ON A NOTION OF CLOSENESS OF GROUPS
CHI-WAI LEUNG, CHI-KEUNG NG AND NGAI-CHING WONG

ABSTRACT. Enlightened by the notion of perturbation of C*-algebras, we introduce and
study briefly in this article, a notion of closeness of groups. We show that if two groups
are “close enough” to each other, and one of them has the property that the orders of its
elements have a uniform finite upper bound, then the two groups are isomorphic (but
in general they are not). We also study groups that are close to abelian groups, as well
as an equivalence relation induced by closeness.

1. INTRODUCTION

In 1972, Kadison and Kastler introduced in [2] the notion of “perturbation of C*-
algebras”, and they asked what kind of properties will be preserved if A is close enough
to B in this sense. Many people followed this question and produced a lot of interesting
results in C*-algebras (see [1] and the references there in).

Using this idea, one can define a notion of closeness among (discrete) groups. We will
give a brief study of this notion in this article. More precisely, we say that a group G is
0-contained in another group H if there are injective unitary representations of them on
the same Hilbert space such that the image of GG is contained in the image of H up to a
distance of §.

We obtained several results in this direction. In particular, let H be an “k-bounded”
group for some k > 2 (i.e., the orders of all elements in H are bounded by k) and
5 € (0, %sin 7), then any group G that is d-contained in H is isomorphic to a subgroup
of H (see Theorem 3.4). We will also study those groups that are arbitrarily close to
abelian groups. Furthermore, using this notion of closeness, one can define an equivalence
relation on different classes of groups, and we will consider certain interesting classes in
this article.

2. DEFINITIONS AND BASIC FACTS

Notation 2.1. Throughout this article, G and H are groups, and Ri,;(G) and Riyj(H) are
the collections of all injective unitary representations of G and H, respectively. Moreover,
if $ is a Hilbert space, then £($)) is the C*-algebra of all bounded linear operators on
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$, while U($) is the unitary group of £(5)). For any normed space E, we denote by Bg
the closed unit ball of E.

Let us begin with the precise definition of closeness.

Definition 2.2. (a) G is said to be d-contained in (respectively, d-close to) H if there
exist (9, ¢) € Rinj(G) and ($,v) € Riyj(H) such that

¢(G) € Y(H) + 6Bs)
(respectively,

P(G) CY(H) +Bg) and P(H) C ¢(G) + 6By))-

(b) G is said to be asymptotically contained in (respectively, asymptotically close to) H
if it is J-contained in (respectively, d-close to) H for each § > 0.

Parts (b) - (d) of the following example tell us that groups which are asymptotically
close to each other can have very different properties.

Example 2.3. (a) Z; is not 6-contained in Zs if 0 < § < 2 — /3. In fact, if $ is a
Hilbert space and u,v € U(9) \ {1} with u*> = 1 and v3 = 1, then |1 — u|| = 2 and
11 —ol = 3. Thus, [lu—vl| 2 ]I —ul| = 1 o[ 22~ V/3.

(b) Let t € (0,1) be an irrational number. Then 0 : n + e*™ is an injective group ho-
momorphism from Z into T := U(C) (= {z € C: |z| = 1}) with dense range. Therefore,
T and Z are asymptotically close to each other. Note that Z is countable but T is not.
(c) Let ny, no, ... be a sequence of relatively prime numbers. By considering the canonical
injective representation from @y Zn, into T (sending (k;)jen to H;";le%ﬂi/”ﬂ), we see
that @,.cn Zn, is asymptotically contained in Z. In the case when {p1,pa, ...} is the set of
all prime numbers, the image of @, ey Ly, is dense in T. This means that @, Ly, is
asymptotically close to Z. Note that Z have a single generator but the minimal number
of generators of @, oy Ly, 1is infinite.

(d) Let D := llg Zow and T := llﬂ Zsi. Then both of them can be considered as dense
subgroups of T and hence they are asymptotically close to each other. Note that all
elements in both D and T are of finite order, but the order of any element in D is a
power of 2 while the order of any element in T is a power of 3.

The following result gives a connection between closeness of groups and the notion of
perturbation of Banach algebras in the sense of Kadison and Kastler [2].

