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OPERATIONAL 2-LOCAL AUTOMORPHISMS/DERIVATIONS

LIGUANG WANG* AND NGAI-CHING WONGT

ABSTRACT. Let ¢ : A — A be a (not necessarily linear, additive or continuous)
map of a standard operator algebra. Suppose for any a,b € A there is an algebra
automorphism 6,,;, of A such that
¢(a)p(b) = bab(ab).
We show that either ¢ or —¢ is a linear Jordan homomorphism. Similar results
are obtained when any of the following conditions is satisfied:
¢(a) + ¢(b) = bap(a+b),
P(a)p(b) + ¢(b)d(a) = bap(ab+ ba), or
¢(a)p(b)p(a) = Oa,b(aba).

We also show that a map ¢ : # — .# of a semi-finite von Neumann algebra
M is a linear derivation if for every a,b € .# there is a linear derivation Dg; of
A such that

¢(a)b+ ap(b) = Dq,p(ab).

1. INTRODUCTION

Let A be a complex (*-)algebra. We call a map 0 : A — A a (x-) automorphism
if 6 is bijective, (x-)linear, and multiplicative. We call 6 a local (*-)automorphism
if for every a in A there is a (*-)automorphism 6, of A, depending on a, such that
O(a) = 6,(a). Although a local automorphism preserves idempotents, square zero
elements, central elements, invertibility, and spectrum, it can be nonlinear and/or
non-multiplicative (see, e.g., [13]).

The notion of local automorphisms is introduced by Larson and Sourour [11].
They showed that every surjective linear local automorphism of a matrix algebra
is either an automorphism or an anti-automorphism, and that of B(H) is an au-
tomorphism whenever H is an infinite dimensional Hilbert space (see also Bresar
and Semrl [4]). Tt is also known that a surjective linear local automorphism of a
(resp. purely infinite) C*-algebra of real rank zero, or a (resp. properly infinite)
von Neumann algebra, is a linear Jordan isomorphism (resp. an automorphism),
while a linear local automorphism of an abelian C*-algebra is always an algebra
homomorphism (see, e.g., [13]).

We call a (not necessarily linear, additive or continuous) map 6 : A — A a 2-local
(x-) automorphism if for any a,b in A there is a (x-)automorphism 6, of A such
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that 0(a) = 04(a) and 0(b) = 04(b). It is clear that a 2-local (x-)automorphism
6 is a local (x-)automorphism. It is also known that every 2-local automorphism
of a standard operator algebra A on a Banach space is an algebra homomorphism
provided that it is continuous with respect to the weak operator topology or its
range contains all finite rank operators, while a surjective 2-local automorphism
of a C*-algebra is an algebra automorphism (see [12]). Moreover, every 2-local
s-automorphism of a von Neumann algebra is an algebra *-homomorphism ( [5]).
On the other hand, a linear map D : &/ — & is said to be a derivation if

D(ab) = D(a)b+ aD(b) for all a,b € .

Every derivation on a C*-algebra is (norm) continuous (see [16, Lemma 4.1.3]).
Kadison and Sakai showed that every (linear) derivation D : .# — .# of a von
Neumann algebra .# is inner, namely, there is an s € .# such that

D(a) =sa—as forallae.#

(see [16, Theorem 4.1.6]). It is also known that every derivation of a simple C*-
algebra with identity is inner ( [15]; see also [16, Theorem 4.1.11 and Corollary
4.1.7]), and every derivation from a standard operator algebra into B(X) is an inner
derivation, where X is a Banach space ([6]).

We call amap ¢ : &7 — o a local derivation if for any a in 7 there is a derivation
D, of o7, depending on a, such that ¢(a) = D,(a). Every linear local derivation of a
C*-algebra is continuous ([9, Theorem 7.5]), and indeed a derivation ([17, Corollary
1]; see also [3,9]). In particular, every linear local derivation ¢ on a von Neumann
algebra is an inner derivation ([10, Theorem A]).

