THIN BELLS IN LP-SPACES AS JORDAN INVARIANTS FOR VON NEUMANN
ALGEBRAS
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ABSTRACT. Extending the main result in [10], we show that for any fixed p € [1, o] and any € € (0, 1],
the metric space

{7 e L (M) 1-c<|Sv] <1}
is a complete Jordan *-invariant for a von Neumann algebra M. Furthermore, in the case when
p € (1,00), if M 2 C and is a semifinite algebra with no type Is summand (or is a hyperfinite algebra
with no type I2 summand), then for any von Neumann algebra N and any metric preserving bijection

1 1
O {SELL(M):1—e<||SF| <1} - {T e LE(N):1—e<|T7] <1},

1 1
there is a Jordan *-isomorphism © : N — M satisfying ®(S?) = ©.(5)r.

1. INTRODUCTION AND NOTATION

It is well-known that several partial structures of a von Neumann algebra can serve as complete
Jordan *-invariants of a von Neumann algebra (see e.g. [7, Theorem 2], [7, Corollary 5], [8, Theorem
4.5], [18, Theorem 3] and [5, Théoréme 3.3]). In particular, generalizing results in [14], [20] and [21], D.
Sherman showed in [15] that the metric space structure of the non-commutative LP-space is a complete
Jordan *-invariant for the underlying von Neumann algebra, when p € [1,00] \ {2} (observe that the
non-commuative L2-space of any infinite dimensional von Neumann algebra with separable predual is

).

Since any bijective isometry between normed spaces is automatically affine, it is natural to ask whether
it is possible to obtain a “smaller invariant” by excluding those part that could be recover from a smaller
subset of the non-commuative LP-space. Alone this line, we show in [10] that, for each p € [1, o0], the
positive contractive part of the non-commuative LP-space, again as a metric space, is a complete Jordan
*-invariant for the underlying von Neumann algebra (note the different here that one can include the
case of p = 2, since the cone of the L2-space encodes some information that cannot be recovered from
the normed space structure).

Continuing with this philosophy, we will show in Section 2 of this article the following result concerning

an arbitrarily thin bell Lﬁ(M)g': ={Re LY (M): B—e<|R|| < B+¢e} as a complete Jordan invariant.

Theorem 1.1. Let p € [1,00] and B € Ry \ {0} and € € (0,5]. If there is a metric preserving bijection
D Lﬁ(M)gfi — Lﬂ(N)gJ_rz, then M and N are Jordan *-isomorphic.

In the case of p = 1, this is proved by showing that some elements with norm [ is mapped to elements
with norm § in an “orthogonality support preserving way”, we then use a result of Dye to obtain the
conclusion. In the case of p = 0o, we show that some points in the interior of the bell is mapped to
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the interior of the other bell, and then use a “stronger form of the Mazur-Ulam theorem” and a result
of Kadison to get the Jordan *-isomorphism. In the case of p € (1,00), we use the strict convexity
to verify that the map ® is “partially homogeneous” and the canonical extension to the whole cone is
also isometric. Then we use some equality related to the non-commutative Clarkson inequality to a
“biorthogonality preserving map” between the normal state spaces, and employ a result in [9] to finish
the proof.

The proof of the case p € (1,00) can be generalized to a statement concerning extension of maps
between the bells to that of between the cones. From this, we have the following.

Let p € (1,00) \ {2}. If € € (0,1] and
O:{SecLlP(M):1—e<||S||<1} = {T €LP(N):1—e<|T| <1}

is a metric preserving bijection, then one can find a Jordan *-isomorphism © : N — M
with @ is defined by © in a canonical way.

On the other hand, it was asked in [10] whether a metric preserving bijection from the positive
contractive part of the non-commuative LP-space of one von Neumann algebra to that of another von
Neumann algebra is defined by a Jordan *-isomorphism in a canonical way. Although the above quoted
statement is true, there seems to have no way to obtain this strong form from this statement in the case
when p € (1,00) \ {2}. Nevertheless, we give in, Section 3, an affirmative answer to this question in the
case of p € (1,00) when the algebra satisfying a condition called EP; (which is true when the algebra is
semifinite algebras and has no type Is summand). In fact, we give a more general result as follows:

Theorem 1.2. Letp € (1,00) and B € Ry \{0} and ¢ € (0,8]. Let M and N be von Neumann algebras

such that M has EP; and M 2 C. Suppose that @ : Li(M)ng — Li(N)gJ: is a metric preserving

surjection. There is a Jordan *-isomorphism © : N — M satisfying @(R%) = @*(R)% (R% € LE(M)5).