Proposition 2.4. If (9,¢) € Riy(G) and (9,v) € Rinj(H) satisfying ¢(G) C ¥(H) +
0B (s), then ¢(Bp(a)) € ¥(Bo(m)) + 20Bgg) (where ¢ and ¢ are the induced represen-
tations).
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Proof: For every r € G, we take §(r) € H with ||¢(r) —(0(r))]] < d. If f € Bug), for
each u € H, we set g(u) := 0 if 67 (u) = 0 and g(u) := > reo-1(w) (1) otherwise. Then
Duen 19w <2 cq | f(r)] < 1. As g € Bpgyy and

|6 = d)| = |32 retem —vom)

< 5,

we obtain the required inclusion. 0

3. THE MAIN RESULTS

We say that a group H is k-bounded for some integer k > 2 if the order o(t) < k for
each t € H. The following observations are useful in our study.

Lemma 3.1. (a) Let u be a unitary in a C*-algebra and G, be the subgroup of T generated
by its spectrum o(u). Then the order, o(G,), of G, equals the order, o(u), of .

(b) For each pair of positive integers (N, m), there is a strictly positive constant K m
such that for any Hilbert space $) and u € U($) with o(u) = m, if v € U(H) satisfying
o(v) < N and ||u — v|| < Knm, then o(v) divides m.

(¢c) Suppose that H is a k-bounded group. For any (¢, $) € Rinj(H) and any two distinct
elements r,s € H, one has ||[¢(r) —1(s)|| > 2sin 7.

Proof: (a) This statement can be obtained easily by considering the C*-subalgebra,
C*(u), generated by u as well as the fact that C*(u) = C(o(u)).

(b) Let Gy be the collection of all generating subsets of Ty, := {z € T : 2* =1} (k € N),
and Qnm = {n € N:n < Nyn {m}. If Qum = 0, then we can set Ky, = 1.
Otherwise, for any n € Qn,,n, and S € G,,, we set

. 2l7i
/ﬁ',S = max Hlln{|€ m  — 8| . l = 1,...,m} .
seS

Note that k% > 0 as S ¢ T,,. Define
KN = min{ms :Se€GuneQnmt > 0.

Suppose on the contrary that ||[u — v|| < & < Kxm but 0o(v) € Qnm. Then § < k7
because o(v) € Gy by part (a). This implies that

On the other hand, observe that if A ¢ o(u) + 0B¢, then
1A =) =sup{|]A —p| " s peo(w)} <67

This implies that |(A —v) — (A —w)|| < d < [[(A —u)7||~" and A ¢ o(v). Therefore, we
have o(v) C o(u) + 0B¢. This contradicts (3.1) because o(u) C T,, (by part (a)).
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(¢) The assertion follows from the following inequalities.

(3.2) [(r) = ()] = ro(l=(r"s)) = [L= /9] > 2sin(n/k),

where r,(-) stands for the spectral radius. 0

Remark 3.2. (a) Let n # m and u,v € U($) with o(u) = m and o(v) = n. It follows
from Lemma 3.1(b) that ||u — v|| > min{&,um, Kmns} > 0. This generalises the situation
in Example 2.3(a).

(b) By Example 2.3(d), one has inf yey £y 3 = 0. Similarly, for any m € N, by considering
liﬂ Z,x and h_n>q Zyx with p being a prime number not dividing m, one can show that
ianeN RNm = 0.

Example 3.3. For each integer k > 2, pick any § € R\ {0} with
d <min{kn,, : Nym=1,2,...,k} and ¢ <sin(n/k).

If G and H are two abelian groups with order less than k, which are d-close to each other,
then G and H are isomorphic.

In fact, let (¢,$) € Rini(G) and (¢,$) € Rinj(H) be as in Definition 2.2. Then
Lemma 3.1(c) gives a bijection 6 from G onto H such that ||¢(r) —(0(r))]] < d (r € G).

Furthermore, Lemma 3.1(b) shows that 6 preserves orders of elements. Now suppose

that the common order of G and H is n = pi* ---p*, where py,...,py are distinct prime
numbers and ry,...,r. € N. Then we can write G and H as direct sums of their Sylow
subgroups

G =Gp)® - ®Gpy) and H=H(p)® - D H(pg).