We call a map ¢ : & — & a 2-local derivation if for any a,b in « there is a
derivation Dgp of A such that ¢(a) = D, p(a) and ¢(b) = Dgp(b). It is clear that
2-local derivations are local derivations. Ayupov and Kudaybergenov showed that
every 2-local derivation of a von Neumann algebra is a linear local derivation, and
thus an inner derivation ([2, Theorem 2.1]).

Recently, Molnar [14] studied some operational forms of 2-local automorphisms/
derivations. They are those maps ¢ : &/ — o/ satisfying one of the following
conditions: for any a,b € o7, there is an automorphism 6,4 or a (linear) derivation
Dgy of A such that

(1.1) ¢(a) + ¢(b) = bap(a +b),

(1.2) #(a)p(b) = b,(ab), or

(1.3) 6(a)b + ag(b) = Dy (ab).

It is clear that any 2-local automorphism/derivation is an operational 2-local auto-
morphism/derivation.

Although Proposition 1.1(c) below is stated for standard operator algebras on
Hilbert spaces in [14, Theorem 2.7], the statement and the proof there are indeed
also good for the case when FE is a Banach space.

Proposition 1.1 (Molnar [14]). (a) Let ¢ : M,(C) — M,(C) satisfy (1.1)
and n > 3. Then ¢ s either an algebra automorphism or an algebra anti-
automorphism.
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(b) Let ¢ : M,,(C) — M, (C) satisfy (1.2). Then either ¢ or —¢ is an algebra
automorphism.

(c) Let A be a standard operator algebra over a complex Banach space E. Let
¢: A— B(E) satisfy (1.3). Then ¢ is a linear derivation.

In this note, we extend above results of Molnar, among many others, about
operational 2-local automorphisms to the setting of standard operator algebras.
We also show that any operational 2-local derivation of a semi-finite von Neumann
algebra or a unital simple C*-algebra with a faithful tracial state is a linear local
derivation.

The authors would like to express their appreciation to Lajos Molnar for several
helpful comments. They are also thankful to Jiankui Li for a valuable discussion on
Theorem 3.1.

2. OPERATIONAL 2-LOCAL AUTOMORPHISMS

Let E be a (complex) Banach space. Denote by B(FE) the algebra of bounded
linear operators on E, and F(FE) its subalgebra of (continuous) finite rank operators.
A standard operator algebra A on E is a subalgebra of B(E) containing F(F).

A (linear) Jordan isomorphism J : A; — As between standard operator algebras
on Banach spaces E; and FEj is either an algebra isomorphism or an algebra anti-
isomorphism. More precisely, J assumes either the form

e T — STS~! for an invertible bounded linear map S : E; — F», or
o T — ST'S~! for an invertible bounded linear map S : B} — Es,

where E’ is the Banach dual space of E, and 7" : E{ — E} is the dual map of T
When the second form holds, both E; and Es are reflexive ( [7, Theorem 2.6]).

Proposition 2.1. Let A be a standard operator algebra A on a complexr Banach
space E of dimension at least three. Let ¢ : A — A be a map such that the range of
¢ contains all rank one idempotents. Suppose for any a,b € A there is an algebra
automorphism 04y of A such that

(2.1) ¢(a) + ¢(b) = bap(a +b).

Then the restriction ¢ | F(E) 8 an algebra automorphism or an anti-automorphism
of F(E). If ¢ is continuous with respect to the weak operator topology then ¢ is an
algebra homomorphism or an anti-homomorphism of A.

Proof. With b = —a in (2.1), we see that ¢(—a) = —¢(a) for any a € A. Thus, we
have ¢(0) = 0. With b = 0 in (2.1), we see that ¢ is a local automorphism of A.
In particular, ¢ sends idempotents to idempotents, and preserves rank. Let p, g be
disjoint idempotents in A of finite rank m and n; that is, pg = gp = 0. Then (2.1)
implies that ¢(p) + ¢(q) is an idempotent of rank m + n. Hence, ¢ sends exactly
disjoint idempotents to disjoint idempotents. In particular, ¢ induces a bijection of
the set of all rank one idempotents which preserves disjointness in both directions.