Let us set some notations and recall some facts in the remainder of this section. Throughout this
article, M and N are von Neumann algebras with predual M, and N, respectively. We use P(M) to
denote the set of projections in M. We fix a normal semifinite faithful weight ¢ on M and consider the
modular automorphism group « corresponding to ¢. Since the von Neumann algebra crossed product
M := MR is semi-finite, we choose a normal faithful semi-finite trace 7 on M. Denote by L°(M, )
the completion M under the vector topology defined by a neighborhood basis at 0 of the form

Ule,8) :={x € M : ||lap| < e and 7(1 — p) < 6, for a projection p € M}.

The *-algebra structure on M extends to a *-algebra structure on L°(M, 7).

If M is a von Neumann algebra on a Hilbert space ), then elements in L°(M,7) can be regarded as
closed operators on L%(R;$)). More precisely, let T be a densely defined closed operator on L?(R;$))
affiliated with M and |T'| be its absolute value with spectral measure Ejp|. Then T corresponds uniquely
to an element in L°(M, 7) if and only if 7(1—Ej7(([0, A])) < co when X is large. Conversely, every element
in LO(M,7) comes a closed operator in this way. Under this identification, the *-operation on L°(M, )
coincides with the adjoint. The addition and the multiplication on L°(M, ) are the closures of the
corresponding operations for closed operators. We denote by Li(M ,T) the set of all positive self-adjoint
operators in LO(M, ).

The dual action & : R — Aut(M) extends to an action on L°(M, 7). For any p € [1, 00|, we set

LP(M) :={T € L°(M,7) : 45(T) = e */PT, for all s € R}
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(where e~/ means 1). Then L>(M) coincides with the subalgebra M of M C L°(M, ). Moreover,
if 7€ LO(M,7) and T = u|T| is the polar decomposition, then T' € LP(M) if and only if |T'| € LP(M).
Denote by L?, (M) the set of all self-adjoint operators in L?(M) and put L% (M) := LP(M) N LY. (M, ).

When ¢ € (0, 00), the Mazur map

S S8Ye (S e L%(M,T1))

restricts to a bijection from L} (M) onto L% (M). Since we use this connection between L} (M) onto
LY (M) a lot, elements in L% (M) will always be written in the form S/ (for a unique S € L1 (M)).

As in the literature,

we identify (L (M), Ly (M)) with (M., M;") as ordered vector spaces throughout this article.

Hence, (L*(M), L} (M)) is an ordered Banach space with norm | - [|;. When p € (1,00), the function:

1Tl = [[I7P) "

is a norm on LP(M), so that (LP(M), L% (M)) becomes an ordered Banach space. It is well-known that
this ordered Banach space is independent of the choices of ¢ and 7.

For T € L} (M), we denote by sp € P(M) the “support of 77 Recall that a map A from a subset F

of L1 (M) to L (N) is said to be orthogonality preserving if for R, T € E, one has
sr-s7 =0 implies spg) - sa(r) = 0. (1.1)

Let us recall the following result. The first statement of part (a) is a reformulation of [12, Proposition
A.6] and the second statement follows from [12, Fact 1.3], while part (b) is very well-known.
Lemma 1.3. Let R, T € LY (M).
(a) Suppose that p € (1,00). Then sg - st = 0 if and only if ||R% + T%H£ = ||R%||g + ||T%||g In this
case, one also has ||R% - T%Hg = ||R%||I’j + ||T%||g
(b) sg st =0if and only if |R—T|1 = ||R|l1 + [|T]1-

From this, one sees that if a map A : L} (M) — LY (N) satisfies ||A(R)|| = |R| and A(R+T) =
A(R) + A(T) for any R, T € L1 (M) with sg - sy = 0, then A is orthogonality preserving.

Our second lemma is well-known, but since we cannot find the exact reference in the literature, we
give their justification here.
Lemma 1.4. (a) S — SY? is a homeomorphism from Lt (M) onto L% (M), for any p € (1,00).
(b) Let g € (0,00). If R,T € L*(M) with sgsy =0, then (R+T)9 = RI +T1.

Proof. (a) It follows from [13, Lemma 2.1] that
IRY? —TVP|o < ||R=T|,  (RT € L' (M)y).
On the other hand, it follows from [13, Corollary 2.3] that
-1
IR = T1 < 3p| RY? — TU/7||, max { || R/7||,, | T/, }" (R,T € LL(M)).
These give the required statement.

