every such “orthogonally affine” map is actually affine, then ¥ will restrict to an affine bijection from
the normal state space L () onto that of L>°(v), and we can use a well-known result to obtain the
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*-isomorphism from L*°(v) onto L*°(u) that induces ®. Fortunately, some von Neumann algebras do
satisfy this property (e.g. semi-finite ones), and they are studied under the name EP;. In fact, the EP;
property was first introduced by K. Watanabe (see [34]) and was extended to EP, (for any p € [1,00))
by D. Sherman (see [28]). Let us restate this property clearly in the following,.

Definition 5.7. Let M be a von Neumann algebra.
(a) For a normed space X, amap 7 : L} (M)} — X is said to be orthogonally affine if for every s € (0,1),
T(sR+ (1= s)T) = s7(R) + (1 — s)7(T) whenever R,T € L (M)} with sg -sy = 0.

(b) M is said to have EP; if every norm continuous orthogonally affine function « : L} (M) — [0,1] is
actually affine.

Remark 5.8. (a) Our definition of EP; is the same as the one introduced in [28]. In fact, suppose that
k: LY (M)} — [0,1] is a norm continuous orthogonally affine function. We define p : L} (M) — Ry by

p(T) = |IT||s(T/IIT|) (T € LL(M)\{0}).
Since ||sR+ (1 — s)T|| = s|R|| + (1 — s)||T|| for any R,T € L% (M), it is not hard to check that p will

satisfy the four conditions in [28, Definition 4.1] for C = 1. Conversely, if a function p : Lt (M) — Ry
satisfies the four conditions in [28, Definition 4.1], and we define  : LY (M) — [0,1] by

K(T):=p(T)/C (T € LL(M)y),
then k is a norm continuous orthogonally affine map.

(b) It was shown in [28, Theorem 1.2] that all semifinite algebras without type Is summand, all hyperfinite
algebras without type I summand as well as all type Il factors with separable preduals have EP;.
In fact, all these algebras are approximately semifinite algebras, and it was shown in [28] that all
approximately semifinite algebras with no type I summand have EP; (the precise statement is stated
in Proposition A.7). For the benefit of the reader, we will recall in the appendix some materials from
[28] that lead to this fact.

Lemma 5.9. Suppose that M has EPy. Let ® : L (M){ — LY (N)i be a norm continuous orthogonally
affine map (not assumed to be surjective). Then ® is an affine map.

Proof. Fix an arbitrary element f € L*(N)* with || f|| < 1. Consider the map « : L} (M)} — [0, 1] given
by k(R) := f(®(R)). Clearly, k is a norm-continuous orthogonally affine function. By the assumption,
we know that x is affine, and hence ® is affine (since f is chosen arbitrarily). O

As said in [28], the von Neumann algebra Ms(C) does not have EP;. In fact, Lemma 5.9 does not
hold for M = M5(C), as shown in the following.

Example 5.10. Recall that in the so-called Bloch sphere model there is a metric preserving affine bijection
from L} (M>(C)){ (considered as the state space of M(C)) onto the closed unit ball B of R3. More
precisely, fix any a € M, (C) with normalized trace being 1. There exist u, v, w € R with u?+v?4+w? <1

such that
a—l 1—u v+iw
o\ v—dw 14w J°

1-— ) . .. .
A positive when u? + v? + w? < 1. The assignment R, : b — Tr(ba)

5 1
Conversely, ( v—iw 14u
is a state of M>(C) (i.e., it belongs to L (M>(C))] under the identification L'(Ms(C)) = M(C),), and
any state of My(C) is of this form. Moreover, R, is pure, i.e., sg, is a rank one projection, exactly when
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u? 4+ v? +w? = 1. We thus identify the state R, with the point (u,v,w) in B, and the set of pure states
with the unit sphere 8. Furthermore, it is easy to see that for any other state R, € L} (M>(C))i, one
1+u —v—iw )

has sRastzoifandonlyifb:%( o4 iw 1—u

Now, consider a homeomorphism I" from 8 onto itself that does not preserve the metric but satisfies
F(—(’U/,’U,’LU)) = —F((U,U,HJ)) ((’U/,’U,’U}) € S)