Let p be an idempotent of finite rank n > 3. Then p’ = ¢(p) is again an
idempotent of rank n. Let a = pap in F(E). For any finite rank idempotent g
disjoint from p, we have

¢(a) + ¢(q) = Oaq(a+q)
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has rank strictly greater than the rank of a. This forces ¢(a) disjoint from I —¢(p) =
I —p'. Indeed, suppose that ¢(a)(I —p’) has rank m such that 1 < m < n. We can
write ¢(a)(I —p') = 27:1 yj ® f; with linearly independent vectors yq,...,¥m in E/
and linearly independent norm one linear functionals fi,..., f;, such that f; =0 on
p'E for j =1,...,m. Here, v ® g denotes the rank one operator u — g(u)v. Let z1
be a unit vector in (I — p')E such that fi(z1) =1 and fo(z1) = -+ = fin(z1) = 0.
Then the rank one idempotent ¢’ = z1 ® f; is disjoint from p’. Note that

m
$a)+q =da)I—p)+q +da)p = (@1 +y) @ fr+ >y @ f;+pla)p.
j=2
Since (x1 +y1) ® f1 + Z;’LZ y; @ f; has rank at most m, which is the rank of
#(a)(1 —¢'), we see that ¢(a) + ¢ has rank at most the rank of ¢(a). Let g be a
rank one idempotent in F(E) such that ¢(q) = ¢’. Since ¢(p)op(q) = p'¢’ = 0, we
have pq = 0, and thus ga = aq = 0. We then arrive at a contradiction:

rank(¢(a)) > rank(¢(a) + ¢(q)) = rank(a + ¢) = rank(a) + 1 = rank(¢(a)) + 1.

It says ¢(a)p’ = ¢(a). Similarly, we see that p’¢(a) = ¢(a). Therefore,

¢(a) = p'¢(a)p’ for any a = pap € F(E).
In other words, ¢ sends pF(E)p = M,(C) into p/F(E)p" = M,(C). Applying
Proposition 1.1(a), we see that ¢ induces a linear Jordan isomorphism from pF(E)p
onto p' F(E)p'.

For any a,b € F(FE), let p be an idempotent of big enough finite rank at least three
such that ¢ = pap and b = pap. Since ¢ induces a linear Jordan isomorphism from
pF(E)p onto ¢(p)F(E)é(p), we have ¢(aa+8b) = ag(a) + Ap(b) and ¢(ab+ba) =
d(a)p(b) + ¢(b)¢p(a) for all scalars o, 5. Since the range of ¢ contains all rank one
idempotents and ¢ preserves rank, ¢ restricts to a linear Jordan automorphism from
F(E) onto F(E).

Finally, since every bounded linear operator on FE is a limit of a net of finite rank

operators in the weak operator topology, the last assertion is established. O
Definition 2.2. Fix a finite sequence (iy,42,...,%y) such that {i1,ig,...,i,m} =
{1,2,...,k} and k > 2. Suppose there is an index i, different from all other indices
iq. Define a generalized product for operators T1,...,T} by

Tyx--xT = Ty - T,

inL‘
Similarly, we define a generalized Jordan product
Tio-oTy = Ty - Ty + Ti ---Tj,.

The generalized product covers the usual product 17 * --- x T = 17 --- T} and
the Jordan triple product T1 * T = T5T1T>. The generalized Jordan product covers
the usual Jordan product 177 o T5 = 11715 + 15711 and the Jordan ternary product
TioTy ol =T I5T5 + T5T5T.

Theorem 2.3 ([7, Theorem 3.2] and [8, Theorem 2.2]). Let Ay, Ay be standard
operator algebras on complex Banach spaces F1, Fo, respectively. Let Ty * --- x T},
and Ty o --- o Ty, be a generalized product and a generalized Jordan product defined
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as in Definition 2.2, and ® : Ay — Az is a (not necessarily linear, additive or
continuous) map. Suppose

(a) ®(A1) contains all finite rank operators on Fy of rank at most two, and the

spectrum
(2.2) o(P(Ay) *---xDP(Ag)) = 0(Ay %+ % Ag)
holds whenever any one of Aq,..., Ar has rank at most one; or
(b) ®(A1) contains all finite rank operators on Es of rank at most three, and the
spectrum
(2.3) o(®P(A1)o--0P(Ag)) =0(Aj0---0Ag)
holds whenever any one of A1,..., Ar has rank at most one.