(b) Let &g := sp(L*(R;H)) and &7 := s7(L*(R; $)). Let Ky be the orthogonal complement of &g + K.
As R = spRspg, the restriction, Ry, of R on Kg is a densely defined positive self-adjoint operator.
The same is true for the restriction, 77, of T on K. One may then identify R, T and R + T with
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Ri ®0g, ®0gy, 0gy, @11 @ 0g, and Ry & T @ Og,, respectively. Thus, R? 4+ T'9 can be identified with
the closed operator R{ @ T} @ 0Og,, which clearly coincides with (R + 7). O

2. POSITIVE BELLS AS A COMPLETE JORDAN INVARIANT

If X is a normed space and E C X is a subset, we set
Ef ={zeE:a<|z|<B} foranya<f#0inR,.

For simplicity, we may use || - || instead of || - ||, to denote the norm on L?(M), if no confusion arises.

We say that a projection r € P(M) is o-finite if there exists R € L}i_(M) such that r = sg. The
set of all o-finite projections in M will be denoted by Po(M). It is well-known that for any projection
p € P(M) is the supremum in P(M) of the collection {r € Po(M) : r < p}.

Proposition 2.1. Let o, f € Ry with o < B. If there is a metric preserving bijection ® : LL(M)?Y —
LY (N)5, then M and N are Jordan *-isomorphic.

Proof. Let Ly(M) := {R € L}i_(M)g :sg # 1}. For any R € L} (M)5, it is easy to see, using Lemma

1.3(b), that R € LE(M) if and only if there exists T € L} (M)? such that |[R — T| = 28. In this case,
T € Lp(M) and sg - sy = 0. Hence, by considering ® and ®~*, one has ®(Ljs(M)) = Li(N).
Let us formally define a map

A Po(M)\ {1} = Po(N) \ {1}
by A(p) := sg(r), where R € Lé(M ) satisfying sg = p. To show that A is well-defined, let us first
consider another element R’ € Lé (M) with sgr = p. Pick any projection ¢ € Po(N) and any operator
T e L}J)(M) such that sg(gr) - ¢ = 0 and sg(7) = ¢. Since

R =T = [|®(R) — ()| = 25,

we know from Lemma 1.3(b) that p-sy = 0 and hence we have | ®(R’) — ®(T)|| = |R' — T|| = 26, which
gives sg(p/y - ¢ = 0. From this, we conclude that sg(r/y = sa(r), and A is well-defined. Suppose that
p1,p2 € Po(M)\ {1} such that p; - ps = 0. If Ry, Ry € Ly(M) satisfying s, = p; for i = 1,2, then
|®(R1) — ®(R2)|| = 28, which gives A(p1) - A(p2) = 0.

Now, we extend A to A : P(M) — P(N) by setting A(1) = 1 and A(p) to be the supremum in P(N)
of the {A(p') : p € Po(N);p’ < p}. Employing the argument as in [9], one can show that A is an

orthoisomorphism in the sense of Dye (see [6]), and the conclusion follows from a corollary of the main
result of [6] (more precisely, see [9, Proposition 2.2]). O

Proposition 2.2. Let o, 5 € Ry with o < B. If there is a metric preserving bijection ® : Lﬁf’(M)g —
LX(N)B, then M and N are Jordan *-isomorphic.

Proof. As in the Section 1, we identify L(M )2 and L (N)S with (M,)8 and (N4)8 respectively. For
any y € Ng, and r > 0, we consider Dy (y,r) to be the open ball with centre y and radius r. If in case
y € (N.)B, we set
D (y.r) == D (1) N (N2)3-

For any = € (N+)€, by considering the unital C'*-subalgebra of N generated by x, one can see easily
that = belongs to the closed ball B with centre 5/2 € N and radius /2. Conversely, by considering
unital C*-subalgebras of N generated by single elements in B, one sees that (N+)g = B. This shows
that Dy (8/2,3/2) is dense in (N+)g. Let us put

0= Dy(B/2.8/2\ (N)§, B1:={y € Nua: lly— B/2] = B/%lyll > 0} and By := (N,)2.



Clearly, O is open in Ny, and (N, )2 = QU B; UB,.
Consider b € (N;)2\ O and r > 0. If b € By and 7 is small enough, then
D (b,r) = Dy (b,r) N (N4 )]

and we know from the density of Dy (53/2,3/2) in (N4)5 that D% (b,7) N O # . Suppose that b € B,
and 7 < 8 —a. Then (1 +17/2a)b € (Np)B. If (1+7/2a)b ¢ O, then (14 7/2a)b € By and the above
tells us that D]O\‘,’ﬂ((l +1/2a)b,r") N O # () when 1’ is small enough, and hence D%P(b,r) N O # 0. The
above shows that O is dense in (N4 )2.