Since 0 preserves the order of every element, we see that 0 maps bijectively from the
Sylow p;-subgroup G(p;) onto the Sylow p;-subgroup H(p;) (i = 1,....k). Thus, one can
assume that n =p". A

In this case, G = @,,_, Ly and H = @]_, Zym, where my < ... <m; and ny < ... <
n;. It is clear that m; = n;. Let Gy = ;_:11 Ly and Hy := {:_11 ZLyni . Suppose that
Or(m) is the number of order m elements in a group I' (m € N). If (z,y) € Go ® Zym
and | € N, then o(x,y) = p' if and only if either o(z) = p' and o(y) < p', or o(z) < p'
and o(y) = p'. This shows that

Oc(p) = Og,(p)p+ (p— 1)
as well as
Oc(p') = Oc,(" '+ (1 + ...+ O, (0" NG =) (1=2,3,...,my),

and similar equations hold for Oy and Op,. Since Og = Oy, we know that Og, = Op,,
which gives m;_y = nj_y1. Inductively, one has i =j and my =ny (k=1,..,1).
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Recall that the spectrum of a finite group G is the set w(G) := {o(g) : g € G}, where
0(g) is the order of g. The problem of determining finite simple groups by their spectra
was initiated in [3] and studied by many people. One may regard the function O¢g in
the above example as the extended spectrum of G (notice that n € w(G) if and only if
O¢(n) # 0). The argument of Example 3.3 tells us that two asymptotically close finite
groups will have the same extended spectrums. Moreover, the argument in this example
also shows that the extended spectrum of a finite abelian group determines the group
completely (which is likely a known fact). We do not know if the extended spectrum is a
complete invariant for all finite groups. However, we will see in Theorem 3.4 below that if
two finite groups are asymptotically close to each other, then they are indeed isomorphic.

3.1. Asymptotic containment in groups of bounded order.

Motivated by Example 3.3, our first task is to consider in what situation closeness of
groups will give rise to isomorphisms. The best situation we can think of is the following
result (note that Example 2.3(d) tells us that the conclusion of this result can be false if
one only assumes that every element in H has a finite order).

Theorem 3.4. Suppose that k E {2,3,4,...}, and G and H are two groups such that H
is k-bounded. Take any 6 € (0, 5sinT).

(a) If G is §-contained in H, then G is isomorphic to a subgroup of H.
(b) If G is 6-close to H, then they are isomorphic.

Proof: (a) Let (9, ¢,%) be as in Definition 2.2. If u,v € ¢¥(H) are distinct elements,

™

we have [[u —v|| > 2sin 7 (by Lemma 3.1(c)). Thus, if » € G, there exists exactly one
O(r) € H with ||¢(r) —¢(6(r))|| < 6. Since

lo(r=) = (@) DIl = [¥0) — ()l < & < sin(w/k),

we see that 0(r~!) = 0(r)~'. Moreover, if r, 7, € G, we have

[p(rir2) = (0(r1)0(r2))|
< lo(r)e(ra) = ¢(r)p(0(r2))l| + lo(r)(0(ra)) — $(6(r1))(0(r2))l| < sin(x/k).

This implies that 0(ry73) = 0(r1)6(r2). Therefore, 6 is a group homomorphism. Finally,
suppose on the contrary that # is not injective. By the construction of 8, we have

gb(ker@) - 1+(5BL(5)

Therefore, o(¢(s)) € 1+ 1/2B¢ for every s € ker 6. Now, if we take any sy € ker 6\ {e},
then there always exists n € N with o(¢(s0)") € 1+ 1/2B¢ (by considering the C*-
subalgebra generated by the non-trivial unitary ¢(s)), which is a contradiction (because
s¢ € kerf).

(b) Let ($), ¢,1) be as in Definition 2.2. As in the above, one can construct an injective

homomorphism 6 : G — H. To see that 6 is also surjective, let v € H. By assumption,
there exists t € G with ||¢(v) — ¢(t)|| < d. Thus, |[(v) —¥(0(t))] < sinZ, and the

k?
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inequality (3.2) ensures that v = 6(¢). O

One may also reformulate Theorem 3.4 as follows.

Corollary 3.5. For any integer k > 2, there exists r > 0 such that if $ is a Hilbert
space and H is a k-bounded subgroup of U($)), then any subgroup G C U($) satisfying
G C H + 1By is a subgroup of H.

3.2. Asymptotic containment in abelian groups.

Next, we would like to consider when a group is asymptotically contained in an abelian
group. A natural question is whether such a group should be abelian. For the moment,
we only know that it is the case when every element in G is of finite order (or when H is
k-bounded for some k € N). Nevertheless, we find some properties of such groups which
are interesting by themselves. Notice that the trivial group {e} is 2-bounded.