Then there exist a scalar & with £ = 1 such that ® = &J for a linear Jordan
homomorphism J : A1 — As.

Moreover, J will be an algebra homomorphism in case (a) unless the generalized
product is symmetric in the sense that m = 2p — 1 and

(i1s -y ip 1y gty oo izp 1) = (i2p—1s - oy lips 1y lipyip1s - -5 01)-

Theorem 2.4. Let A be a standard operator algebra on a complexr Banach space E.
Let Ty #---x Ty and Ty o --- o T}, be the generalized product and Jordan products of
operators in A defined as in Definition 2.2. Let ¢ : A — A be a map such that ®(A)
contains all finite rank operators on E of rank at most two (resp. three). Suppose

for any a1,...,ar in A, in which one of them has rank at most one, there is an
algebra (resp. linear Jordan) automorphism g, . 4, of A such that

(2'4) ¢(a1) ook ¢(ak) = eal,...,ak (al koeee ok ak’)

(2.5) (resp. ¢(ar)o---o@(ag) =bq,,. ar(ar0---0ag)).

Then ¢ assumes either the form
A ESAS™Y or A ESA'STE

for a complex scalar & with €™ = 1, and an invertible bounded linear operator
S:E—ForS:E —E.

Proof. Since both algebra isomorphisms and linear Jordan isomorphisms preserve
spectrum, condition (2.4) implies condition (2.2), and condition (2.5) implies con-
dition (2.3). It then follows from Theorem 2.3 the desired assertions. O

Corollary 2.5. Let A be a standard operator algebra A on a complexr Banach space.
Let ¢ : A — A be a map such that the range of ¢ contains all finite rank operators
on E of rank at most two. Consider the following operational 2-local automorphism
conditions.

(a) ¢(a)p(b) = bap(ab),

(b) ¢(a)p(b)¢p(a) = bap(aba), or

(c) ¢(a)d(b)d(a)® = Oap(aba®),
where Oq is an automorphism of A for any a,b € A, in which one of a,b has rank
at most one.
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If (a) holds, then either ¢ or —¢ is an automorphism. If (b) holds then one
of ¢, wo or w2 is either an automorphism or an anti-automorphism, where w is
a primitive cubic root of unity. If (c) holds then one of +¢ and +£v/—1¢ is an
automorphism.

Proof. It follows from Theorem 2.4 that ¢ '¢ is an automorphism or an anti-
automorphism of A for some mth root £ of unity with m = 2,3 or 4. The assertions
follow from Theorem 2.3 since the products in (a) and (c) are not symmetric. O

We note that aba and its transpose (aba)! = a'blal are similar if a or b has finite
rank, when F is a Hilbert space. Thus the transpose map a — a' satisfies condition
(b) in Corollary 2.5.

It follows from Theorem 2.4 the same way the following results for operational
2-local and 3-local Jordan automorphisms.

Corollary 2.6. Let A be a standard operator algebra A on a complex Banach space
E. Let ¢ : A — A be a map such that the range of ¢ contains all finite rank
operators on E of rank at most three. Consider the following conditions.

(a) ¢(a)p(b) + ¢(b)¢(a) = Oqp(ab + ba),

(b) ¢(a)e(b)o(c) + d(c)p(b)d(a) = bap.c(abe + cba), or

(¢) ¢(a)p(b)p(a)® + d(a)®d(b)p(a) = Oup(aba® + aba),
where Oqp (resp. Oqp.c) is a linear Jordan automorphism of A for any a,b,c € A, in
which one of a,b (resp. a,b,c) has rank at most one.

