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ABSTRACT. In this paper, we study surjective maps ¢ : £y — F{ between positive cones
of two ordered Banach spaces E and F', which preserve norm of sums, i.e.,

lo@) + oWl = llz+yll, Vo,ye Ei.

In the case when E, F are strictly convex smooth Banach lattices, as well as LP(u) spaces
(1 < p < 400), we show that ¢ can be extended to a real linear map/isometry from E onto
F. A counter example for the case when p = 1 is presented.

1. INTRODUCTION

Let ¢ : E — F' be a surjective map between two Banach spaces. The classical Mazur-Ulam
theorem [6] states that ¢ is an affine map when it preserves norm of differences, i.e.,

lo(@) —eW)ll = lz—yll, Vz,yekFE.

One might ask what happens if ¢ preserves norm of sums instead, i.e.,

le(@) + oWl =z +yll, Va,y € E.

But this is indeed a trivial question. In fact, putting y = 0, £z into the above condition, we
have ¢(0) = 0, as well as ||p(z)|| = ||z|| and ¢(—x) = —p(z) for all z in E. Consequently,

le(@) = o)l = lle(@) + o(=y)ll = llz + (=v)ll = |z —yll, Vz,ycE.
The Mazur-Ulam theorem ensures that ¢ is a real linear isometry.

To formulate a meaningful problem of norm of positive sum preservers, motivated by
several well-known Banach-Stone and Lamperti type theorems (see, e.g., [2,3]) and recent
development of various preserver problems (see, e.g., [7]), we propose the following
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Problem 1.1. Let E, F be ordered Banach spaces with positive cones E, F. Let ¢ : B, —
F be a surjective map preserving norm of sums, i.e.,

le(x) + o)l = llz+yl, Vr,ye€Ey.

Can we extend ¢ to a positive linear map from E onto F'7?

There are already some efforts appeared in the literature. For example, Nagy [9,10], and
Kuo, Tsai, Wong and Zhang [5] have studied similar problems for Schatten p-class operators.
In this paper, we discuss norm of positive sum preservers of smooth Banach lattices in Section
2. In particular, every such map of strictly convex smooth Banach lattices extend to a
linear map (Corollary 2.5). We answer Problem 1.1 affirmatively for the case when E, F' are
LP(u) spaces (1 < p < +00) in Section 3. A detail analysis on such preservers of the finite
dimensional positive cones £ 4 are given in Section 4. In particular, a counter example to
Problem 1.1 for the case when p = 1 is presented. In a forthcoming paper [13], we will answer
Problem 1.1 for the case when E, F' are noncommutative LP(M), LP(N) spaces associated to
von Neumann algebras M, N.

2. THE CASE OF SMOOTH BANACH LATTICES

In this paper, without loss of generality, we consider only real vector spaces.
Let E be a Banach space. We say that E is strictly convex if
lz+yll =z +|ly] = x=23dy forsomed >0, Vz+#O0,y#O0.

We say that E is smooth if its norm is Gateaux differentiable, namely, the limit

e+ tyll — Jle]
Glaly = lim —————

exists in R whenever z,y € E with z # 0.

Let £ = (E,<,|-||) be a Banach lattice with a partial order <. Let £y ={z € E: x > 0}
be the positive cone of . We say that E has a strictly monotone norm if
<y and z#y = |z <[y, Vz,yeky.
Two vectors x and y in a Banach lattice are said to be disjoint, denoted by

xly, if |z|Aly|=0.

For the general theory of Banach lattices and positive operators, see, e.g., Aliprantis [1],
Nieberg [11] and Hudzik [4]. In particular, we collect some well known facts in the following
lemma.

Lemma 2.1. Suppose that E is a smooth Banach lattice. We define

et tyl = L
t—0+ t

G(x)y = , Vx,y € E with x # 0.
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G(z) : E — R is a linear operator.
G(x)x = ||z||, |G(z)]| =1 and G(\x) = G(x), for every x € E+ and X > 0.
G

(1)
(2)
(3) G(x)y >0 for every x,y € E.

(4) If y1 > y2 then G(x)y1 > G(x)y2, for every z,y1,y2 € E.

The following result can be found in [12, Theorem 1]. We include the proof here for
completeness.