Consider ® : B — B to be the map that sends (2s — 1)(u, v, w) to (2s — 1)I'(u, v, w) for any s € [0, 1] and
(u,v,w) € 8. Tt is easy to see that ® is a continuous orthogonally affine map extending I'. However, ®
cannot be affine, because continuous affine bijections between normal state spaces are metric preserving.

Proposition 5.11. Let p € (1,00), and let M and N be von Neumann algebras such that M has EP;
and M % C. Suppose that € € (0,1] and ® : L' (M)1_, — L% (N)i_, is a metric preserving surjection.
There is a Jordan *-isomorphism © : N — M satisfying

1

®(R») = O.(R)¥  (Rv € LX(M)}_) (5.2)

Proof. By Proposition 3.5, the map ® extends to a metric preserving affine bijection & : LE (M) —
L% (N). Since ®(0) = 0, we know that ® restricts to a bijection from L% (M)} onto L% (N)i. Let
A: LY (M){ — LL(N)i be the bijection defined by

A(S) :=®(S7)P (S e Ll (M) (5.3)
Suppose that s € (0,1) and R, T € L% (M)} satisfying sg - sy = 0. It follows from Lemma 2.2 and the
affineness of ® that
A(sR+(1—8)T) = ®((sR+ (1 — s)T)7)" = &(s7Rv + (1 —5)7T7)"
= (FR(RP) + (15 B(TD))" = sA(R) + (1 — )AD).

In other words, A is orthogonally affine. Moreover, we know from Lemma 2.1(c) that the bijection
A is a homeomorphism. It now follows from Lemma 5.9 and the hypothesis that A is affine. Thus,
[16, Theorem 4.5] gives a Jordan *-isomorphism © : N — M such that for every T' € L} (M)i, one

has A(T) = ©.(T), or equivalently, @(T%) = 9*(T)%. From this, one obtains Relation (5.2) (as ® is
positively homogeneous). O

5.3. The proof of the second main theorem. Theorem 1.3 is a direct consequence of the following
more general result. For a von Neumann algebra M if My is the type Iy part of M and M = My & My,
then Mj is called the non-type-lIo part of M. Note that by Proposition A.7 and Lemma A.6, if M is
approximately semi-finite, then its non-type-Io part of M has EP;.

Theorem 5.12. Let p € (1,00) and € € (0,1]. Suppose that M and N are von Neumann algebras
with M % C such that the non-type-ly part of M has EPy. If ® : LY (M)1_, — L% (N)}_, is a metric
preserving bijection then there is a Jordan *-isomorphism © : N — M satisfying @(R%) = @*(R)%, for
any R € L} (M)1 -

Proof. Tt follows from Proposition 3.5 that ® extends to an isometric order isomorphism, again denoted
by ®, from LZ,(M) onto L, (N). Moreover, as in Proposition 3.5, the assignment sy +— sg(7) induces
an orthoisomorphism Y from P(M) onto P(N).

Let e be the central projection in M with egM being the type I part of M. If fi := T(eq), then fy is
a central projection. Therefore, ® can be written as a sum of an order preserving bijective isometry ®g :
L? (egM) — L2, (foN) and order preserving bijective isometry ®; : L2 ((1 — eq)M) — L2, ((1 — fo)N).
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By Theorem 1.2, we know that egM and (1 — eg)M are Jordan *-isomorphic to foN and (1 — fo)N,
respectively. Thus, foIV is the type I part of N.