If (a) holds, then ¢ or —¢ is a linear Jordan automorphism. If (b) holds then one

of ¢, wp or w?¢ is a linear Jordan automorphism, where w is a primitive cubic root
of unity. If (c) holds then one of ¢ and ++/—1¢ is a linear Jordan automorphism.

The assumption that the range of ¢ contains enough operators of small ranks is
indispensable for ¢ being surjective. Consider, for example, the map ¢(a) = RalL
of F(¢3), where R is the unilateral shift and L = R* is the backward unilateral shift
on the separable Hilbert space f3. Then ¢ is a linear n-local automorphism of F(¢2)
for any n > 1, and thus satisfies all operational n-local automorphism conditions.
However, ¢ is not an automorphism of F(¢2).

Theorem 2.7 ([7, Theorem 4.2] and [8, Theorem 4.1]). Let S(Hy),S(Ha2) be
the sets of bounded self-adjoint operators on complex Hilbert spaces Hy,Hy. Let
Ty % ---x Ty and Ty o --- o Ty be a generalized product and a generalized Jordan
product defined as in Definition 2.2, and ® : Ay — As is a (not necessarily lin-
ear, additive or continuous) map. Suppose the range of ® contains all finite rank
self-adjoint operators on Hy of rank at most two (resp. three), and the spectrum

o(P(AL) *---xDP(Ag)) = 0(Ay x--- % Ag)

(resp.  o(D(A) o0 B(Ay)) = a(Ay 0+ -0 Ay)
holds whenever any one of the self-adjoint operators Ai, ..., Ar has rank at most
one. Then there exist a scalar & € {—1,1} with €™ = 1 and a surjective linear
isometry U : Hy — Hy such that ® assumes either the form A — EUAU* or A —

EUA'U*. Here, A stands for the transpose of A with respect to a fized orthonormal
basis of Hj.
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Note that we do not need to assume the generalized product of self-adjoint oper-
ators is again self-adjoint in [7, Theorem 4.2].

One can derive some results about operational 2-local *-automorphisms from
Theorem 2.7. Below is an example.

Corollary 2.8. Let H be a complex Hilbert space. Let ¢ : B(H) — B(H) be a
map such that the range of ¢ contains all operators in B(H) of rank at most two.
Suppose that for any a,b € B(H) there is a x-automorphism 0, of A such that

(2.6) $(a)*P(b) = 0,(a™D).

Then ¢ assumes either the form a — UaV or a — Ua'V for some unitary operators
U,V of H.

Proof. Putting a = b = I in (2.6), we see that ¢(I)*¢(I) = I. Putting b = @ in
(2.6), we see that ||¢(a)|| = |la|| for any a € B(H). For any unit vector x in H, let
b € B(H) such that ¢(b) = x ® = be the self-adjoint rank one operator y — (y, z)z.
Together with a = I, condition (2.6) implies

lp(D) ]| = [[(¢(1)"z) @ || = lp(1)*d(0)]| = [Ib]] = llz @ =] = 1.

Consequently, the operator ¢(I)* is an isometry, and thus ¢(I)¢(I)* = I as well. In
other words, ¢([) is a unitary operator on H.

Replacing ¢ by the map ¢(I)*¢(), we can assume ¢(I) = I. It then follows
from (2.6) with b = I that ¢ sends every self-adjoint operator a to a self-adjoint
operator ¢(a) = 6, r(a*)*. Therefore, ¢ sends S(H) into S(H). Applying Theorem
2.7 with the product a * b = ab, we have a unitary operator W of H such that
#(b) = EWOW* or £WHW* for every self-adjoint operator b in S(H). Replacing
¢ by the map +W*p()W or =W*¢()!W, we can further assume that ¢(b) = b for
every b € S(H). For any x € H, it then follows from (2.6) that the inner product

(p(a)"x, x) = trace(d(a)"(z @ x)) = trace(d(a)"d(x @ r))
= trace(lg 202 (0" ® ) = (a*z, ).