Lemma 2.2. Suppose that E is a smooth Banach lattice. We have
xly = G(z)y=0, Vz,ye Ey.
The converse holds when E has a strictly monotone norm.
Proof. Define f(t) = ||z + ty|| for any fixed z,y € E4. Since f(8E2) < (f(t1) + f(t2)) /2,
we see that f is a convex function of R. Suppose x Ly = 0 for x,y € EF. We have
|z +ty| =z +ty > x = x|, for t >0,
lz+tyl =@+t T+ (@ +ty)” =ax—ty>x=|z|, for t <O0.

Hence ||z +ty|| > ||z| for all t € R, and f(¢) attains its minimum at ¢ = 0. Since E is smooth,

we have

. T+ ty|| — ||z
Gl = tim VI = g 0) =0

Assume now FE is strictly monotone. Suppose G(z)y = 0 but x Ay = z # 0. It follows
from Lemma 2.1(4) that 0 < G(x)z < G(z)y = 0. It forces G(z)z = 0. Hence,

2] = G(z)z = G(2)(z - 2) < |G(@)|[|lz = 2] < [lz = =]

Since 0 < z — 2z < z, and z — z # x, the strict monotonicity of the norm implies that
||z — z|| < ||z|. This contradiction tells us that z =z Ay = 0. O

Lemma 2.3. Suppose that E, F are Banach lattices and F is strictly convex. Let ¢ : Fy —
Fy be a map preserving norm of sums, i.e.,

le(@) + oWl = llz+yl, Va,yeEy. (2.1)
Then, ¢ is nonnegatively homogeneous, i.e.,
e(Ax) = Ap(z), Ve Ei,VYA>0,
and preserves norm of convexr combinations, i.e.,
1A=tz +tyll = [[1 —t)e(z) +te(y)ll, Vte(0,1].

Proof. Taking = = y in equation (2.1), one has |z|| = ||¢(z)||. For z in Ey and A > 0, we
have

le(x) + e(Ax)|| = llz + Azl| = [lz]| + [[Az] = [le(@)] + [(Az)]]
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From the strict convexity of F', we have p(Ax) = dp(x) for some 6 > 0. Then
Alzll = lle(Az)|| = [|o@(@)]| = ol

ensures that A = §. Hence, p(Ax) = A\p(z), and thus

[(1=t)p(x) +to)|l = (1 = t)z) + o(ty)|| = (1 = t)z + tyl, Vte]0,1].

Below are two answers to Problem 1.1 for the case of Banach lattices.

Theorem 2.4. Let E, F be smooth Banach lattices. Suppose that ¢ : Ey — F. is a surjective
map preserving norm of convex combinations, that is,

10 = (@) + ol = 10— )z + tyll, Va,y € By, ¥ € [0,1], (2:2)
1) For all z,y in E., we have
( ) Y +>

ely = Gle@)(e(y) =0.

(2) ¢ is nonnegative homogenous and additive; that is,
(i) e(Ay) = Ap(y) for all X >0 and y € E;
(i) @(y1 +y2) = (y1) + ¢ (y2), for all y1,y2 € By

Consequently, ¢ has a unique positive surjective linear extension ¢ : E — F given by the
formula ¢(z) = p(z™) — p(z”).
Proof. (1) Differentiating both side of (2.2) at ¢t = 0T, we get

Gp(x))(p(y) — p()) = G()(y — ).

Putting ¢ = 0 in (2.2), we have ||¢(x)|| = ||z||. By Lemma 2.1(2), we have G(z)r =
G(¢(x))p(x). Hence,

G(z)y = G(p(z))p(y), forall z,y € Ey. (2.3)

It follows from Lemma 2.2 that

rly = G@y=0 = Glp)p(y)=0.

(2) For any =,y € E4 and A > 0, it follows from (2.3) that

AG(z)y = AG(p(2))(p(y)) = Gle())(Ap(y)),
G(x)(Ay) = Gp(x))(p(Ay))-

Subtracting the two equations, we have

G(e(2)(Ap(y) — ¢(Ay)) = 0. (2.4)
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Since ¢ is surjective, we can choose z from E such that ¢(z) = (Ap(y) —p(Ay))T. It follows
from part (1) and (2.4) that

) ((Ae(y) — o(Ay)™ = Ae(y) — e(Ay))7)
) ) Ae(y) —e(Ay)) ™

This forces that (Ap(y) —¢(Ay))™ = 0. Similar argument shows that (Ap(y) —¢(Ay))~ = 0.
Hence, o(A\y) = Ap(y) for all A > 0 and y € E..