Definition 3.6. (a) A subset £ C G is said to be asymptotically included in another
subset ' C G if for any 0 > 0, there is (£, ¢) € Rinj(G) with ¢(E) C ¢(F) + B (g).

(b) G is said to be asymptotically abelian if the set Cq = {s~'r~lsr : r;s € G} of
commutators is asymptotically included in {e}.

(c) G is said to be pairwise asymptotically abelian if the subset {s~'r~1sr} asymptotically
included in the subset {e} for every r, s € G.

Clearly, G is asymptotically abelian if and only if for each € > 0, there is (£),¢) €
Rinj(G) such that |[¢(rs) — ¢(sr)|| < € (r,s € G). Moreover, if we set

Ne = {s € G: {s} is asymptotically included in {e}},

then G being pairwise asymptotically abelian is equivalent to C'¢ C Ng.

Lemma 3.7. If ;s € G both have finite orders and {r} is asymptotically included in
{s}, then o(r) = o(s). Consequently, any non-trivial element in Ng is of infinite order.

Proof: This follows from Remark 3.2(a). OJ

It follows from Proposition 3.8(b) below that the above can fail if only one of the
elements is assumed to have finite order. This proposition also tells us that Ng can be
very big even when G is abelian.

Proposition 3.8. (a) If every element in G has a finite order and G is pairwise asymp-
totically abelian, then G is abelian.

(b) If G is a finitely generated infinite abelian group, then Ng contains all the elements
of G with infinite orders. Consequently, G = {s+1:s,t € Ng}.
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Proof: (a) By Lemma 3.7 and the hypothesis, we have Ng = {e}, and hence Cg = {e}
(as G is pairwise asymptotically abelian).
(b) We may write G = Z' @ Zy,, & - - - @ ZLy,, (notice that this includes the case of G = Z’

if we take j = 1 and my = 1). Let (nf,...,n{,1,...,1?) € G be an element of infinite

order. Without loss of generality, we can assume n{ # 0. For any k € {1,...,5} and
€ > 0, there exists an irrational number ¢, € (0,1) such that |1 — 2™ ("%+i/m)| < ¢ On
the other hand, we choose any irrational numbers s,, ..., s; € (0,1) with |1 — e2™"i5| < ¢
(k=2,...,4). Then ¢ : G — T~ C U(C™~1) given by

7 7 o 2mwing so 2mings;  2mi(niti+li/ma) 2mi(nit;+l;/mj)
gzﬁ(nl,...,n,-,ll,...,lj) = (6 ey € e , € JarT )

P

is an injective representation of G satisfying [|1 — ¢(n{,...,n?, 17, ..., 19)|| < e. This shows

that (nY,...,nY, 19, ...,l_?) € Ng. Finally, for each (19, ...,l_?) € Ly © -+ D Ly, we have
(-1,0,...,0,0,...,0), (1,0,...,0,19,...,1%) € Ng. Thus, any element in G is a sum of two
elements in Ng. O

In the following, let CZ := {t; -+ t, : t1,...,t, € Cg} (n € N).

Proposition 3.9. (a) If G is asymptotically contained in an abelian group H, then G is
asymptotically abelian.

(b) If G is asymptotically abelian, then Cg contains no non-trivial subgroup of G for all
n € N.

(c) If G contains a finite non-abelian subgroup H, then G is not asymptotically contained
i an abelian group.

Proof: (a) For any 6 > 0, let ($),¢,) be as in Definition 2.2. For any r,r" € G,
there are u, v’ € H with ||¢p(r) — ¢ (u)|| < and [|¢(r') — ¥ (u')]] < 0, which implies that
lp(r)e(r') — o(r")e(r)|| < 44.

(b) Let H C C& be a subgroup of G. As G is asymptotically abelian, it is easy to see
that C% is asymptotically included in {e}. Hence, H is asymptotically contained in {e}
(which is a 2-bounded group). Now, Theorem 3.4(a) ensures that H = {e}.

(c) By Proposition 3.8(a), G is not pairwise asymptotically abelian (otherwise, H will be
abelian). Thus, G is not asymptotically contained in any abelian group, because of part
(a). O

We end this subsection with the following example, which tells us that a pairwise
asymptotically abelian group need not be asymptotically abelian.