Now, we want to show that ¢ € (M4)? and t > 0 such that Dys(c,t) C (M) and ®(Das(c,t)) is
an open subset of Ng,. Indeed, suppose that a is an element in the interior of (M, )2 and s > 0. If
®(a) € O, then we can take ¢ = a and t = 5. If ®(a) ¢ O, then by the density of O in (N, )&, there exist
be ON DY (®(a),s). There is t > 0 with

Dy (b,1) € D3 (®(a), s)-

Then Dy (®71(b),t) C (M4)5 and ®(Da(®71(b),1)) = Dn(b,t). Consequently, [3, Theorem 14.1] tells
us that ®|p, (¢ extends to bijective isometry from M, onto Ng,, and [7, Theorem 2] gives the required
conclusion. (]

For the case of p € (1,00), we need two lemmas. The following lemma is probably known. In fact,
it was first proved by Baker in [2] that any metric preserving map from a normed space to a strictly
convex normed space is automatically affine. Our generalization here use a different proof than the one
in [2], which seemingly cannot be extended to obtain our lemma.

Lemma 2.3. Let X and Y be two real normed spaces with Y being strictly convex. Suppose that E is a
(not necessarily convex) subset of X and f: E =Y is a metric preserving map. Then for any x,y € E,
one has

flsz+ (1 —9)y) =sf(z)+ (1 —3)f(y) whenevers € (0,1) satisfying sx + (1 —s)y € E. (2.1)

Proof. Notice that
[(f@) = F@) = (fsz+ A= s)y) = fW)[| =z = (sz+ A= s))]| = (1=35) [z —yl

= [If(@) = FWIl = If(sz + (X =s)y) = fFW)I  (2.2)

Hence, the strict convexity of Y produces § € R such that

(f@) = f(y) = (f(sz + (L= s)y) = f(y)) = 6(f(sz+ (L= s)y) — f(y))-
It now follows again from (2.2) that
(L=s)-llo—yll = [[(f(@) = f¥) = (f(s2 + A= s)y) = fW)| = 85~ [lz —yl,
and so 6 = (1 — s)/s. Hence, f(sx + (1 —s)y) = sf(x) + (1 — s) f(y) as required. O

Note that if ' is a subset of the unit sphere of a strictly convex normed space X, then any map from
E to any normed space Y will satisfy (2.1).

Our second lemma is also easy, but again, we present its full argument here.

Lemma 2.4. Let X and Y be two normed spaces, and let K C X and L C Y be proper cones. If
B € Ry \ {0} and f : K(’? — Lg is an affine map (not necessarily surjective) with f(0) = 0, then f
extends uniquely to an affine map f from K onto L. If, in addition, f preserves metric, then so is f.
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Proof. For each m € N, we set K™ := Ké"ﬂ as well as L™ := Lgnﬁ, and we define f™ : K™ — L™ by
() = mf(efm) (2 € K™,

As f is affine and f(0) = 0, we know that f™ is affine and that f™*!|gm = f™, for any m € N. This
produces an affine map f : K — L such that f(z) = f™(z) whenever z € K™ for some m € N. Clearly,
there exist at more one affine map extending f. Furthermore, if we assume that f is metric preserving,
then so is f™ and hence f preserves metric. (]

Now, we have the following extension of [10, Theorem 3.1], in the case when p € (1,00). Let us first
recall the well-known fact that L2, (M) is strictly convex (see e.g., Section 5 of [11]).

Proposition 2.5. Let p € (1,00) and o, 8 € Ry with a < B. If there is a metric preserving bijection
@ : LE (M)8 — L% (N)B, then M and N are Jordan *-isomorphic.

Proof. If M = C, then L% (M )8 is a closed and bounded interval. As ® is a metric preserving bijection,

«
Lﬁ(N )8 is also a closed and bounded interval, which implies that N = C. The corresponding conclusion

holds when N = C. Therefore, we only consider the cases when M 22 C and N 2 C.
Let us first show that
O(LL(M)}) = LL(N)S and ®(LL(M)2) = L2 (N)2. (2.3)

In fact, consider an arbitrary element Sv € Lﬁ(M)g If H(IJ(S%)H € (a, ), then @(S%) is the mid-
point of two distinct elements in L% (N )2 and by Lemma 2.3 (when applying to ®~!), the element
S e LR (M)ﬂ is also the mid-point of two distinct elements in L% (M)#, which is impossible (as L?, (M)
is strictly convex). Consequently, ®(L% (M ) ) C LY (N)2 U LA (N ) . Moreover, since LY (M )g is path-
connected and ® is continuous, one sees that

either  ®(L% (M)}) C LY (N)S or @(LP(M)ﬁ)gLP(N)g.