With a similar argument we can show that ¢(y1 + y2) = ¢(y1) + ¢(y2) for all yi,y2 in
E.. 0

Corollary 2.5. Suppose that E, F be smooth Banach lattices and F is strictly convex. Let
p: By — Fy be a surjective map preserving norm of sums, i.e.,

lo(x) + o)l =llz+yll, VYr,yecEy.

Then ¢ can be extended to a positive linear map from E onto F.

Proof. The assertion follows from Lemma 2.3 and Theorem 2.4. O

3. NORM OF SUMS PRESERVERS OF L% (Q,%, 1)

In this section, we consider norm of positive sum preservers between positive cones L’_)F(Q, DI
of LP(Q, %, u) spaces. Note that LP(Q, X, i) spaces are strictly convex Banach lattices with
smooth and strictly monotone norms, when 1 < p < oc.

Noting that the disjointness x Ly here is equivalent to that xy = 0 (almost everywhere) on
), we have the following well-known fact.

Lemma 3.1. Let 1 < p < o0.
ely = lz+yllP =IlzlP+llyll", Vo,y e LP(Q, 5, ).
The converse holds whenever z,y € Lt (Q,%, ).

Definition 3.2. Let (Q1, %1, u1) and (2, X9, u2) be two measure spaces. A bijective set-to-
set map ¥ from ¥; onto Yo, defined modulo null sets, is called a reqular set isomorphism
if
(i) ¥(21\A) =¥(2)\ U(A) for all A € ¥y;
[0.9]

(i) w(|J An) = [ J ¥(4y), for disjoint A, € %y;
=1

n=

n=1
(iii) p2(P(A)) =0 if and only if p1(A) = 0.
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Every regular set isomorphism ¥ induces a unique bijective linear transformation v sending
Y1-measurable functions to Yo-measurable functions satisfying that
P(1a) = 1yg(q) forall A€ ¥.
Here 14 denotes the indicator function of the measurable set A.

Theorem 3.3. Let ¢ : L (1,1, 1) — LB (Q2, X2, p2) be a bijective map, where 1 < p <
00. Suppose @ preserves norm of sums of positive functions, that is,

Iz +yll = lle(@) + el z,y € LY (), T, ). (3.1)

Then ¢ extends to a surjective linear isometry from LP (21,31, p1) onto LP(Qa, 3o, pua). More
precisely, there exists a regular set isomorphism ¥ from ¥, onto Yo inducing a surjective
positive linear map v : LP(Qq, %1, p1) — LP(Qa, Xo, n2), and a locally measurable function h
on o such that

(@) =h-P(x), Vae LL (0,1, mm). (3.2)
When 1 < p < +00, we have

/ |h(t)|Pdpe = pi(A),  for each o-finite A € ¥. (3.3)
W(A)

In other words, |h|P = is the Radon-Nikodym derivative of p1 o W1 with respect

d(p 001
d
to py. When p = 400, we have

h(y) =1, locally almost everywhere on Qs. (3.4)

The case p = 400 of Theorem 3.3 can be derived from a current result of Molnér [8,
Theorem 2.7] which states that every surjective norm of sum preserver ¢ : M, — Ny
between positive cones of von Neumann algebras M and N extends to a Jordan isomorphism
J: M — N. In the abelian case, J = hy satisfies the conditions (3.2) and (3.4).

Proof of Theorem 3.3 when 1 < p < +oo. Since LP(u) spaces are strictly convex Banach lat-
tice with smooth and strictly monotone norms, by Lemma 2.2 and Theorem 2.4 we have

(I) ¢ preserves disjointness, i.e., ¢(x) Ly(y) if and only if z Ly for all 2,y € L (1, X1, pu1);
(I1) p(z+y) = ¢(z) + ¢(y) and p(Az) = Ap(z) for all z,y € LX (1,51, 1) and A > 0.
We first assume that pq(€21) < +00. Set
U(A) = suppp(la), VA€ X,

where the support of any measurable function is the measurable set supp(z) = {t € Q :
x(t) > 0}. We claim that U defines a regular set isomorphism from 3; to Xs.