The polar identity of inner products ensures that ¢(a) = a for all a € B(H).
In the original setting, with U = +¢(I)W and V = W*, we arrive at the desired
conclusion. O

3. OPERATIONAL 2-LOCAL DERIVATIONS

Let .# be a semi-finite von Neumann algebra with a normal semi-finite faithful
trace 7. In other words, 7 : .#4 — [0, +00] is a map satisfying that

1. (x—i—y)—T() 7(y) for all z,y € A;

2. 7(tx) = tr(z) for all x € A, and t > 0;

3. 7(z*x) = 7(xa*) for all x € A

4. 7(z*z) = 0 if and only if z = 0;

5. 7(x) =sup{7(y) : 0 <y < z,7(y) < +o0};

6. T(:):) = sup, 7(z;) if x € A, is the o-weak limit of an increasing net x; in
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Set
my ={z € A :7(|z]) < +o0},

where |z| = v2*z. Then m, is a *-algebra and is also a two-sided ideal of ..
The o-weak closure of m, is ., and for any x € .#, there exists an increasing net
{zr} of positive elements in m, with strong (SOT) limit . Moreover, T extends to
m, a complex linear map such that 7(ab) = 7(ba) for all a,b € m,. When 7(1) =1,
we say that 7 is a normal faithful tracial state; this happens exactly when .Z is a
finite von Neumann algebra. See, for example, [18].

The following strengthens the results of [1] and [14, Theorem 2.7].

Theorem 3.1. Let 4 be a semi-finite von Neumann algebra with a normal faithful
semi-finite trace T. Let ¢ . M — M be a map. Suppose for any A, B € A, there
is a linear derivation Dy, : M — M such that

¢(a)b+ ap(b) = Dap(ab).
Then ¢ is a linear derivation.
Proof. Since ¢(I)I + I¢(I) = Dy (I) =0, we have ¢(I) = 0. Then the condition
¢(a) = ¢p(a)l + ag(I) = Dy1(a), Vae .4,

says that ¢ is a local derivation. Since the linear derivation D, ; is inner, we have
¢(a) € m, whenever a € m.. Consequently, ¢p(m,) C m..
For any x € .4,y € m,, there is a linear derivation D, , on .# such that

O(2)y + 2¢(y) = Dey(zy).
Since Dy, is an inner derivation, there exists a € .# such that
D, y(vy) = axy — xya € m;.
Consequently,
T(Day(zy)) = 0 = 7(d(2)y + 2¢(y)),
and thus,
T(¢(x)y) = —7(zo(y)).-
For any t1,ts € C, a1,a0 € A4, b € m,, we have
T(¢(trar + t2a2)b) = —7((t1a1 + t2a2)¢(d))
= —[t17(a1¢(b)) + t27(az¢(b))]
= 7([t1d(a1) + t2¢p(a2)]b).
This gives
T([p(t1ar + t2az) — t1d(ar) — t2g(az)]b) = 0.
Let
w = ¢(t1ar + ta2as) — t1d(a1) — tad(az).

We have 7(wb) = 0 for all b € m,. Take an increasing net {e,}, of projections in
m, such that e, To I in 4. Since e w™ € m,, we have

T(weqw*) =0 for all a.
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Because we,w* T, ww* and 7 is normal, we have 7(ww*) = 0. Then w = 0 since 7
is faithful. Therefore,

(;5(751@1 + tgag) - t1¢(a1) - th(ag) =0

for all scalars t1,t3 and a1,a2 € .#; namely, ¢ is a linear map. Since every linear
local derivation of .# is a linear derivation, the proof is complete. O

Theorem 3.2. Let o7 be a unital simple C*-algebra with a faithful tracial state T.
Let ¢ : of — & be a map with the property that for any a,b € &7, there is a linear
derivation Dy : &/ — &/ such that

#(a)b+ ap(b) = Dqp(ab).
Then ¢ is a linear derivation.

Proof. Recall that every linear derivation of a unital simple C*-algebra is inner [15].
Argue as in the proof of Theorem 3.1, we see that ¢ is a linear local derivation
of o7. Since every linear local derivation of a C*-algebra is a linear derivation
([17, Corollary 1]; see also [3,9]), the proof is complete. O
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