If @ = 0, then L% (N)& contains only one pomt and hence O (L% (M Q LY (N)&. Suppose that a > 0,
and consider two distinct elements S P,T ve L (M ) 5 which are so close to each other that the line
segment joining S # and T lies inside L” LM )2. Then Lemma 2.3 tells us that the line segment joining
(IJ(S%) and @(T%) lies inside L (N)5, which forbids both <I>(Sp) and (I)(T%) belonging to L% (N)2
(because of the strict convexity of LE (N)). This means that @(Li(M)g) c Lt (N)g By considering
&', we obtain the required equality ®(L% (M)g) =L~ (N)g

«
(again, thanks to the metric preserving property of ®~1). Suppose on the contrary that there exists

Tv € L%, (M) with | ®(T7)|| € (a, B) (observe that |®(T7)| # 3 since ®(L¥.(M)3) = L%.(N)3). Then

Secondly, in order to establish ®(L% (M)%) = LY (N)g, it suffices to show that ®(L (M)%) C L (N)%

H@(T%) L Tp) H — a.. However, for any R» € Lﬁ(M)g, one has ||T% - R%H > f — a, and this
ll®( T” i
contradicts ® (L (M ) LY (N ) (as @ preserves metric). Consequently, Relation (2.3) is verified.

Next, we define @ : L¥ (M) — L% (N) by setting ®(0) = 0 as well as

~ 1 1 1 1 1
®(Rv) = |R¥||®(BR?/|R?|)/B  (R¥ € LE(M)\{0}). (2.4)
We want to show that ® is a metric preserving map that extends ®.

Indeed, if a = 0, then by Lemma 2.3, we know that & is an affine map on the convex subset Li(M)(l),

and the requirement of ® follows from Lemma 2.4 (notice that ®(0) = 0 because L (M)§ = {0}).



Suppose that a > 0. Pick an arbitrary element S v LE (M )g It follows from

|2(57) = 5= (8~ ) +a=|B(S7) ~ 2(aS7/B)] + [ 2(aS7/B)]
and the strict convexity of LZ (N) that ‘I)(S%) - @(aS%/ﬁ) = (5<I>(a5'%/6) for some 0 € R;. From this,
and Relation (2.3), one has @(QS%/B) = a@(S%)/ﬂ. This, together with Lemma 2.3, ensures that
(yS7) =B(S7) (7€ [0/B.1]:S7 € LE(M)]), (2.5)
and hence ® extends ®.
Consider k£ € Z. We set
LE M)y i= L (M) 1,
LA (N == L2 (N) /%) and B := B[ (a1, Tt follows from (2.4) and (2.5) that
B4(TH) = B*B(aPTH [65) ok (TH € L2 (M),).
Thus, the metric preserving property of ® implies that ®; preserves metric.
Fix arbitrary distinct elements R, T € Lt (M) \ {0} with ||R% I < ||T% |l. Notice that the assignment
v:is— ||8R% +(1- s)T%H
is a continuous map from [0, 1] to Ry. There exist k1 < ky € Z such that
B4 /a7 < [Rv || < BT ek and R ot < T | < BR Y ke,

If iy = ko, then R#, T € LY (M), and we have ||<I>(RP) (TP)|| = ||RP ~T% |. Assume that k1 < ko.
One can find s1, ..., € (0,1) such that s; < sy < -++ < sg,_k, and that v(s;) = gF11¢/aF1+i=1 Denote
SO% = R% Sk%z—kri-l = T% and Si% = siR% +(1- si)T% (i=1,...,ky— k).

Notice that Sp S’p " €LY (M), 4i (i=0,1,..., ko — k1), we know that

_ 1 1 1
|8(S7) — & M)H = [Pk, +i(SF) = Py +i( M)H — |7 - Stall

Furthermore, since

|(sR? + (1 — s)T7) — ($R¥ + (1 — §)T¥)|| = (s' — s)||R¥ — T7| whenever s< s,
we see that

i i 1 1 1 1
1S5 = ST+ -+ 1S — Syl = [[R? = T#||.
Thus,
— 1 — 1 _ 1 _ 1 _ 1 —
[(R?) — @(T7)[| < |2(S5) = RSP + -+ + [ 2(S7) — & n+1)|| = |Rv —T7|.