Example 3.10. (a) Let v be the action of Zs := {1, —1} (with the usual multiplication)
on Z given by v,(k) = ak (o € Zy and k € N) and G be the semi-direct product Z X~ Zs.
For any (k,«), (I, 5) € G, we have

(k) (1, B) "k, a) (1. B) = (afk+ Bl — afl — ok, 1),
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which equals either (0,1), (—2k,1), (21,1) or (2k — 2l,1). This shows that C¢ = 27 %
{1}. Thus, Proposition 3.9(b) tells us that G is not asymptotically abelian and hence
1s not asymptotically contained in any abelian group. Next, we show that G is pairwise
asymptotically abelian. Let
0 1 e™ 0

V::(1 O) and Wg::( 0 emg) (0 €(0,1/2)\ Q).
As VWV = Wg, the map ¢ : G — U(C?) given by ¢o(k,1) := W§ and ¢g(k,—1) =
WV (k € Z) is an injective group homomorphism. Moreover, for any k € Z,

|1 —WH| = |11 — Wag|| = 2sink6

can be made arbitrarily small if 0 is small enough. This shows that any singleton subset
of Cq is asymptotically included in {e} as required.

(b) Let v be the action of Z on Z & Z given by vp(m,n) = (m + kn,n), and G =
(ZSZ) x,Z. It is not hard to see that Cq = (Z&{0}) x {0}, and G is not asymptotically
abelian by Proposition 3.9(b). Suppose that 6 € (0,2) is irrational and u,v € U($) are
such that uwv = e®™vu. Then ¢(((m,n),k)) = e™™v™u* is an injective representation of
G. In fact, if ™™ "uF = 1y, then e "R0Tykyr — 14 which implies that k = 0 = n and
hence m = 0 as well. Therefore, any singleton subset of C is asymptotically included in
{e}, and G is pairwise asymptotically abelian.

In Example 3.10(b), the C*-subalgebra generated by u and v is the irrational rotation
algebra (yet this C*-algebra is far from being the group C*-algebra of (Z & Z) x., Z).

3.3. Asymptotic equivalence.

One can define an equivalence relation in a collection of groups using asymptotic close-
ness.

Definition 3.11. If G4, ...,G,, are groups in a class § such that G; is asymptotically
close to G,y for every + = 1,..,n — 1, then we say that G; and G,, are asymptotically
equivalent inside §. When § is the class of all groups, we simple say that G; and G,, are
asymptotically equivalent.

It is natural to ask how this equivalence relation behaves in some well-known classes
of groups. Note, first of all, that by Propositions 3.8(a) and 3.9(a), we have the following
result.

Corollary 3.12. Let G be the class of groups whose elements are all of finite orders. If
G and H are asymptotically equivalent inside Gy, then G s abelian if and only iof H is
abelian.

Note that the two groups in Corollary 3.12 need not be isomorphic (see Example
2.3(d)). Yet, they will be isomorphic if we impose a stronger assumption on them as
stated in the following corollary, which is a direct consequence of Theorem 3.4(b).
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Corollary 3.13. (a) If G is k-bounded for some integer k > 2 and is asymptotically
equivalent to H, then G is isomorphic to H.

(b) If two groups are asymptotically equivalent, then either they are both finite and iso-
morphic or they are both infinite.

Finally, we have the following result concerning finitely generated abelian groups.

Corollary 3.14. Suppose that H is the class of all finitely generated infinite abelian
groups. Any two elements in H are asymptotically equivalent inside H.

Proof: Suppose that G = ZF @ Z,,,, @ - - - @ Zy,, (this includes the case of G = Z* when
j =1 =myq). There exist irrational numbers ¢y, ..., tx € (0,1) such that {1,¢y,...,t;} are
Q-linearly independent (notice that as Q + Qt; + ... + Qt;, is countable, one can obtain
this claim by induction). Then

(N1, ...,np) > elmbrttneti)2n

is an injective representation of Z* in U(C) with dense range. Thus, Z is asymptotically
close to Z* (see Example 2.3(b)). Consequently, G is asymptotically close to G :=

k .
L@ Loy ® -+ @ Lpy,. If t € (0,1) is an irrational number, then (n, k) — Mty )2
is an injective representation of Z @ Z,,, in U(C) with dense range. Therefore, Z is
asymptotically close to Z®Zy,,, and so are Gy and Gy := Z®Zy,, D - - D Zy,,;. Inductively,
we see that G is asymptotically equivalent to Z inside H, and so is H. O
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