(1) If A, B € ¥, are disjoint, then 14 - 15 = 0, and by (I), ¢(14) - (1) = 0. In other
words, ¢(14) and ¢(1p) have disjoint supports (modulo sets of measure zero). It follows
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that (AU B) = U(A) U ¥(B) (modulo sets of measure zero). It follows that U(Q\ A) =

o0 n
(2) Let A = U A,, be a countable disjoint union of sets in ¥;. Setting B = A\ U A;, we

n=1 i=1

have
e(1a) +9(1B) =p(la) and @(1gp)= ZlA Z (1a,)-
=1

Therefore

le(1a) = " e(@a)ll = le(1a) = (1ap)ll

i=1
= lle(1p)| =[15] =0, asn— +oo.
Hence, ¢(14) = Z(p 14,), and then ¥(A) = U U(A,).
n=1

(3) Final, we observe that if pus(¥(A)) = 0, then p(14) = 0 po-a.e., and so ui(A) = 0
because ||14]| = ||¢(14)]|. Dealing with ¢! we see that u1(A) = 0 implies pa(¥(A)) = 0.

We conclude from (1)-(3) that ¥ is a regular set isomorphism from ¥; onto .
Observe
le(la)ll = 1, || = pi (1) < +oc.

Therefore the support €y of the p-integrable function ¢(1g,) is o-finite. Let h(t) = ¢(1q,).
For any A € X1, we have

h=v(1a) + (1o a)-
Since the functions on the right have disjoint supports, ¢(14)(¢) agrees with h(t) whenever
©(14)(t) is not zero (ug-a.e.). Therefore,

(14)(t) = h(t)Ly(a)(t) = h()Y(La)(1) (po-a-e.).
By the positive linearity (II) of ¢, the equality (3.2) holds for every nonnegative simple
function x on Q1. Since ¢ is an isometry for all = € Lﬁ(Ql, Y1, 1), we have for each A € ¥4
that

/ (OPduz = [P = [Lal” = 1(A).
W(A)

d(p o ¥

Since |h|P = , the map 14 — hly(a) extends to a surjective positive linear

isometry from LP(§1, X1, u1) onto LP(Qg, 3o, o) sending x to hip(z). Composing the inverse
of this map with ¢, we can assume ¢ : L (Q1, 31, 1) = L (1,31, 1) satisfying that

©(y) =y, whenever y is a nonnegative simple function on ;.

In general, let @ € L (Q, 1, pu1). We have
lle(z) =yl = lle(@) — o)l = llz —yll,
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whenever y is a nonnegative simple function on €. Since nonnegative simple functions are
i TP
norm dense in L’ (21, %1, 1), we have

le(x) —yll = llz —yll, Yy € LL(Q, X1, ).

Putting y = x, we see that p(z) = « for all  in L% (2,31, u1). Therefore, in the original
setting,

o(x) = h(z)Y(x), Vre LB (Q, X1, m).

In the o-finite case, we write 1 = UQLn as a countable union of disjoint measurable

n
sets of finite measure. For each n, let Q3 be the support of ©(1q, ), which is a o-finite

measurable set in ¥o. Clearly, Q9 = UQz,n as a countable union of disjoint o-finite mea-

n
surable sets. Let Y;, be the o-algebra of all measurable subsets of €);, and p;, be the
measure on Y; , induced by p; for i = 1,2 and n = 1,2,.... Then, ¢ induces a bijective map
on t LE(Q10, B0, 1,0) = LA (Q2,, B2, p12,n) preserving norm of sums for each n = 1,2, . . ..

It follows from the finite case that for each n, we have a measurable function h, on s,
d Ul
with |h, [P = —(Ml’"o n)
d,u2,n
(Pn(xn) = hnwn(xn) Here, z, = lel,n € Li(Ql,nyzl,naﬂl,n) for any x in Lﬁ(Qlazlaul)

and ¥y, 1 LP(Q 5, X1, f1.n) — LP(Q20, o, f2,n) 1s the linear isomorphism induced by ¥,,
for n =1,2,.... Set W(A) = JUn(ANQ,) and A(t) = hy(t) whenever t € U(Qy,), and

, and a regular set isomorphism ¥, : ¥;, — X,, such that

h(t) = 0 whenever t € Qo \ U(€). In this way, both (3.2) and (3.3) are satisfied.