Furthermore, it follows the definition of ® that ||<I>(5RP ) = ||SRP |. From these, we conclude that ® is
contractive. By considering &', we know that ® : L% A (M) — L%(N) is a metric preserving bijection
extending ®, as claimed.

Now, let us define a bijection A : L1 (M){ — LY (N){ by
A(S) = (2(S7))"  (SeLL(M)]). (2.6)

Pick arbitrary elements R,T € L} (M){ with sg - sy = 0. Lemma 1.3(a) gives HR% +T% Hp =2. As
® is metric preserving, it follows from Lemma 2.3 that

IAR)? + A(T)7 || = [[@(RP +T7) =2
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It follows again from Lemma 1.3(a) that sy - sa¢ry = 0. By considering ®~ ! we know that A is
“biorthogonality preserving” in the sense of [9], and the required conclusion follows from [9, Theorem
3.2(a)]. O

The proof above can be generalized to the following statement.

Remark 2.6. Let X and Y be strictly convex normed spaces, and K C X and L CY be (not necessarily
proper) cones. If o, 3 € R, with a < B, then a map f : K7 — L5 extends to a metric preserving
surjection from K to L if and only if f is a metric preserving surjection.

k+1, kK k+1/ k
In fact, as in the proof of Proposition 2.5, for each k € Z, we set Ky, := ng/aéf‘I and Ly := Lgk/a{ﬁl.

The argument of Proposition 2.5 implies that
flyx) =af(x) (v €la/B. 1z € Kp). (27)
This enable us to define a map f: K\ {0} — L\ {0} satisfy
f(z) = B¥f(akz/B%) /" (x € K; k €Z).

Furthermore, using the argument of Proposition 2.5, for every z,y € K \ {0}, there exists k; < ks € Z
with x € K, as well as y € K,, and one can find sg < -+ < $,—k,+1 With so = 0 and s,—, 41 =1
such that s;z + (1 — s;)y and s;417 + (1 — s;41)y belongs to the same K},. From this, we know that f
is metric preserving, and it extends to a metric preserving bijection from K to L if we set f(0) = 0.

The above applies to the case when K = X and L =Y. In particular, we have the following, because
of the main result in [15].

Corollary 2.7. Let p € (1,00) \ {2} and o, B € Ry with a < B. If ® : LP(M)2 — LP(N)? is a metric
preserving bijection, then there is a Jordan *-isomorphism © : N — M satisfying (ID(R%) = 9*(R)%
(R¥ € LE.(M)5).

Notice that one can also use (2.7) (for X = LP(M) = K and Y = LP(N) = L) as well as [3, Theorem
14.1] to get a weak conclusion as in Proposition 2.5. Note, however, that such argument cannot be
applied to Proposition 2.5 in general; for example, L% ([0, 1]) cannot contain any interior point.

3. METRIC PRESERVING MAPS BETWEEN POSITIVE ANNULUS

In this section, we show that one can obtain a stronger conclusion than that of Theorem 3.5 in the
case when M satisfies a property called EP;, as introduced by D. Sherman in [16]. In fact, the notion
of EP, (for p € [1,00)) in [16] is an extension of (EP) as considered by K. Watanabe in [20], which was
stated in terms of M, ;.

Definition 3.1. Let M be a von Neumann algebra.

(a) For a normed space X, amap y : L} (M){ — X is said to be orthogonally affine if for every s € (0,1),
X(sR+ (1 —8)T) = sx(R) + (1 — s)x(T) whenever R,T € L’ (M) satisfying sg - sy = 0.

(b) M is said to have EP; if any norm continuous orthogonally affine function « : LY (M)} — [0,1] is

actually affine.

Remark 3.2. (a) Our definition of EP; is the same as the one in [16]. In fact, suppose that x : L} (M) —
[0,1] is a norm continuous orthogonally affine function. We define p : LY (M) — R, by

p(T) = |IT||s(T/IITI) (T € LL(M)\{0}).
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Since ||sR+ (1 — s)T|| = s|R|| + (1 — s)||T|| for any R,T € L% (M), it is not hard to check that p will
satisfy the four conditions in [16, Definition 4.1] for C' = 1. Conversely, if a function p : Lt (M) — Ry
satisfies the four conditions in [16, Definition 4.1], and we define  : LY (M) — [0,1] by

K(T):=p(T)/C (T € LL(M)y),
then k is a norm continuous orthogonally affine map.