Now, Proposition 5.6 produces a Jordan *-isomorphism ©g : foN — eoM such that @0(5%) = @E‘)(S)%
for each S € L1 (egM), while Proposition 5.11 produces a Jordan *-isomorphism ©; : (1 — fo)N —
(1 —eg)M such that <I)1(T%) = GT(T)% for each T € LY ((1 —eg)M). Set © := O + O1. As & is linear,
one concludes that CI)(R%) = @*(R)% as required. O

APPENDIX A. APPROXIMATELY SEMIFINTE ALGEBRAS AND PROPERTY FP;

The notion of EP; is first introduced by Watanabe in [34] and further studied by Sherman in [28].
In [28, Theorem 1.2], some algebras with EP; were listed, and their proofs were given in the main body
of [28] (in fact, the more general case of EP, was considered there). In particular, it was shown that an
approximately semifinite algebra with no type I summand has EP;. However, the proof for this fact
scatters in [28] and is not easy to trace. For the benefit of the readers, we collect some facts as well as
some arguments from both [28] and [34] that lead to the above statement. There is no new result nor
new proof given in this appendix.

First of all, let us recall from [34, Theorem 4.8] the following result.

Lemma A.1. Any von Neumann algebra with a normal faithful tracial state and with no type Is summand
has EP;.

Secondly, we recall the following lemma from [28, Theorem 5.3(a)].

Lemma A.2. Let M be a von Neumann algebra. Suppose that there is an increasing family {M;}ic5 of
von Neumann subalgebras (of M) having EPy such that | J,c5 M; is o(M, M, )-dense in M, and that for
each i € J, there is a normal conditional expectation E; : M — M; with E;(1) being the identity of M;
and E; o B; = E; whenever ¢ < j. Then M has EP;.

Suppose now that M is a semifinite algebra without type I summand. Let M; and M; be the type
I and the type I parts of M respectively. Clearly, ¢M>q does not have any type Is summand, for any
q € P(Mz). On the other hand, M; can be decomposed as Py, L™ (X, £L(Hx)) with dim H, # 2 for
every A € A. Thus, there exists an increasing net {p;};c7 in the set

{p € P(M) : pMp has a normal faithful tracial state and does not have any type Is summand}
that o(M, M,)-converges to 1. This, together with Lemmas A.1 and A.2, gives the following.

Proposition A.3. If M is a semifinite von Neumann algebra with no type Iy summand, then M has
EP;.

Our next lemma follows readily from the definition of EP;, because all elements in LY (M){ have

disjoint supports from elements in L} (N)}.

Lemma A.4. If M and N are two von Neumann algebras with EPy, then M & N has EP;.

Let us now recall the definition of approximately semifinite algebras from [28].



METRIC PRESERVING BIJECTIONS 17

Definition A.5. A von Neumann algebra M is said to be approximately semifinite if there is an increas-
ing family {M; };c5 of semifinite von Neumann subalgebras as well as a net { F; };c5 of normal conditional
expectations satisfying the conditions as in Lemma A.2. In this case, {(M;, E;) }ie is called a semifinite
paving for M.

Lemma A.6. If N and L are von Neumann algebras with L & N being approximately semifinite, then
N is approximately semifinite.

Indeed, if {(M;, E;)}icy is a semifinite paving for L & N, and P : L & N — N is the canonical
projection, then {(P(M;), P o E;|n)}ies is a semifinite paving for N.

Proposition A.7. If M is an approximately semifinite von Neumann algebra with no type Is summand,
then M has EP;.

In fact, we consider L and N to be the finite part and the properly infinite part of M, respectively. It
follows from Proposition A.3 that L has EP;. Moreover, by Lemma A.6, the algebra N is approximately
semifinite. If {(N;, E;)}ic5 is a semifinite paving for N, then {(N; ® M3(C), F; ® id) };¢7 is a semifinite
paving for N ® M3(C) 2 N (because N is properly infinite). Since the semifinite algebra N; ® M3(C)
can never have a type Iy summand, we know from Proposition A.3 and Lemma A.2 that N has EP;.
Now, it follows from Lemma A.4 that M has EP;.
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