Now, we deal with the general case. For any o-finite set A in ¥, arguing as above we see
that W(A) is also o-finite. We can thus obtain a pair (ha,4) of measurable function h4 on
W(A) and linear isomorphism 94 : LP(Qa,%4, p1a) — LP(Qu(a), Zw(a), bw(4)) in a similar
fashion. For any such two pairs (ha,%4) and (hp,¥p), if A C B then ¢p(xa) = a(x4) for
all z in LP(Qq,%q, p1), with 24 = 214 and xp = z1p. Define a local measurable function
h on €y and a linear isomorphism v : LP(Qy, %1, u1) — LP(Qg, 39, p2) by union. In other
words, h is determined by the condition

hlya) = ha, for all o-finite A in ;.

On the other hand, for any x in LP(€;, 31, 1) the support of = is a o-finite measurable set
A. Then

Y(x) =vYa(x) =¢Yp(x), for all o-finite pj-measurable set B containing A
It is then routine to check the conditions (3.2) and (3.3). O

Remark 3.4. (a) When p = 1, we have a negative answer to Problem 1.1, against Theorem
2.4 for the case 1 < p < 400, as shown in Example 4.1(a).

(b) In proving Theorem 3.3 for the case 1 < p < 400, we are motivated by the approach
of verifying the classical Lamperti theorem (see, e.g., [2, Theorem 3.2.5]). We choose to
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present all the details here due to the intension of extending it to the case of noncommu-
tative LP(M) space associated to a von Neumann algebra in [13].

4. A CONCRETE EXAMPLE FOR FINITE DIMENSIONAL /P SPACES

In this section, we provide a counter example to Problem 1.1 of a norm of sum preserver
of the positive cone of the finite dimensional space ¢, with p = 1.

Example 4.1. Suppose a surjective map ¢ : £ L b preserves norm of sums, that is,
le(@) + @)l = llz+yll, Vo,yel,.
(a) ¢ may not have any linear extension when p = 1. For example, define
o(x) = Uz, whenever |z|; =T,

where U, is an n X n permutation matrix associated to r > 0. When U, are different for
different r, we have a counter example to Problem 1.1.

(b) When 1 < p < oo, the permutation matrix U, defining ¢(x) = U, whenever ||z| = r
must be the same for all 7 > 0 by Theorem 3.3.

(c) When p = 400, we have ¢(x) = Uz for a fixed permutation matrix U.

Proof. We verify the case when p = oo only. The proof divides into three steps.

Step 1: Suppose 1 = (A,0,---,0), za = (0, A,---,0), &, = (0,---,0,\), for some A > 0,
and y; = o(x;) = (i1, Yizs -+ Yin)-

We have 0 < y;r < A and max {yir} = A, because ||p(x;i)||cc = ||%il]lcc = A for each 1.

1<k<
Suppose that y15(1) = A. Then y;;(1) = 0 due to

A=|z1 + Zilloo = [[@(x1) + (i) |ooy, Vi=2,--+ ,n.
We can then assume that Yoo(2) = \. Argue similarly, we see that Vio(2) = Oforalll<i<n
and i # 2. By induction, we obtain a permutation o on {1,2,--- ,n} such that p(x;) = x, .

Step 2: Suppose that £ = (u,0,---,0), 2 = (0, u,---,0), &, = (0,---,0, u), for some
p >0, and @(x;) = &, for p # A. It follows from [[x; + Tifle = [lo(®i) + ©(Zi)[|oc that
o=o0.

Step 3: Suppose that p(x;) = ;). Set arbitrary xo = (zo1,Zo02, "+ ,Ton), and yo =
o(xo) = (Yo1,Y02," - ,Yon).- Choose A sufficiently large. It follows from ||xg + Ti|lcc =
(o) + (i) |00 that xo; + A = Yoo(s) + A Hence, yos(;) = wo;- Thus, the same permutation
matrix U defines y = Ux. U
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