(b) It was shown in [16, Theorem 1.2] that all semifinite algebras without type I> summand, all hyperfinite
algebras without type I summand as well as all type III; factors with separable preduals have EP;.
We will recall more information from [16] in the Appendix.

Lemma 3.3. Suppoose that M has EPy. Let ® : L} (M)} — L% (N)} be a norm continuous orthogonally
affine map (not assumed to be surjective). Then ® is an affine map.

Proof. Fix an arbitrary element f € L*(N)* with || f|| < 1. Consider the map g : LY (M)} — [0, 1] given
by g(R) := f(®(R)). Clearly, g is a norm-continuous orthogonally affine function. By the assumption g
is affine, and hence ® is affine (as f is arbitrary chosen). |

As said in [16], the von Neumann algebra Ms(C) does not have EP;. In fact, Lemma 3.3 does not
hold for M = M5(C), as shown in the following.

Ezample 3.4. Recall that there is a metric preserve affine bijection from L} (M>(C))i onto the closed
unit ball B of R3. The origin of B is the normalized trace on My (C), and elements in the open unit ball
are all with the same support 1. Furthermore, if R, T € L} (M>(C)){ with sgsy = 0, then R and T are
in the unit sphere and R is the opposite of T', i.e. the line joining R and T passes through the origin.

Now, consider a non-metric preserving homeomorphism I' from the unit sphere 8 to itself such that
whenever R is the opposite of T, then I'(R) is the opposite of I'(T"). Consider ¢ : B — B to be the map
define by the following rule: if S = sR+ (1 —s)T, where s € (0,1) where R € § is the opposite of T € §,
then ®(S) = sI'(R) + (1 — s)I'(T). It is easy to see that ® is a continuous orthogonally affine map, but it
cannot be affine (since continuous affine bijections between normal state spaces are defined by a Jordan
*-isomorphism of the underlying algebras and hence have to be metric preserving).

Theorem 3.5. Let p € (1,00), and let M and N be von Neumann algebras such that M has EP;
and M 2 C. Suppose that o, 5 € Ry with o < 8 and ® : Li(M)g — Li(N)g is a metric preserving
surjection. There is a Jordan *-isomorphism © : N — M satisfying @(R%) = @*(R)% (R% € LE(M)5).

Proof. As in the proof of Proposition 2.5, the map ® extends to a metric preserving affine bijection
@ : LB (M) — LE(N). Since ®(0) = 0, we know that ® restricts to a bijection from L% (M)} onto
L% (N)}. Let A: LY (M); — LY (N)} be the bijection as defined in (2.6).

Suppose that s € (0,1) and R,T € L1 (M)1 satisfying s -s7 = 0. It follows from Lemma 1.4(b) that

(1—s)pT? \\?
3p—|—(1—s)% 3;17+(1_3);1,>)

=sA(R) + (1 — s)A(T).
In other words, A is orthogonally affine.

By Lemma 1.4(a), the bijection A is a homeomorphism. Moreover, it follows from Lemma 3.3 that
A is affine. Thus, [8, Theorem 4.5] gives a Jordan *-isomorphism © : N — M such that for every

T € LY (M)}, one has A(T) = ©,(T), or equivalently, é(T%) = @*(T)%. O
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The above settles the last question in [10] in the case when p € (1,00), with the extra assumption
that M has EP;. In particular, this applies to the case when M is a semifinite algebra with no type I
summand and when M is a hyperfinite algebra without type I summand.

The strong form as in Theorem 3.5 means that ® is “typical”, which was defined in [16] for map
from L% (M) to L (N). Since the definition for typical map does not require surjectivity, it may worth
looking at the case when the map @ is not assumed to be surjective. We will only consider the case when
a = 0 in the remark below. Notice that the main part of the extra argument required in the following
remark was already given in [16]. Therefore, we do not regard it as a new result, but only state it here
as an information to the readers.

Remark 3.6. Let p € (1,00), and let M and N be von Neumann algebras such that M 2 C and has
EPy. Suppose that @ : L (M)§ — L% (N)} is a metric preserving map (not assume to be surjective)
such that ¥(0) = 0. Then ¥ is typical in the sense of [16]

In fact, by Lemmas 2.3 and 2.4, we know that ¥ extends to an affine metric preserving map ¥ :
LY (M) — LE(N) (not necessarily surjective). Let A : LY (M){ — LL(N){ be the (not necessarily
surjective) map defined in a similar way as (2.6). Then the argument of Theorem 3.5 tells us that A
is orthogonally affine, and Lemma 3.3 gives the affineness of A. Furthermore, we define A : L., (M) —
LL(N) by A(T) = A(Ty) — A(T-), where A(S) := ||S||A(S/|S||) when S # 0. For any y € Ng,, the
function y o A is continuous and affine on LY (M){ and hence there exists A*(y) € M, such that

R(A*(y) =AR)(y)  (ReLi(M))

(see e.g. [1, Theorem 11.5]), which gives A(T)(y) = T(A*(y)) (T € LL(M)). Consequently, A is real
linear and extends to a bounded complex linear map, again denoted by A, from L'(M) to L'(N).
Moreover, one can use Lemma 1.3(a) to show that A is orthogonality preserving (see (1.1)), and hence
A is an “o.d. homomorphism” in the sense of [4]. Now, it follows from the argument in the last two
paragraphs preceding [16, Theorem 4.3] that ¥ is typical.

APPENDIX A. ALGEBRAS WITH EP;

In [16, Theorem 1.2], some algebras with EP; were listed, and their proofs were given in the main
body of [16] (in fact, the more general case of EP, was considered there). In particular, it was shown
that approximately semifinite algebra with no type Iy summand has EFP;. However, the proof for this
fact seems to scatter in [16] and is not easy to trace. For the benefit of the readers, we collect some
facts from [16] that leads to the above statement. There is no new result nor new proof given in this
appendix.

First of all, one can find in [16, Theorem 5.3] and its proof the following lemma.
Lemma A.1. Let M be a von Neumann algebras.
(a) If M is finite and has no type Is summand, then M has EP;.

(b) If there is an increasing net {M;}icy of von Neumann subalgebras (of M) having EPy with | ;.5 M;
being (M, M,)-dense in M, and for each i € J, there is a normal conditional expectation E; : M — M;
such that E;(1) is the identity of M; and that E; o E; = E; whenever i < j, then M has EP;.

Suppose now that M is a semifinite algebra without type Is summand. Let M; and M, be the type
I and the type II parts of M respectively. Clearly, ¢Ms>q does not have any type Is summand, for any
q € P(Mz). On the other hand, M; can be decomposed as @, L™ (Xa, L(Ha)) With dim §H,, # 2 for
every a € A. Thus, there exists an increasing net {p; };c5 in the set

{p € P(M) : pMp has a faithful tracial state and does not have any type I summand}
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that o(M, M,)-converges to 1. This, together with Lemma A.1, gives [16, Theorem 5.3(b)], which we
recall in the following.

Proposition A.2. If M is a semifinite von Neumann algebra with no type Iy summand, then M has
EP.

Our next lemma follows readily from the definition of EP;, because all elements in L% (M){ have

disjoint supports from elements in L} (N)].

Lemma A.3. If M and N are two von Neumann algebras with EPy, then M & N has EP;.

Let us now recall the definition of approximately semifinite algebras.

Definition A.4. A von Neumann algebra M is said to be approrimately semifinite if there is a net
{FE;}ies of normal conditional expectations from M onto an increasing net {M;};c5 of semifinite von
Neumann subalgebras, with F; o E; = E; and E;(1) being the identity of M; for any ¢ < j in J, such
that (J;c5 M; is o(M, M, )-dense in M. In this case, {(M;, E;)}ics is called a semifinite paving for M.

The following fact is also clear. Indeed, if {(M;, F;)}ic5 is a semifinite paving for M, and P : M — N
is the canonical projection, then {(P(M;), P o F;|n)}iecs is a semifinite paving for N.

Lemma A.5. Suppose that M is approxzimately semifinite. If M = L@ N, then N is also approximately
semifinite.

Proposition A.6. If M is an approximately semifinite von Neumann algebra with no type Is summand,
then M has EP;.

In fact, we consider L and N to be the finite part and the properly infinite part of M, respectively. It
follows from Lemma A.1(a) that L has EP;. Moreover, by Lemma A.5, the algebra N is approximately
semifinite. If {(V;, E;)}ics is a semifinite paving for N, then {(N; ® M3(C), F; ® id) };¢5 is a semifinite
paving for N ® M3(C) & N (because N is properly infinite). Since the semifinite algebra N; ® M3(C)
can never have a type I summand, we know from Proposition A.2 and Lemma A.1(b) that N has EP;.
Now, it follows from Lemma A.3 that M has EP;.
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